INTERNATIONAL SOCIETY FOR
SOIL MECHANICS AND
GEOTECHNICAL ENGINEERING

This paper was downloaded from the Online Library of
the International Society for Soil Mechanics and
Geotechnical Engineering (ISSMGE). The library is
available here:
https://www.issmge.org/publications/online-library
This is an open-access database that archives thousands
of papers published under the Auspices of the ISSMGE and
maintained by the Innovation and Development
Committee of ISSMGE.

Leaning instability of the Tower of Pisa, re-examined by 3D F.E. analyses
Instabilité penchée de la Tour de Pise, ré-examinée par 3D F.E. analyses
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ABSTRACT: Several important issues regarding the stability of the Pisa tower are investigated by 3D F.E. analyses, as the time
dependent bearing capacity, the potential leaning instability and the interpretation of the time-tilt observations and differential
settlements. The soil behaviour is simulated by the SSCModel in most of 3D analyses. The potential leaning instability is examined
through the modified safety factor SF=sinω/sinωs, where ω is the developed tilt at any time and ωs the presumed inclination of the
annular foundation, which might be caused by the overturning moment, M. The analyses are focused on the following topics:
i) The bearing capacity factors in relation with the actual tilt, ω. ii) The relationship between eccentricity, e and tilt ratio, sinω/sinω s.
iii) The significance of the preconsolidation stresses and the creep characteristics.
RÉSUMÉ: Plusieurs sujets importantes concernant la stabilité de la tour de Pise sont étudiées par des analyses 3D F.E., comme la
capacité portant dépendant du temps, l'instabilité penchée potentielle et l'interprétation des observations temps-inclinaison et les
tassements différentiels. Le comportement du sol est simulé par le modèle SSC dans la plupart des analyses 3D. L’instabilité penchée
potentielle est examinée par le facteur de sécurité modifié SF = sinω /sinωs, où ω est l'inclinaison développée à tout moment et ωs
l'inclinaison présumée de la fondation annulaire, qui pourrait être causée par le moment de renversement, M. Les analyses sont
focalisées sur les sujets suivants: i) Les facteurs de capacité portante en relation avec l'inclinaison réelle, ω. ii) La relation entre
excentricité, e et la relation d'inclinaison, sinω /sinωs. iii) L'importance de pressions de préconsolidation (OCR) et des caractéristiques
de fluage.
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The construction of the Pisa Tower had been started in 1173 and
completed in three phases 2 hundred years later. During a
period of more than 800 years the nonuniform development of
soil deformations resulted in differential settlement of about 2.0
m and tilt southward 5.5°. The situation of the leaning Tower in
1991 was presented by the Associazione Geotecnica Italiana
(1991). In 1990 an International Committee was appointed for
stabilization and conservation of the Tower. The applied
measures (Burland et al, 2003) resulted in a decrease of the
tilting about a half degree, thus the Tower went back to its
inclination of 1840.
Many researchers investigated the behaviour of the Tower,
as for example Mitchell et al (1977), Leonards (1979) and
Jamiolkowski et al (1993). Potts and Burland (2000) presented
a plane strain model of the Tower on a uniform clayey layer and
emphasized the role of the normalized shear stiffness on the
bearing capacity of the foundation. Puzrin et al (2010)
evaluating simple calculation results suggested that the safety
factor against bearing capacity was high enough, while the
leaning stability was almost marginal. The effect of creep was
investigated by Bai et al (2008), while Salgado et al (2013)
presented the re-examination of the problem using modern
Geomechanics. Some results from extended 3-D F.E. analyses
regarding the leaning instability of the Tower and based on the
available geotechnical data are briefly presented and discussed
in this paper.

or slightly O.C. The characteristics of the mechanical behaviour
of this layer have been extensively investigated. The
contribution of horizon C on the bearing capacity and the
settlements of the Tower, seems to be almost out of interest.
Three different soil models are used in the present work, the
elastic-perfectly plastic according to Mohr-Coulomb (EL-PL),
the Soft Soil (SSM) and Soft Soil Creep Model (SSCM).
Although the simple, widely used EL-PL seems unsuitable to
reflect the effects of the unloading (due to progressive tilting),
on both the differential settlements and the mean ones, the
results from the relevant analyses are compared with those by
using the more accurate SSCM. The input geotechnical
parameters in the analyses of the sublayers of three major soil
horizons, are presented in Table 1. It must be noticed that the
selection of parameters is based on data and information
according to Mitchell et al (1977), Associazione Geotecnica
Italiana (1990), Lancelotta and Pepe (1990), Jamiolkowski et al
(1993) and Rampello and Callisto (1998).
The 3-D F.E. analyses were carried out, mainly by the
program Plaxis 3D Foundation. The Tower was modeled by
adequate detail, taking into account the construction phases, the
accurate dimensions of both the superstructure and the ring
foundation and the applied vertical loads due to own weights, as
well (final total weight, W= 144.53 MN). The F.E. mesh, which
was used in most analyses is shown in Fig.1. The phases of the
analyses for the SSC soil model are shown in Table 2, with the
corresponding mean contact pressures, where the immediate,
consolidation and secondary settlements (si, sc and ss) were
calculated.

