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ABSTRACT 

The scouring dynamics of the seabed due to the presence of a vertical pile is very important for 

the design of marine structures. In this work, the focus is the simulation on the case where scour 

erosion around a cylinder is uniquely due to the non-linear wave propagation. This non-linear 

wave, displaying asymmetric and skewed profiles, is transported by keeping its shape as an 

inflow wave train. To this aim, a three-dimensional unstructured finite-volume technique is used 

to solve Navier-Stokes equations numerically. The σ-transformation is applied to the vertical 

coordinate to fit the computing mesh in describing the evolution of the free surface and mobile 

bed. The morphodynamic model includes Exner-Polya and bedload transport equations. Wave 

propagation, velocity profile, and dynamic of seabed morphology near the cylinder over an entire 

wave phase are present. Comparisons of scour depth and shape between numerical results and 

experiments are also carried out. 
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INTRODUCTION 

Coastal structures such as seawalls and breakwaters provide protection from the effects of the sea 

and create the conditions for economic growth in a coastal environment. These maritime 

structures also protect ports and coasts against the marine dynamics and its function will be even 

more important in the upcoming years due to sea level rise and coastal regression as a result of 

global warming (Yawo et al., 2024). However, the presence of the structure changes the flow 

patterns in its immediate neighborhood, such as wave reflection, turbulence (Baykal et al., 2002). 

These processes increase the local sediment transport and thus lead to one of the greatest 

problems for the seabed and for the stability of the structure: the scour effects. While previous 

studies have extensively investigated hydrodynamics in waves propagation across mono-pile 

using numerical tools (Zhang et al., 2023), less attention has been paid to more complex 

phenomenon such as wave-induced scour, especially under the asymmetric wave condition. This 

study addresses these gaps by focusing on the scour dynamics near the cylinder under nonlinear 

wave conditions. The mathematical model for fluid flow and the sediment transport is first 

presented, along with details on the computational domain and mesh resolution. An analysis of 

the hydrodynamics and scour process around the cylinder under asymmetric wave conditions is 

then provided.  

 

GOVERNING EQUATIONS 

Hydrodynamic model 

The governing equations employed for LES are obtained by filtering the Navier-Stokes equations 

as follows: 𝜕𝜕𝑢𝑢�𝑖𝑖𝜕𝜕𝜕𝜕 +
𝜕𝜕𝑢𝑢�𝑖𝑖𝑢𝑢�𝑗𝑗𝜕𝜕𝑥𝑥𝑗𝑗 = −𝑔𝑔 𝜕𝜕𝜕𝜕𝜕𝜕𝑥𝑥𝑖𝑖 − 1𝜌𝜌 𝜕𝜕𝑝̅𝑝𝜕𝜕𝑥𝑥𝑖𝑖 +

𝜕𝜕𝜕𝜕𝑥𝑥𝑗𝑗 �(𝜈𝜈 + 𝜈𝜈𝜕𝜕) �𝜕𝜕𝑢𝑢�𝑖𝑖𝜕𝜕𝑥𝑥𝑗𝑗 +
𝜕𝜕𝑢𝑢�𝑗𝑗𝜕𝜕𝑥𝑥𝑖𝑖�� + 𝑓𝑓𝑖𝑖      (1) 

𝜕𝜕𝑢𝑢�𝑖𝑖𝜕𝜕𝑥𝑥𝑖𝑖 = 0                                                                           (2) 

where 𝑥𝑥𝑖𝑖 (i=1,2,3) is the ith Cartesian coordinate, 𝑢𝑢�𝑖𝑖 represents the ith velocity component, 𝑝̅𝑝 is 

the pressure, 𝜂𝜂 is the free surface elevation and bed deformation, and 𝑓𝑓𝑖𝑖 = 0 is the external force. 𝜌𝜌 and 𝜈𝜈 denote for the density and the kinematic viscosity, respectively. For the LES formulation, 𝜈𝜈𝜕𝜕 = 𝐿𝐿𝑠𝑠2|𝑆𝑆̅| model the eddy viscosity using the Smagorinsky model with 𝑆𝑆̅ is the rate-of-strain 

tensor for the resolved scale and 𝐿𝐿𝑠𝑠  is the sub-grid length scale. This length scale does not 

maintain a constant value within the near-wall region; rather, it diminishes as it gets closer to the 

wall. This boundary layer effect is captured by the Mason-wall matching power (Mason and 

Thomson, 1992): 1𝐿𝐿𝑠𝑠2 =
1

(𝐶𝐶𝑠𝑠∆)2 +
1

(𝜅𝜅𝐿𝐿𝑤𝑤)2                                                                    (3) 

