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ABSTRACT: Spatial variability involving geological and geotechnical properties are often the cause of unexpected geotechnical 
performance. Under practical situations, the design engineers often possess a small number of sampled points with known values of 
parameters. In other words, the associated uncertainties or random fields are ‘conditioned’ according to the distribution of known 
sampled points. This paper presents a holistic framework that incorporates systematic characterization of geotechnical investigation 
data, in order to derive site-specific spatial correlation structures. Based on these results, conditioned random fields can be generated, 
with the simulated geological profiles and/or geotechnical properties passing through the known data points. The simulated profiles 
are then utilized for probabilistic analyses of piled foundation settlements. The framework aims to maximize the value of geotechnical 
investigation data, so that uncertainties and risks of arising from soil spatial variability can be properly quantified and managed. 

RÉSUMÉ: La variabilité spatiale impliquant des propriétés géologiques et géotechniques est souvent la cause d'une performance 
géotechnique inattendue. Dans des situations pratiques, les ingénieurs de conception possèdent souvent un petit nombre de points 
échantillonnés avec des valeurs connues de paramètres. En d'autres termes, les incertitudes associées ou les champs aléatoires sont 
«conditionnés» selon la distribution des points échantillonnés connus. Cet article présente un cadre holistique qui intègre la 
caractérisation systématique des données d'enquête géotechnique, afin de dériver des structures de corrélation spatiale spécifiques au site. 
Sur la base de ces résultats, des champs aléatoires conditionnés peuvent être générés, les profils géologiques simulés et / ou les propriétés 
géotechniques passant par les points de données connus. Les profils simulés sont ensuite utilisés pour des analyses probabilistes des 
colonies de fondations empilées. Le cadre vise à maximiser la valeur des données d'enquête géotechnique, de sorte que les incertitudes et 
les risques découlant de la variabilité spatiale du sol puissent être correctement quantifiés et gérés. 
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1  INTRODUCTION 

The significance of geotechnical uncertainties on the 
performance of geotechnical systems has long been recognized 
by the profession. For example, Phoon et al. (1999a, b) and 
Baecher and Christian (2003) presented important discussions 
on the characterization and evaluation of such variability in 
geotechnical materials. These variations are often spatially 
correlated, with similar property values (e.g. shear strength or 
stiffness) at closer separation distances. Considering the spatial 
correlation features, random field modeling has become a useful 
numerical tool for probabilistic analyses of various geotechnical 
systems such as slopes (Cho 2010; Jiang et al. 2015), 
foundations (Al-Bittar and Soubra 2014; Li et al. 2015), 
retaining walls (Fenton and Griffiths 2008), etc.        

Site-specific application of probabilistic geotechnical 
analyses requires proper characterization of the spatial 
correlation features of geotechnical properties at the site, and 
conditioned random field modeling that considers the sampled 
values of geotechnical properties and their corresponding 
locations at the site. This paper demonstrates how the latest 
numerical tools can be assimilated for site-specific probabilistic 
assessment of the system response, with the benefits illustrated 
through a hypothetical scenario of pile group foundation. 

2  PROPOSED APPROACH 

Practical applications of probabilistic approaches at a project 
require consideration of site-specific geotechnical data. Figure 1 
shows the key elements of the proposed holistic approach for 
such applications, and the associated procedures or tools.      
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Figure 1. Key elements in site-specific probabilistic geotechnical 
analysis and recently-developed tools associated with these elements. 

 
Geotechnical investigation works are often planned to 

include a limited number of soil or rock property tests, either by 
in situ test methods including the standard penetration test 
(SPT), cone penetration test (CPT) or vane shear test, or by 
retrieving samples for laboratory experiments such as triaxial or 
oedometer tests. While the implementation of such procedures 
is routinely performed, the spatial coordinates of these samples 
or in situ tests, and the values of test results in characterizing 
spatial variability features at the site are often not fully utilized. 
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 2.1  Characterization of site-specific spatial variability  

The variations of a certain geotechnical property (z) with 
respect to spatial locations (x) across the site can be represented 
by a general linear mixed regression model:   

 
 𝒛 = 𝐗𝜷 + 𝜺  (1) 
 
where X is the large scale trend, with  being the vector of 
trend coefficients and X the matrix containing information of 
spatial coordinates. and  are the residuals, or deviations from 
the trend. The covariance matrix of  is related to the spatial 
correlation structure R (matrix), with components Rij that vary 
with separation distances (h) between locations i and j. In this 
study, the relationship between R and h is described by the 
squared exponential function. In the case of three-dimensional 
spatial correlation of soil properties, this becomes:  