2. GEOTECHNICAL DATA AND MODELLING

3. RESULTS OF THE ANALYSES

According to the detailed geotechnical investigations performed
at the site, the subsoil was divided into three major horizons,
consisting from alternating layers of sand, silt and clay. Horizon
A (10 m thick) is characterized by the inhomogeneity of the
loose, mainly cohesionless soil sediments. From the four
sublayers of the horizon B (total thickness 30 m) more
interesting is the upper clay layer, B1 (the so-called Pancone
clay), consisting from clay of high plasticity (CH), either N.C.

The typical soil and O.C.R. profile is illustrated in Fig.2, which
is given from Associazione Geotecnica Italiana (1991).
Following the history of the construction, the distribution of the
final effective stresses vs depth is presented (elastoplastic
analyses, stresses beneath the center of rigid ring foundation).
Curve A corresponds to loads after phase A of construction
(year 1178) and F to the final loadings (phase C, 1370), after the
consolidation.

1
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Table 1: Input geotechnical data and parameters
Parameters-Geotechnical data
A
Soil classification
SM-ML
Top of the layer (m)
0.0
Bottom of the layer (m)
-10.0
Bulk density, γ (kN/m3)
19,0

B1

B2

B3

B4

C

CH
-10.0
-21.0
17,0

CH
-21.0
-25.5
19.8

SM
-25.5
-27.5
19.0

CL-CH
-27.5
-40.0
18.4

SP
-40.0
-50.0
21.3

Coefficients of permeability
Horizontal kh (m/sec)
Vertical, kv (m/sec)

2.4∙10-9
1.2∙10-9

1.2∙10-10
0.6∙10-10

2.0∙10-10
1.0∙10-10

2.4∙10-9
2.4∙10-9

2.0∙10-10
1.0∙10-10

2.3∙10-6
2.3∙10-6

Shear strength parameteres
Undrained shear strength, su (kPa)
Effective cohesion, c΄ (kPa)
Effective angle, φ΄ (deg)

1-3
29°-34°

40-70
1
25°

80
14
22°

1
34°

50-80
1
25°

1
38°

Deformability parameters
Compressibility index-loading:Cc
Unloading-reloading: CR
Secondary compression:Ca

-

0.75-0.90
0.15
0.028

0.50
0.10
0.015

-

0.6-0.75
0.12
0.020

-

Cam Clay parameters
λ
κ

-

0.326-0,391
0.130

0.217
0.087

-

0.261-0.326
0.104

-

Modified SSCM parameters
λ*
κ*
μ*

-

0.130-0.156
0.052
0.005

0.108
0.044
0.003

-

0.119-0.148
0.047
0.004

-

Equivalent elastic parameters
Modulus of elasticity, Ε΄ (ΜPa)
Poisson’s ratio, ν΄ (or νu)

4.0-6.0
0.25

3.0-4.1
0.35 (0.495)

8.0
0.35 (0.495)

7.0
0.25

5.0-6.0
0.35 (0.495)

80.0
0.25

Table 2: Modelling of Pisa tower construction phases
Calcul.
Period
Mean
Constr.
phase
(years)
foundation
phases
pressure
(kPa)
1
1173-1174
55
Foundation
2
1174-1178
333
Α΄ phase
3
1178-1272
333
Interruption
4
1272-1278
482
Β΄phase
5
1278-1360
482
Interruption
6
1360-1370
507
Bell
chamber
7
1370-1990
507
Operation

of effective stresses from 3-D analyses is illustrated in Fig.3
by two curves corresponding to the upper and lower bound.

Settl.
(s)
si+sc
si+sc
sc+ss
si+sc
sc+ss
si+sc
sc+ss

It’s obvious that the main compressible layers A, B1 and B4 had
been strongly influenced by the final loads. In contrast, the
effective stresses due to phase A were only marginally higher of
the in situ σ΄vo, due to slight overconsolidation.
These differences might explain the well-known history of
tilting.
The available safety against bearing capacity instability was
investigated in both undrained and drained conditions using the
simple EL-PL model, by 3-D analyses, from which the
following are ascertained:
i) The safety at early times, under undrained conditions after the
application of the loads at any phase, was investigated for two
extreme cases of shear strength parameters of the upper layer A
and undrained shear strength of layer B ranging between
su= 40 and 80 kPa.
ii) The shear strength of the upper layers A and B1 had the
dominant effect on the B.C. In contrast, the underlying layers
had no practical impact.
iii) After the application of 65% of the total weights (phase A),
the safety factor was at least SF= 2.0 (undrained conditions).
iv) After the 95% application of the loads (phase B), SF was
1.70 (at least).
v) The effect of the eccentricity e on the safety factors in terms
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a)

b)
Fig.1: Finite element mesh: a) Plan view, b) 3D model.

