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ABSTRACT 
 
Soil water characteristic curve (SWCC) is one of the most important characteristics of unsaturated soil. 
In most previous studies, the SWCC is obtained by fitting experimental results with numerical models 
such as the van Genuchten model, which depends heavily on the accuracy of the experimental data. In 
this study, the SWCC is interpreted and predicted directly based on the analysis of the liquid bridge. 
Two unequal-sized spheres are used to describe uneven-sized coarse particles, and the roughness on 
the surface of the particles is described by the spacing between them. The liquid bridge between these 
two particles is analysed based on the geometrical relationships. The influence of parameters including 
the relative size of the sphere, the relative interval of spheres and the liquid-solid contact angles on the 
normalized water content, matric suction and capillary force is discussed. Results show that water 
content increases with the increase of the relative size of spheres (from zero to one) or the decrease of 
the liquid-solid contact angle. This trend is more obvious when the relative size of spheres or the liquid-
solid contact angle is small. If the relative interval of spheres cannot be ignored, there will be two water 
contents corresponding to the same matrix suction. One with smaller normalized water content is 
unstable, and the other with higher normalized water content is stable. The SWCCs of the compact 
cubic packing model are predicted based on the equal matrix suction assumption, which is compared 
to the prediction by existing theory.  
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1 INTRODUCTION 
 
The soil water characteristic curve (SWCC) is one of the fundamental characteristics of soil, which can 
be used to explain and analyse infiltration, drainage, water and solute movement, and water availability. 
Previous studies have reported that the SWCC is affected by numerous factors, including water content, 
pore structure and the particle size of soil mass (Miller et al., 2002), stress history (Ng et al., 2000), 
dehydration and contact angle of air-water interface (Czachor et al. 2010), etc. 
 
In previous studies, SWCC data measured by the negative pressure meter, tensiometer and other 
instruments can be fitted into a continuous function through mathematical models, such as the vG (van 
Genuchten) model (van Genuchten M.T., 1980). This method is widely used in research and engineering. 
However, measuring SWCC data takes a long time and the SWCC fitted by the tested data is affected 
by the sampling error. In addition, the physical meaning of the fitted mathematical model parameters is 
unclear. 
 
The other method is to predict the SWCC directly from numerical simulations. In this way, the liquid 
bridge at the particle scale needs to be determined. Yang et al. (2012) studied the liquid bridge of even-
sized coarse particles and used this theory to derive the vG-liked model. Zhang et al. (2013) studied the 
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liquid bridge of uneven-sized coarse particles, which can be applied to practical engineering problems 

and theoretical research.  
 
In this study, the relationship between water content, matrix suction and capillary force of liquid bridge 
is used to analyse the SWCC of uneven-sized coarse particles. The relative size of the sphere, the 
liquid-solid contact angle and the normalized half-spacing are changed to reflect the various pore 
structure. The influence of these parameters on the water content, matrix suction and capillary force is 
discussed. Finally, the SWCC of the compact cubic packing model obtained by the liquid bridge theory 
is predicted and compared with the prediction reported by the previous study. 
 
 
2 LIQUID BRIDGE THEORY 
 
When the water in the soil was composed of water in liquid bridges without merging, the liquid bridge 
between two soil particles can be calculated based on the geometrical relationship. The particles with 
complex shapes can be simplified as spheres(Mitarai N. et al., 2006). Two complex-shaped particles 
which contact each other may have spacing when simplified as spheres. Hence the spacing can be 
used to reflect the roughness of particles (Pietsch et al.,1968). The liquid bridge between two particles 
can be simplified as a ring which is beneficial for calculation and the results are acceptable (Gillespie et 
al., 1967). The geometric diagram of the liquid bridge between two soil particles can be shown in Figure 
1. 
 

 
Figure 1. The liquid bridge between uneven-sized coarse particles 

 
This study analyses the liquid bridge between two uneven-sized spheres with the spacing which reflects 
the roughness. The radius of the two spheres is r1 and r2, the distance between the two spheres is d, 
and the liquid-solid contact angle is θ. The liquid-solid contact angle of the two spheres is the same due 
to the same materials. For each fill angle Φ1 and Φ2, the radius of curvature (ROC) ρ1, ρ2 and water 
content V can be calculated through geometric analysis. Matric suction ψ and capillary force f can be 
calculated through mechanical analysis. 
 