 
 𝑅𝑖𝑗 = exp (− ℎ12𝜃12 − ℎ22𝜃22 − ℎ32𝜃32)  (2) 

 
where h1, h2 and h3 are the separation distances between i and j 
in the three principal directions, which may be the vertical 
direction and two lateral directions. 1, 2 and 3 are the 
corresponding range parameters. For example, when h = √𝜋 , 
the autocorrelation in that direction becomes 0.05, and this 
distance is often known as the scale of fluctuation, beyond 
which the correlation between two points become insignificant.    

The values of 1, 2 and 3 are features of the spatial 
correlation of geotechnical properties at the site that may result 
from its geological history. Based on these,  for other 
orientations can be estimated. For example, it is common to 
assume an elliptical expression for two- or three-dimensional 
variations in the range parameters (Vanmarcke 1977). Figure 2 
shows an ellipsoid illustrating  in all directions considering 
three-dimensional anisotropic variations (𝜃1 𝜃2 𝜃3).   
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Figure 2. (a) Three-dimensional variations of range parameters, and 
squared exponential model for autocorrelation structure along (b) major 
and (c) minor principal axes. s is a spatial dependence term which 
incorporates the white noise effects.  
 

An essential part of the site-specific characterization is the 
estimation of the spatial trend ( in Eq. 1) and the correlation 
features of the residuals (1, 2 and 3 in Eq. 2). This can be 
achieved by the recently-developed ‘restricted maximum 
likelihood’ REML method, which allows simultaneous 
determination of the trend and correlation parameters based on 
observed sample values at the project site. An important 
advantage of REML – as opposed to conventional method of 
moments – comes from its robustness, since it does not require 
a priori assumptions on the large scale trend or bin size of h in 
evaluating the moments or semivarigram. The mathematical 
details and implementation of the REML method have been 
outlined in Liu et al. (2017) and Liu and Leung (2017).  

2.2  Efficient surrogate model for probabilistic analysis 

Once the spatial correlation features are characterized at the site, 
the site-specific results can be utilized for probabilistic 
geotechnical analyses of the project. A classical approach for 
such analyses is the Monte Carlo simulation (MCS) technique, 
but a large number of realizations are required for the results to 
be robust, making the technique often too computationally 
demanding for practitioners, especially when three-dimensional 
random field models are considered.    

Lo and Leung (2016) developed a more efficient approach that 
combines the Latin hypercube sampling with dependence (LHSD) 
technique (Packham and Schmidt 2010) with polynomial chaos 
expansions (PCE) for probabilistic analyses associated with spatially 
correlated soil properties. Contrary to the conventional Latin 
hypercube sampling (LHS) approach, LHSD preserves the 
covariance structure (R) of random variables when generating the 
samples, and can be readily extended to different types of random 
fields such as Gaussian random fields, transformed random fields or 
cross-correlated random fields. Lo and Leung (2016) also 
demonstrated its application to conditioned random fields, where 
known sample values (e.g. result of an in situ soil test) are assigned to 
the subsurface domain. 

The main idea of PCE is to approximate the probabilistic 
density function of the system response using surrogate models, 
which are sometimes known as metamodels or response surface 
models. These models are constructed using a number (n) of 
realizations and simulations using typical geotechnical analysis 
methods. The PCE is shown to be more robust than 
conventional MCS, since the number n required for PCE to 
achieve stable results is much smaller than that in MCS.  

Mathematically, the system response, g, can be expressed in 
terms of the principal components () of the correlation matrix 
R as follows:     
 𝑔(𝝃) = ∑ 𝑎𝑘Ψ𝑘𝑃−1

𝑘=0     where   𝑃
= (𝑀 + 𝑝)!𝑀! 𝑝!   

(3) 

 
In Eq. 3, M is the number of principal components, p refers 

to the order of PCE, k are polynomials constructed by , and 
the coefficients ak can be computed by regression of the n 
realization results. With the ak coefficients determined, the 
mean and variance of the system response g() are given by:  
 E[𝑔(𝝃)] = 𝑎0  (4) 
   
 Var[𝑔(𝝃)] = ∑(𝑎𝑘)2E[(Ψ𝑘)2]𝑃−1

𝑘=1   (5) 

 
Details of the PCE construction can be found in Al-Bittar 

and Soubra (2014) and Lo and Leung (2016). Also, once the 
coefficients are determined, the probability density function of 
g() can be constructed through Eq. 3, with additional sets of . 
This procedure does not involve additional geotechnical 
analysis and is therefore not time-consuming.  