Here 𝐶𝐶𝑠𝑠 = 0.1 is the Smagorinsky constant, ∆ is the average spacing ∆= 𝑉𝑉1/3 with V being the 

volume of the computational cell, 𝜅𝜅 is the Von Karman constant, and 𝐿𝐿𝑤𝑤 is the distance from the 

cell center of a control volume to the wall.  
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Morphological model 

The morphological evolution of a non-cohesive sediment bed can be described by the Exner-

Polya equation: 

(1− 𝛾𝛾)
𝜕𝜕𝑧𝑧𝑏𝑏𝜕𝜕𝜕𝜕 +

𝜕𝜕𝑞𝑞𝑏𝑏𝑖𝑖𝜕𝜕𝑥𝑥𝑖𝑖 = 0                                                                (4) 

where the bed porosity 𝛾𝛾 = 0.4, zb(𝑥𝑥,𝑦𝑦, 𝑡𝑡) is the local bed level, and 𝑞𝑞𝑏𝑏𝑖𝑖 (i=1,2) is the bedload 

transport rate given by the formula proposed by Engelund and Fredsøe (1976): 𝑞𝑞𝑏𝑏𝑖𝑖 =
𝜋𝜋𝜋𝜋6 �1 + � 𝜋𝜋𝜇𝜇𝑑𝑑6(𝜃𝜃−𝜃𝜃𝑐𝑐)

�4�−1/4 𝑢𝑢𝑏𝑏𝑖𝑖                                                       (5) 

where d is the particle diameter and 𝑢𝑢𝑏𝑏𝑖𝑖 are the mean velocity particle in movement. μ𝜋𝜋 = 0.51 

is the dynamic friction coefficient; 𝜃𝜃 is the Shields number and 𝜃𝜃𝑐𝑐 is the critical value of 𝜃𝜃 for 

the initiation of motion of the bed. As implemented in Zhang et al. (2020), θ𝑐𝑐 =θ𝑐𝑐0�cos𝛽𝛽 �1− (𝑠𝑠𝑠𝑠𝑠𝑠2𝛼𝛼 𝑡𝑡𝑡𝑡𝑠𝑠2𝛽𝛽) 𝜇𝜇𝑠𝑠2⁄ − (cos𝛼𝛼 sin𝛽𝛽) 𝜇𝜇𝑠𝑠⁄ � , where θ𝑐𝑐0  is the critical Shields 

number for the initiation of motion in a bed with slope zero, μ𝑠𝑠 is the static friction coefficient, 𝛽𝛽 

is the maximum angle of repose, and 𝛼𝛼 is the difference between the angle of the flow near the 

bed and the maximum angle of repose 𝛽𝛽. The mean velocity 𝑢𝑢𝑏𝑏𝑖𝑖 is given by  

𝑢𝑢𝑏𝑏𝑖𝑖 = 10 �1− 0.7�𝜃𝜃𝑐𝑐𝜃𝜃 �𝑢𝑢𝜏𝜏𝑖𝑖                                                              (6) 

where 𝑢𝑢𝜏𝜏  is the fiction velocity calculated by the method developed by Nikuradse (1933) 

as  𝑢𝑢 𝑢𝑢𝜏𝜏⁄ = 𝜅𝜅−1 ln(𝑧𝑧 𝑧𝑧0⁄ ) . The distance  𝑧𝑧0 = 𝑘𝑘𝑠𝑠/30  is measured from the boundary at which 

point the idealized velocity given by the wall law goes to zero with 𝑘𝑘𝑠𝑠 being the Nikuradse sand 

roughness. 

 

Computational domain and boundary conditions 

This study considers experimental in-phase wave results from the Hydraulics Laboratory of the 

Universita Polytechnica delle Marche (Ancona, Italy). A detailed description of the mobilebed 

experiments was reported in Miozzi et al. (2019). The studied zone (1.5m long, 1m wide) is 

located in the central part of the 50 m-long flume between a piston-type wavemaker and an 

absorbing mildly sloping beach, made of coarse gravel (slope 1/20, wave reflection less than 5%). 

This zone of interest is covered by a mobile sandbed (16cm layer thickness) with a free surface 

piercing cylinder (D = 10cm) which is placed in the middle of the wave flume. This numerical 

study focuses on test R1.5 with a train of 150 non-linear waves that evolved over a mobile bed 

with a water depth h = 0.5m, a maximum wave height H = 0.17m, a wave period T = 2.726s 

and a wavelength L = 5.8. Under those conditions, the Ursell number Ur =  𝐻𝐻𝐿𝐿2 ℎ3 = 45.6⁄ . 