Technical Committee 214 / Comité technique 214

a)

Fig. 2: Effective stresses due to first phase loading (A) and after
the completion of the tower (F), figure original from
Assoc.Goet.Italiana, 1991, modified.

b)
Fig. 4: a) Tower inclination for e = 2.30 m,
b) Comparison of sinωs -e diagrams for two different soil models.

Fig. 3: Effect of eccentricity on the bearing capacity safety factors
(3-D analyses, effective stresses).

It seems that in 1990, when e ≈ 2.30 m (tilt ω ≈ 5.5°) the safety
factor was at least SF= 1.50. Nevertheless, it is obvious that the
developed plastic zones in both layers A and B1 affected the
differential settlements, since the safety factors were not high
enough.
The leaning instability of the Tower was investigated
following the simple conceptual model of inverted pendulum
(Burland et al, 2003). For a tilt ω of the Tower the overturning
moment is M= W∙h∙sinω, where W the total weight and h the
height of the center of gravity from the mean foundation level.
On the other hand, the rotation ω of the footing results to a
stabilizing moment Ms = Kω∙ω, where Kω the rotational rigidity
of the ring foundation. The safety factor in this case may be
SF= Ms/M. For the hypothetical case of unique elastic layer
(E,ν) and D, Di the external and internal diameters of the ring,
the safety factor should be:
SF=

(1a)

In the present case, where the rotational rigidity decreases with
increasing both the rotation ω and time t, the safety factor can
be written, as:
S.F.=

(1b)

Alternatively, an overturning moment Ms = M, acting on the
ring footing results in a rotation ωs of the foundation and in case
of ωs >ω a progressive increase of the actual tilt ω is possible
due to leaning instability of the system. Consequently, a
modified safety factor is SF = sinω/sinωs.
Extended 3-D F.E. analyses resulted in rotations ωs = f(e),
where e the eccentricity for different soil models and
geotechnical parameters varying in the ranges of Table 1. Figure
4 presents the mean curves for EL-PL and SSC models, in
comparison with the linear relationship sinω= e/h. The
comparison between results of analyses based on either the Soft
Soil or the Soft Soil Creep model, verified the effects of the
creep on the development of the tilt (ωs). It seems that in 1990,
where e= 2.30 m (ω ≈ 5.5° ≈ 0.096 rad) the system was unstable,
as Burland et al (2003) and Puzrin et al (2010) estimated by
simple calculations. It also seems that the system might be
marginally unstable for lower eccentricities (e ≥ 2.0 m), which
correspond to timespan after 1700-1750.
The results from back analyses regarding the mean
settlements, sm, for the total weight W= 144.53 MN are
presented in Fig.5. The effects of the eccentricity e on the
magnitude sm are more visible in case of the SSC soil model,
since the difference between the deformability for loading and
unloading results to increase of the mean settlement. The back
calculated sm for e =2.30 m (in 1990), is only 2% lower than the
measured one. In contrast, the estimations based on the simple
EL-PL model, seem less accurate.
Back analyses of the differential settlements were based on
various hypotheses of inhomogeneity of the upper layer A (due
to systematic lower values of the cone resistance, qc at the south
side) and/ or the initial tilt of the Tower, ωο at early time. The
results after the accurate modeling of the construction phases
according to Table 2, for two cases, ωο= 0 and ωο=1.1° are
presented in Fig.6. For the latter case (just after the phase A, in
1285), a quite good prediction of the final tilt ω (1990) and the
observed tilts at the last 400 years, is ascertained. The time
depended predictions of the settlements at the South and North
side (max s and min s) are illustrated in Fig.7, as resulted
according to SSC soil model. From the analyses, it is evident
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that during the time intervals, when the construction was
interrupted (1178-1272, 1278-1360) and after phase C (1370),
the developed excess pore water pressures (mainly in layer B1)
were well dissipated, thus the effects of the creep seem quite
significant.

The effects from the loads of construction phase A (65% of
the total) on the main compressible layers A and B1 were much
smaller than those owning to the additional ones (from
construction phases B and C), due to slight overconsolidation.
After the full application of the weight, the layers A and B1
clearly behaved as N.C., thus the time history of the tilt might
be explained, in general.
Back analyses based on the soil model SSC well
approximated the «final» differential settlements (1990) and the
mean one, as well.
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Fig. 7: Time settlement curves for two points at the edge of the ring
foundations (inhomogeneous upper layer A, ωο= 1.1°).

4. CONCLUSIONS
From 3-D F.E. analyses, regarding the relationship between
safety factors and eccentricity (or tilt), the development of a
general capacity failure mechanism (at any phase) was not
verified. In contrast, it seems that the leaning instability of the
Tower in 1990 was marginal, due to progressive decrease of the
rotational rigidity of the ring foundation with increasing tilt and
time.
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