Lo and Leung (2016) showed that both LHSD and PCE 
contribute to the robustness of the approach. In some cases, the 
coupled LHSD-PCE approach can lead to the same results as 
MCS, using only 10% of model simulations (n). On the other 
hand, bias may be introduced in the estimated response if only 
LHSD, or only PCE, is employed with such a small number of 
model simulations. From the practical standpoint, another key 
advantage of the approach is that site-specific geotechnical 
investigation data can be readily assimilated into probabilistic 
geotechnical analyses, through the R matrix composed by s and 
 obtained by REML, and through conditioned random field 
models that incorporate locations of sampled values.  
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3  APPLICATION TO PILED FOUNDATION 

The proposed analysis approach is applied to the hypothetical 
scenario of pile group project, to illustrate the importance of 
proper modelling of the spatial correlation features and 
consideration of the conditioned random field based on existing 
geotechnical information. In this hypothetical case, the mean 
shear modulus (G) of the soil is 50 MPa, with coefficient of 
variation (CoV) of 0.25. The Poisson’s ratio () is constant and 
equals 0.49 (total stress analysis). To simplify the case study, it 
is also assumed that the spatial correlation parameters for G 
have been obtained with s = 1, 1 = 2 = 100 m (lateral 
directions), and 3 = 15 m (vertical direction). In a real project 
scenario, these parameters can be obtained from REML analysis 
of geotechnical test data, such as pressuremeter test data or 
correlations with SPT or CPT results. 

 As shown in Figure 3(a), a 3×3 pile group will be analyzed 
with the piles connected by a rigid pile cap, which means the 
vertical settlement is the same across the pile group. The total 
force applied to the pile group is 45,000 kN. Each pile has a 
diameter (d) of 1 m and length of 25 m, with center-to-center 
spacing of 3 m. The ratio between pile Young’s modulus (Ep) 
and mean soil Young’s modulus (Es) is taken as 500. The piles 
will mainly behave as frictional piles as the bedrock is modelled 
to be 50 m below the ground surface.   
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Figure 3. (a) Pile group geometry; (b) Typical realization of the shear 
modulus profile with three-dimensional spatial correlation. 
 

Figure 3(b) shows a typical random field realization of the 
shear modulus profile in the soil domain. Since the value of 3 
is lower than 1 and 2, the variations in vertical direction is 
more abrupt than those in lateral directions. To analyze the pile 
group behavior in such heterogeneous soils, it is possible to 
model the pile group and the soil domain in a three-dimensional 
finite element or finite difference program. As probabilistic 
analyses involve multiple (n) simulations, a simplified and 
efficient approach is adopted in this study, which is modified 
from the pile group and piled raft analysis method detailed in 
Leung et al. (2010). The piles are discretized into segments 
specified by nodes. The system of pile-soil interaction and pile 
group response can be represented as follows: 
 
 (𝐊𝐩 + 𝐊𝐬)𝒖 = 𝒇  (6) 
 
where Kp is the pile stiffness matrix, Ks is the soil stiffness 
matrix, u is the vector of pile displacements at the nodes and f is 
the vector of applied forces on the piles. For linear-elastic 
analyses in homogeneous soils, Ks can be obtained by inverting 
the flexibility matrix (). Each component ij represents the 
elastic displacement at node i due to unit loading at node j, 
which can be obtained using elastic solutions such as the 
Mindlin solution (Mindlin 1936) for an infinite half space, or 
the Chan et al. (1974) solution for two-layered soil profile (soil 

underlain by bedrock). These solutions are, however, not 
applicable for the heterogeneous soil domain simulated by the 
random field. In the current study,  is extracted by the finite 
element method to account for the highly variable soil 
properties across the three-dimensional domain. Only elastic 
analyses are presented in the following sections, as the main 
objective of this study is to illustrate the significance of 
spatially correlated soil properties. Using the approach outlined 
by Leung et al. (2010), it is also possible to extend the method 
for elastic-plastic analyses.   