The Keulegan-Carpenter number 𝐾𝐾𝐶𝐶 = 𝑈𝑈𝑚𝑚𝑇𝑇/𝐷𝐷 = 9.62  has been introduced, where D is the 

cylinder diameter, T is the wave period, 𝑈𝑈𝑚𝑚 = 35𝑐𝑐𝑐𝑐/𝑠𝑠 is the maximum value of the undisturbed 

orbital velocity at just above the turbulent bottom boundary layer. The wave Reynolds number is 
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𝑅𝑅𝑅𝑅𝜔𝜔 = 53600. These factors are applied to investigate the flow features and the morphological 

model. The sand size is 𝑑𝑑50 = 0.6𝑐𝑐𝑐𝑐 . The equivalent roughness height for the rough wall 

function is set to be 𝑘𝑘𝑠𝑠 = 2.5𝑑𝑑, which determines the skin friction velocity. The conditions are 

summarized in Table 1.  

 

Table 1. Test conditions in simulating wave-induced scour around a cylinder. 

Hydrodynamic parameters Value Loose sand Value 

Water depth, ℎ(m) 0.5 Boundary layer thickness, 𝛿𝛿(m) 0.2 

Cylinder diameter, 𝐷𝐷(cm) 10 Sediment density, 𝑟𝑟𝑠𝑠(g/cm3) 2.63 

Wave amplitude, 𝐻𝐻(m) 0.17 Fluid density, 𝜌𝜌(g/cm3) 1.0 

Wave period, 𝑇𝑇(s) 2.726 Grain size, 𝑑𝑑50(mm) 0.6 

Wave steepness, 𝐻𝐻/𝐿𝐿, ℎ/𝐿𝐿, 𝐻𝐻/ℎ 0.03,0.086,0.34 Seabed thickness, (cm) 16 

Keulegan-Carpenter number, 𝐾𝐾𝐶𝐶 9.62 Seabed length, (m) 1.5 

Maximum orbital velocity, 𝑈𝑈𝑚𝑚(cm/s) 
35 

Sand roughness due to skin 

friction, 𝑘𝑘𝐬𝐬(mm) 
1.5 

Reynolds number, 𝑅𝑅𝑅𝑅𝜔𝜔 53600 - - 

 

This non-linear wave is a phase-averaged one obtained from the experimental results, separating 

wave and turbulence components from a time-averaged value. The wave displayed an 

asymmetric and skewed profile with its non-linearities. Based on the wave decomposition of 

phase averaged wave data, the above non-linear wave is composited with 8 sinusoidal 

components as our previous work (Zhang et al, 2023): η(x = 0, z, t) = �𝑡𝑡𝑖𝑖8
𝑖𝑖=0 sin(𝜔𝜔𝑖𝑖𝑡𝑡 + 𝜙𝜙𝑖𝑖)                                                      (7) 

where η(x, z, t)  is the synthetic non-linear wave signal, 𝑡𝑡𝑖𝑖  is the wave amplitude, 𝜔𝜔𝑖𝑖  is the 

frequency of each wave component, 𝜙𝜙𝑖𝑖 is a random phase angle between 0 and 2π.  
 

A sketch of the computational geometry in horizontal view for the numerical simulations, with a 

fine-resolution mesh is designed around the cylinder, is shown in Figure 1. The computational 

wave domain was 12.0m long, 1.0m wide, and 0.5m high. The cylinder has a diameter of 0.1m, 

and it is placed 5.0m downstream of the inlet boundary. The origin of a coordinate system is 

located at the bottom of the cylinder’s centre, with the x-, y- and z-axes corresponding to the 

streamwise, spanwise and ascendant vertical direction, respectively. Horizontally, there are 5788 
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elements in the domain. Vertically, the domain is discretized into 96 layers, resulting in 555,648 

finite-volume elements. According to the wall calculation formula, horizontally, 𝑦𝑦+ = y𝑅𝑅𝑅𝑅𝜔𝜔/a, 

the first row of elements is situated at 0.002D away from the cylinder surfaces corresponding to 

14 wall units. While vertically, the first layer of the elements is situated at 0.0052D, 

corresponding to 33 wall units. 

 
Figure 1.  Sketch of the computational domain and horizontal triangular mesh. 

 

The boundary conditions for the flow field are defined as follows: at the inlet, a relaxation zone 

was imposed, which enforced the creation of waves. At the outlet, zero gradient conditions were 

applied for all variables except a 2m long absorption zone with the sponge layer condition to 

deduce the wave reflection. The boundary in spanwise direction is set as Neumann conditions. At 

the cylinder surface, no-slip boundary conditions are imposed. At the bottom, free-slip boundary 

conditions are applied for the horizontal velocities. 

 

RESULTS 

This section presents the simulation of the local scouring process under the presence of 

asymmetric waves. In the simulation, 64 CPU cores and a time step of 0.001 s are used, and it 

takes 10 days for 280s with around 103 wave cycles. The results of the scour are from long-time 

simulation in the high performance computer at t = 180s. The grids and time step convergence 

study is validated in our previous published paper (Zhang et al., 2023). 