2.1 Geometric analysis 
 
For each given fill angle Φ1, the corresponding fill angle Φ2, the radius of curvature ρ1, ρ2 and the water 
content V can be calculated. The ROC ρ1, ρ2 can reflect the details of liquid bridge morphology which 
can be used in mechanical analysis. The water content V is one of the main research parameters in this 
study.  
 
2.1.1 The calculation of fill angle Φ2 
 

In ∆𝐴𝑃1𝑃2:  ∠𝐴𝑃1𝑃2 =∠𝐴𝑃2𝑃1 = 𝜋−𝜙1−𝜙2−2𝜃2 , which means  𝐴𝑃1 = 𝐴𝑃2. 
 
To simplify the calculation, the length of AP1 and AP2 are regarded as l. Two equations describing the 
length of AC1 and C2C3 are listed as follows: 
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𝐴𝐶1: (𝑟1 + 𝑙)𝑠𝑖𝑛𝜙1 = (𝑟2 + 𝑙)𝑠𝑖𝑛𝜙2 (1) 
 𝐶2𝐶3: (𝑙𝑐𝑜𝑠𝜙1 + 𝑙𝑐𝑜𝑠𝜙2) = (𝑟1(1 − 𝑐𝑜𝑠𝜙1) + 𝑟2(1 − 𝑐𝑜𝑠𝜙2) + 𝑑) (2) 
 

The relationship between Φ1 and Φ2 can be calculated by： 

 ((𝑟1 + 𝑑2) 𝑡𝑎𝑛 𝜙12 ) = ((𝑟2 + 𝑑2) 𝑡𝑎𝑛 𝜙22 ) (3) 

 
The solution of fill angle Φ2 is deduced as: 
 𝜙2 = 2𝑎𝑟𝑡𝑎𝑛 ((𝑟1 + 𝑑2)(𝑟2 + 𝑑2) 𝑡𝑎𝑛 𝜙12 ) (4) 

 
2.1.2 The calculation of ROC ρ1 and ρ2 
 
The length of C2C3 can be described using the horizontal projection of O3P1 and O3P2 as: 
 𝐶2𝐶3: 𝜌1(cos(𝜙1 + 𝜃) + cos(𝜙2 + 𝜃)) = (𝑟1(1 − 𝑐𝑜𝑠𝜙1) + 𝑟2(1 − 𝑐𝑜𝑠𝜙2) + 𝑑) (5) 
 
The solution of ROC ρ1 is then written as follows: 
 𝜌1 = (𝑟1(1 − 𝑐𝑜𝑠𝜙1) + 𝑟2(1 − 𝑐𝑜𝑠𝜙2) + 𝑑)(cos(𝜙1 + 𝜃) + cos(𝜙2 + 𝜃)) (6) 

 
By using the length of O3C1, we have: 
 𝑂3𝐶1: 𝜌1 + 𝜌2 = 𝜌1 sin(𝜙1 + 𝜃) + 𝑟1𝑠𝑖𝑛𝜙1 (7) 
 
Hence the solution of ROC ρ2 is obtained as follows: 
 𝜌2 = 𝜌1 sin(𝜙1 + 𝜃) + 𝑟1𝑠𝑖𝑛𝜙1 − 𝜌1 (8) 
 
2.1.3 The calculation of water content V 
 
The water content V can be obtained by subtracting the volume of two spherical crowns Vss from the 
volume of the body of the revolution Vmp. The length of O3C1 (ρ1+ρ2) is regarded as a.  
 