3.1  Comparisons between various analysis approaches  

To illustrate the significance of evaluating the probabilistic 
response and consideration of the locations of sample values, 
three series of analyses are performed: (1) a typical 
‘deterministic’ analysis where the mean soil modulus is used to 
estimate the pile group settlement; (2) probabilistic analyses 
with unconditioned random field models, where the spatial 
correlation parameters described earlier are adopted in the 
generation of random field realizations under the LHSD-PCE 
approach. No sample locations are considered in these 
unconditioned analyses; and (3) probabilistic analyses with 
conditioned random field models, which, in addition to the 
parameters in (2), also includes one soil sample with known 
value of G. The sample is assumed to be the located along the 
center pile of the group, 10 m below the ground surface. The 
sample value of G is taken to be the same as the mean, i.e. 
50 MPa. It should be noted that the proposed approach is not 
limited to only one sample in the conditioned random field. In 
fact, any number of samples can be included using this 
approach. However, in order to simplify the scenario and focus 
on difference between unconditioned and conditioned random 
fields, only one sample is considered in this illustrative case. 

Table 1 shows that the mean response (settlement of pile cap, 
u) estimated by the three series of analyses are very similar to 
each other. The deterministic analysis does not take into 
account any variability in the soil parameters, whereas the 
probabilistic analyses provide information on the estimated 
variance of the settlement response, according to the variance of 
shear modulus and also its spatial correlation. The conditioned 
random field models further consider the location of an existing 
sample, which leads to less uncertainty and hence smaller 
variance in the predicted response. The probability density 
function (PDF) of system response constructed using PCE is 
also shown in Figure 4. Based on the abovementioned spatial 
correlation parameters for this case, a stable PCE (with high 
regression accuracy) can be constructed with less than 500 
model simulations (Eq. 6) for each of the two series, and the 
PDF is then obtained by an additional 5,000 surrogate model 
(metamodel) runs which are simple calculation of Eq. 3 using 
the ak coefficients and are not time-consuming. Also, it should 
be noted that although the mean values are similar to the 
deterministic analyses, the PDF of probabilistic analyses show 
significant skewness.    
 

Table 1. Comparisons of system response predicted by deterministic 
analysis, and probabilistic analyses with unconditioned and conditioned 
random field simulations. 

Analysis type Mean u CoV of u 

(1) Deterministic  6.7 mm –  

(2) LHSD-PCE (unconditioned) 6.9 mm 0.177 

(3) LHSD-PCE (conditioned) 6.8 mm 0.120 

 

3.2  Discussions 
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 Probabilistic analyses provide useful information regarding the 
uncertainty in system response arising from variations in soil 
parameters and their spatial distributions. However, it is 
important to note that such uncertainty can be overestimated if 
the existence of samples and their locations are not properly 
considered. It is evident from Table 1 that conditioned random 
field models, which produce more realistic representation of the 
project scenario, may lead to substantial reductions in the 
predicted variance of response. Although the difference 
between unconditioned and conditioned random field 
simulations will vary according to the geometry of the 
foundation (or other geo-structure), the spatial correlation 
parameters and locations of sample values, it is likely that the 
latter will lead to significantly lower estimates in the variance 
of response, since most projects will involve more than a single 
sample, in the subsurface soil strata.  
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Figure 4. Probability density functions for pile cap settlements, 
estimated by LHSD-PCE analyses of unconditioned and conditioned 
random field simulations, compared with settlement estimated by 
deterministic analysis.   

4  CONCLUSIONS 

This paper presents the framework that allows characterization 
of site-specific spatial variability features of geotechnical 
materials, using soil or rock test data at the site, analyzed by 
rigorous geostatistical approaches (REML) coupled with three-
dimensional anisotropic autocovariance structure. The spatial 
correlation parameters thus obtained can then be utilized in 
probabilistic analyses of the system response, performed with 
random field modeling within an efficient and high accuracy 
surrogate model approach known as LHSD-PCE. An illustrative 
example with application on pile group foundation is presented.  

The significance of incorporating locations of existing 
samples, through conditioned random field simulations, is also 
demonstrated. Since most projects involve a number of soil 
samples taken within or close to the proposed development, it is 
more realistic to include these sample locations and the 
corresponding property values in site-specific applications of 
probabilistic geotechnical analysis. Meanwhile, it has been 
shown that the estimated uncertainty in system response can be 
reduced substantially by considering the sampled values using 
conditioned random field models. The LHSD-PCE approach is 
less computationally demanding than conventional MCS 
techniques, and the proposed framework also aims to provide 
added value to the data obtained from geotechnical 
investigation at the project site. Considering these attributes, the 
proposed framework may help to promote the application of 
reliability approach in day-to-day geotechnical designs.      
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