 

Figure 2(a) displays the free surface velocity of the incoming wave, reaching a maximum 

wave orbital velocity of um = 0.35 m/s. The flow around the pile is shown when it is exposed to 

the wave crest. Figure 2(b) provides a close-up of the near-bed velocity at z/D = 1.0 above the 

bed. Figure 2(c–f) depict the sequence of the wave incident on the pile, with maximum 

velocities u = 0.67m/s beside the pile and relatively lower velocities u = −0.32m/s downstream of 

the pile. Thus, the higher velocities at the sides of the pile contributes to higher bed shear stress 

around the pile and results in higher sediment transport. The lower velocities downstream result 

in relatively lower bed shear stress and consequently lower sediment transport. 
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(a) Free surface velocity in 3D view, t/T=1.149               (b) XY-plan at Z/D=1 

   

(c) Free surface velocity in 3D view, t/T=1.162               (d) XY-plan at Z/D=1 

  

(e) Free surface velocity in 3D view, t/T=1.174              (f) XY-plan at Z/D=1 

Figure 2. Free surface visualization and velocity around the pile exposed to wave and 

change in hydrodynamics on Z=0.1m above the bed at t/T=1.149, 1.162, 1.174.  

 

Figure 3 shows the sequence of scour development around the pile obtained by the proposed 

model at two instantaneous: 66s, 180s. The maximum scour around the pile is found to be S/D = 

-0.10, and the deposition at the downstream side is S/D = 0.15. The magnitude of the deposition 

is comparable to the scour depth. This is attributed to the wave-induced local scour where 
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sediments are not transported away from the region as in the case of a steady current. The 

fluctuations in scour depth pattern represent the scouring and refilling with the wave crests and 

troughs. The main scour hole's deepest part occupies the cylinder's upstream and spanwise sides. 

Additionally, sand particles are deposited downstream from the cylinder. The evolution of sand 

deposition downstream the cylinder is almost symmetric. In Figure 19c-d, the equilibrium-scour 

seabed morphology from the experimental observations (Miozzi et al., 2019) is characterized by 

a pattern of ripples with amplitude of ±12.5mm, corresponding to S/D = ±0.125. Our results are 

slightly different from the experimental observations, which generally confirms the accuracy of 

model regarding the simulation of scour around a vertical pile exposed to wave action. One 

reason for this mismatching is the relatively coarse meshes used in the simulation. However, fine 

meshes are limited because of the nature of sigma-transformation in grid deformity of large wave 

steepness across the cylinder. Figure 4 shows the 3D visualization of the scour shape at time 

instantaneous: 5s, 20s, 60s, 180s, respectively. The current scour results are closer to the 

numerical simulation from Ahmad et al. (2018) in figure 4e and Ahmad et al. (2020) in figure 4f 

with KC=12 and similar sediment conditions. 

 

Figure 3. Instantaneous images of the bed elevation, showing the evolution of the scour hole 

around the cylinder: (a) t = 66s; (b) t = 180s; (c) experimental equilibrium-scour state; (d) 

experimental scour picture. 
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Figure 4. Instantaneous images of the bed elevation around the cylinder from simulation: 

(a) t = 5s; (b) t = 20s; (c) t = 60s; (d) t = 180s; (e) scour pattern from Ahmad (2018); (f) 

scour pattern from Ahmad (2020) using Reef3D. 

 

CONCLUSION 

Numerical simulations are conducted to represent the hydrodynamics around a vertical cylinder 

under nonlinear waves. The simulations are based on a second order unstructured Navier-Stokes 

solver and large eddy simulation. A sigma-coordinate system is applied to follow the sediment-

water and air-water interface. The relaxation zone and sponge layer are introduced for the wave 

injection and reflection in the inlet and outlet boundary, respectively. The proposed model has 

been rigorously validated for the linear wave and non-linear wave passing through NWT via 

comparison with theoretical solutions. Then, the simulation of wave propagation around a 

cylinder with h = 5D, KC = 9.6 and 𝑅𝑅𝑅𝑅𝜔𝜔= 53,600 is done. The current study focused on wave 

deformation, hydrodynamic features, and scour development during propagation across the 

cylinder. The nonlinear wave-induced scour pattern is close to the publications from Reef3D, 

with two scour holes in front of the cylinder and two deposits behind the piles. The maximum 

scour S/D = -0.10 and deposition downstream S/D = 0.15, while the experimental ripples 

correspond to S/D = ±0.125. These studies provided a data basis for the wave-induced scour 

based on 3D unstructured meshes. This kind of study could be extended to practical coastal 

engineering with skewness boundaries. Overall, the numerical model NSMP3D performs well 

for simulating the wave-induced scour, resolving the detailed wave propagation, hydrodynamics 

around the piles, and its interaction with the sediment transport processes. 
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