The volume of the body of revolution Vmp is obtained through the integral as follows: 
 𝑉𝑚𝑝 = ∫ 𝜋(𝑎 − 𝜌1𝑐𝑜𝑠𝛼)2𝑑(𝜌1𝑠𝑖𝑛𝛼)𝜌1cos (𝜙2+𝜃)

−𝜌1cos (𝜙1+𝜃) = ∫ 𝜋(𝑎 − 𝜌1𝑐𝑜𝑠𝛼)2𝜌1𝑐𝑜𝑠𝛼(𝜋2−(𝜙2+𝜃))
−(𝜋2−(𝜙1+𝜃)) 𝑑𝛼

= ∫ 𝜋(𝑎2𝜌1𝑐𝑜𝑠𝛼 − 2𝑎𝜌12𝑐𝑜𝑠𝛼2 + 𝜌13𝑐𝑜𝑠𝛼3)(𝜋2−(𝜙2+𝜃))
−(𝜋2−(𝜙1+𝜃)) 𝑑𝛼 

 
Vmp can be simplified as: 
 𝑉𝑚𝑝 = 𝑎2𝜌1𝜋(cos(𝜙1 + 𝜃) + cos(𝜙2 + 𝜃))−2𝑎𝜌12𝜋 sin(𝜙1 + 𝜃) cos(𝜙1 + 𝜃) + (𝜙1 + 𝜃) + sin(𝜙2 + 𝜃) cos(𝜙2 + 𝜃) + (𝜙2 + 𝜃)2+𝜌13𝜋 (cos(𝜙1 + 𝜃) + cos(𝜙2 + 𝜃) − cos(𝜙1 + 𝜃)33 − cos(𝜙2 + 𝜃)33 ) (9) 

 
The volume of two spherical crowns Vss is given by the spherical crown volume formula as: 
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𝑉𝑠𝑠 = 𝜋𝑟13(3(1 − 𝑐𝑜𝑠𝜙1)2 − (1 − 𝑐𝑜𝑠𝜙1)3)3 + 𝜋𝑟23(3(1 − 𝑐𝑜𝑠𝜙2)2 − (1 − 𝑐𝑜𝑠𝜙2)3)3 (10) 

 
The water content V is calculated as: 
 𝑉 = 𝑉𝑚𝑝 − 𝑉𝑠𝑠 (11) 
 
2.2 Mechanical analysis 
 
Matric suction ψ can is given by the Yang-Laplace equation (Laplace, P.S. 1806) as: 
 𝜓 = 𝜎 ( 1𝜌1 − 1𝜌2) (12) 

 
where σ denotes surface tension. 
 
Capillary force f includes the force of matric suction and the force of surface tension (Simons et al. 1994). 
The matric suction acts on the narrowest section of the liquid bridge, and the surface tension acts on 
the circumference of the narrowest section of the liquid bridge. 
 
The force of matric suction fψ can be written as follows: 
 𝑓𝜓 = 𝜓𝜋𝜌22 = ( 1𝜌1 − 1𝜌2) 𝜋𝜌22𝜎 (13) 

 
The force of surface tension fσ is shown as: 
 𝑓𝜎 = 2𝜋𝜌2𝜎 (14) 
 
The Capillary force f is calculated as: 
 𝑓 = 𝑓𝜓 + 𝑓𝜎 = ( 1𝜌1 + 1𝜌2) 𝜋𝜌22𝜎 (15) 

 
In practice, there are also effects of gravity and buoyancy. To facilitate the reaction of the rate of particle 
gravity and capillary force, Mitarai et al.(2006) introduced capillary length ac: 
 𝑎𝑐 = √ 𝜎𝜌𝑙𝑔 (16) 

 
where ρl is liquid density. 
 
When the capillary length ac is smaller than the radius of spheres, the capillary force plays a leading role, 
and gravity can be ignored. In addition, Willett et al. (2000) found that the relative error of considering 
the influence of buoyancy is less than 0.1% when calculating the capillary force. 
    
2.3 Normalized Results  
 
The normalized results can reflect the essence of the relationship between parameters and water 
content, matric suction, and capillary force. Here, we introduce the relative size of the sphere n and the 
average radius Rm as follows for normalization: 
 𝑛 = 𝑟2𝑟1 (17)   𝑅𝑚 = (1 + 𝑛)2 𝑟1 (18) 
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The average of radius Rm is used for Geometric parameters normalization, matric suction and capillary 
force normalization. Surface tension σ is used for matric suction and capillary force normalization. 
 
The definition of normalized parameters and normalized results are as follows in Table 1.  
 
Table 1. Normalized parameters 

Name symbol Definition 

Normalized Radius r1 r1’ 𝑟1′ = 𝑟1𝑅m = 21 + 𝑛 (19) 

 
Normalized Radius r2 r2’ 𝑟2′ = 𝑟2𝑅m = 2𝑛1 + 𝑛 (20) 

 
Normalized half-spacing S 𝑆 = 𝑠𝑅m = 𝑑2𝑅m (21) 

 
Normalized ROC ρ1 ρ1’ 𝜌1′ = 𝜌1𝑅m (22) 

 
Normalized ROC ρ2 ρ2’ 𝜌2′ = 𝜌2𝑅m (23) 

 
Normalized water content  V’ 𝑉′ = 𝑉𝑅m3 (24) 

 
Normalized matric suction ψ’ 𝜓’ = 𝜓 ∗ 𝑅m𝜎 = ( 1𝜌1 − 1𝜌2) 𝑅m = ( 1𝜌1′− 1𝜌2′) (25) 

 
 
After normalization, three parameters including the relative size of sphere n, the liquid-solid contact 
angle θ and the normalized half-spacing S reveal the influence of the relative size of two spheres, water 
and soil mechanical properties and particles roughness on the normalized water content, the normalized 
matric suction and the normalized capillary force. 
  
 
3 PARAMETERS ANALYSIS BETWEEN TWO PARTICLES 
 
In parameters analysis, we discuss the influences of the relative size of sphere n, the liquid-solid contact 
angle θ and the normalized half-spacing S on the relationship between water content, matrix suction 
and capillary force of liquid bridge.  
 
3.1 The relative size of sphere n 
 

In this study, r1 is larger than r2, which means n≤1. To analyse the relative size of sphere n, we assume 

that the liquid-solid contact angle θ is fixed at 10°, which means that the contact angle will keep its 
original value as the water content changes. In addition, we assume that the normalized half-spacing S 
is 0, which means that there is no spacing and roughness. The influences of the relative size of sphere 
n on a liquid bridge are shown in Figure 2. 
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(a) Normalized matric suction-water content (b) Normalized matric suction-capillary force 

 

 
(c) Normalized water content-capillary force (d) Normalized water content-matric suction 

 

Figure 2.  Liquid bridge curve with the different relative size of sphere n（S=0, θ=10°） 

 
As Figure 2 shows, as the relative size of sphere n approaches 1, which means the relative size of two 
spheres becomes closer, the normalized water content V’ and the normalized capillary force f’ increase 
corresponding to the same normalized matric suction ψ’, and the normalized capillary force f’ increases 
corresponding to the same normalized water content V’. 
 
The relationship between the normalized matric suction ψ’ and the normalized water content V’ can be 
explained as follows. Eq. (25) shows that the normalized matric suction ψ’ is determined by the 
normalized ROC ρ1’ and ρ2’. In Figure 3, for the same normalized water content V’, as the size of the 
small sphere increase, the fill angle of the big sphere Φ1 increase while the fill angle of the small sphere 
Φ2 decreases. Meanwhile, the normalized ROC ρ1’ which reflects the contour of the liquid bridge 
decreases and the normalized ROC ρ2’ which reflects the thickness of the liquid bridge increases. The 
decrease in ρ1’ and the increase in ρ2’ lead to the increase of the normalized matric suction ψ’.  

 
(a) Fill angle Φ1                                          (b) Fill angle Φ2 
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(c) Normalized ROC ρ1’                      (d) Normalized ROC ρ2’ 

 

Figure 3.  Fill angle and normalized ROC with the different relative size of sphere n（S=0, θ=10°） 

 
With the increase of normalized matric suction ψ’, the normalized water content V’ decreases gradually. 
When the normalized matric suction ψ’ reaches 100, the normalized water content V’ is almost zero. 
This conclusion is consistent with Zhang et al. (2013).With the increase of normalized matric suction ψ’, 
the normalized capillary force 𝑓 ̅also increases gradually. 
 
3.2 The liquid-solid contact angle 𝜽 
 
The relative size of sphere n is fixed as 0.4, and the normalized half-spacing S=0. The relationships of 
the normalized water content, the normalized matric suction, and the normalized capillary force are 
displayed as shown in Figure 4. 
 

 
(a) Normalized matric suction-water content (b) Normalized matric suction-capillary force 

 

 
(c) Normalized water content-capillary force (d) Normalized water content-matric suction 

 

Figure 4. Liquid bridge curve with different liquid-solid contact angle θ（S=0, n=0.4） 

 
In Figure 4, as the liquid-solid contact angle θ increases, the normalized water content V’ and the 
normalized capillary force f’ corresponding to the same normalized matric suction ψ’ are reduced. Due 
to the increase of the liquid-solid contact angle θ, the normalized ROC ρ1’ will increase significantly as 
Figure 5 shows, while it has little effect on the normalized water content V’. Therefore it can be 
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considered that the normalized ROC ρ1’ increases with the increase of solid-liquid contact angle at the 
same relative water content V’, resulting in the decrease of matrix suction ψ’. 
 

 
(a) Normalized ROC ρ1’                      (b) Normalized ROC ρ2’ 

 

Figure 5.  Normalized ROC with different liquid-solid contact angle θ（S=0, n=0.4） 

 
3.3 The normalized half-spacing S 
 
The influence of the normalized half-spacing S on the normalized matric suction-water content, 
normalized matric suction-capillary force, normalized water content-capillary force and normalized water 
content-matric suction is shown in Figure 6. In this scenario the liquid-solid contact angle is θ=10° and 
the relative size of sphere is n=0.4.  
 

 
(a) Normalized matric suction-water content (b) Normalized matric suction-capillary force 

 

 
(c) Normalized water content-capillary force (d) Normalized water content-matric suction 

 
Figure 6. Liquid bridge curve with different normalized half-spacing S (n=0.4, θ=10°) 
 
According to Figure 6, there will be two normalized water content V’ corresponding to the same matric 
suction ψ’ if the normalized half-spacing S cannot be ignored. The normalized ROC ρ1’ and ρ2’ increase 
with the increase in normalized water content V’ as Figure 7 shows. The increase in ρ1’ leads to the 
decrease of the matric suction ψ’ while the increase in ρ2’ leads to the increase of the matric suction ψ’. 
Hence the increase in ρ1’ and ρ2’ leads to two normalized water content V’ corresponding to the same 
matric suction ψ’. This means the liquid bridge between two spheres with spacing or significant 
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roughness cannot exist stably if the water content is too low. Molenkamp et al. (2003) proposed the 
smaller normalized water content V’ corresponding to the same normalized matric suction ψ’ is unstable, 
and the higher one is stable. If we only take the stable solution in consideration, with the growing of the 
normalized half-spacing S, the stable normalized water content V’ is on the increase, and the stable 
normalized capillary force f’ is on the decrease. 
 

 
(a) Normalized ROC ρ1’                      (b) Normalized ROC ρ1’ 

 
Figure 7.  Normalized ROC with different normalized half-spacing S (n=0.4, θ=10°) 
 
 
4 ANALYSIS OF SOIL PARTICLE ACCUMULATION MODEL 
 
When the water in the soil particle accumulation model is composed of water in the different liquid 
bridges without merging, the water content of each liquid bridge can be calculated separately. Hence 
the total water content of the liquid bridge can be calculated. If the film water can be ignored, the total 
water content of the model can be approximately considered as the total water content of the liquid 
bridges. 
 
The precise solution of the water content distribution of multiple liquid bridges needs calculating based 
on the principle of minimum energy. If the influence of gravity, buoyancy and other factors can be ignored, 
it can be assumed that the matric suction of each liquid bridge on a small scale is the same. The soil-
water characteristic curve of the model can be conveniently calculated by the liquid bridge theory.  
 
When calculating SWCC by the liquid bridge theory, the liquid bridge can not get merged, which means 
the maximum water content is limited. On the other hand, the water in the liquid bridge is much more 
than the film water, which limits the minimum water content. If the spacing or roughness of two spheres 
cannot be ignored, the liquid bridge exists unstably if the water content is lower. Water in an unstable 
liquid bridge should not be considered. 
 

 
Figure 8. Compact cubic packing model 
 
The compact cubic packing model shows in Figure 8. Each particle has the same size ( n=1 ) and has 
6 contacts with other intimate contacts ( S=0 ). The spacing of face-to-corner particles or cubic diagonal 
particles is too big so the liquid bridges between these particles are unstable or stable with a low water 
content which can be ignored. In addition, if the liquid bridges between these particles exist stably and 
cannot be ignored, these liquid bridges will get merged which means the calculation of SWCC by liquid 
bridge theory can not be applied. Only intimate contact is considered. The curves of the liquid bridge 
between even-sized smooth particles are exhibited in Figure 9. 
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(a) Normalized matric suction-water content (b) Normalized matric suction-capillary force 

       
(c) Normalized water content-matric suction 

 
Figure 9. Liquid bridge curve between even-sized smooth particles with different θ (S=0, n=1) 
 
The porosity of the compact cubic packing model is 0.52. The water content of each particle is 3 times 
the water content of a liquid bridge between even-sized smooth particles. To avoid liquid bridge merging, 
the film angle should be less than 45°. Figure 10 shows that, if the liquid-solid contact angle θ is bigger 
than 20°, the complete SWCC is calculated. If the liquid-solid contact angle θ is too less, the SWCC in 
high water content can not be calculated because the liquid bridges get merged. 
 

 
Figure 10. Compact cubic packing model 
 
 
To verify the theory and results in this study, these results of the simulation are compared with that of 
the calculations reported by Lu et al. 2004. In this case, the radius of the particle r is 1.0 mm, surface 
tension σ=0.072 N/m, specific gravity Gs=2.65, the liquid-solid contact angle θ is 0°and compact cubic 
stacking void ratio e=0.91. Some figures in the case are describing the relationship between the mass 
moisture content and the matric suction with different particle sizes in a compact cubic packing model. 
These curves were given by the approximate equation of water content in the liquid bridge between two 
even-sized smooth particles by Dallavalle J. M. (1943) as follows. 
 V = 2πr3 ( 1cosθ − 1)2 (1 − (π2 − θ) tanθ) (26) 
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 The results are shown in Figure 11.The results of these two calculations consistent with each other. Eq. 
(26) given by Dallavalle J.M. can only describe the liquid bridge between two even-sized particles with 
no spacing, while Eq. (9-11) can be used to calculate the water content in the liquid bridge between two 
uneven-sized particles with spacing.  
 

 
Figure 11. Compact cubic packing model (θ=0, n=1) 
(The solid lines are the calculation results of liquid bridge theory, and the points are the curve sampling 
results reported by Lu et al., 2004) 

 
 

5 CONCLUSIONS 
 
In this study, the soil water characteristic curve of the simple model is calculated based on the analysis 
of the liquid bridge. This method can provide a theoretical explanation of the measured SWCC data. 
The effectiveness of this method has been verified by the case in unsaturated soil mechanics. 
 
The uneven-sized coarse particle with the same materials is analysed. The parameter analysis shows 
that with the increase of the small sphere or the decrease of the liquid-solid contact angle θ, the 
normalized water content V' and the normalized capillary force f’ increase corresponding to the same 
normalized matric suction ψ’. These are mainly due to the decline of ROC ρ1 and/or the increase of 
ROC ρ2. It also shows that when the spacing cannot be ignored, there may be two normalized water 
content corresponding to the same normalized matric suction ψ’. The higher solution of water content is 
stable. 
 
This method reported by this study can be used in the calculation of SWCC in simple models. In this 
study, the compact cubic packing model is analysed with the same matric suction in each liquid bridge 
assumption. The result is consistent with the results calculated in the previous study, which proves the 
accuracy of this method.  
 
It should be noted that this method has some limitations. The water content has limitations since the 
liquid bridge should be stable and not merge with other liquid bridges. The soil-liquid contact angle is a 
constant in this study while the angle may change with water content. In future research, the theoretical 
calculation method of SWCC in a wider range of water content and the change of solid-liquid contact 
Angle with water content can be studied. 
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