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ABSTRACT

Stiffness is one of the most important characteristics of geomaterials, and at the same time one of the most difficult to
evaluate. It can be described by means of various stress-strain moduli, whose values strongly depend on the strain range
and on the method of determination. The aim of the article is to evaluate and compare selected stiffness parameters
(Young’s modulus E and shear modulus G) of an anthropogenic soil on the basis of triaxial tests. The experiments were
carried out on samples consisting of loess mixed with sand. Loess is a collapsible aeolian sediment with a high calcium
carbonate content and so it is a very challenging material for geotechnical applications. The addition of sand improves its
properties and increases its suitability for earthworks. The specimens were compacted with normal Proctor energy at the
optimal water content, which ensured repeatability of the results. Standard triaxial tests (drained and undrained) were
carried out at the effective confining stresses in the range of 50 — 350 kPa. The specimens’ deformation was measured by
means of external and local displacement transducers. Additionally, bender elements were used to assess the initial soil
stiffness. The applied research methods allowed determination of the deformation characteristics in the range from very
small to large strains. The stiffness moduli were assessed using different definitions and methods. It was confirmed that
the stiffness of loess is improved by its proper compaction and addition of sand, when compared to the results available
in literature for natural loesses.

Keywords: stiffness; loess; triaxial test; bender elements; stiffness degradation curve.

with a high calcium carbonate content. It is common all
1. Introduction over the world and is very challenging for geotechnical
applications. In Poland extensive deposits can be found
: . ! ; in the south. They form a part of the northern European
stress and strain tensors at a specific point. It is one of the Loess Belt, which extends from the United Kingdom
most important geomechanical characteristics, because it through Belgium, the Netherlands, Germany, Poland,
determines the behaviour of soil subjected to loading. Its Ukraine and into Russia (Haase et al. 2007). A typical
proper description is crucial in addressing many characteristic of natural loess is its collapsible structure
geotechnical design problems, such as foundations, i.e. significant volume reduction under load or due to an
retaining walls, road embankments, etc, at every stage of increased water content. The assessment of stiffness

the engineering structure’s life (design, execution, characteristics of undisturbed loess has been carried out

Soil stiffness is defined as the relation between the

monitoring, improvement or demolition). In constitutive by e.g. (Miynarek et al. 2015, Ng et al. 2017a, Rinaldi et
modelling it is described with a stiffness matrix and al. 2007, 2001, Song et al. 201’7 Wang et al. 2612 Zhong
constitutes one of the most important and distinctive and Liu 201é). It has been shown that the natural

features of a model. In practice, stiffness is treated as a
material parameter (a stiffness modulus) that is
calculated as a gradient of a stress-strain curve. Due to
the complicated nature of soils, the modulus’ value
depends on several factors, including the current stress
and strain conditions, the loading history and loading
velocity, the soil’s structure, the saturation ratio, etc. As
there are no well-defined common guidelines for the
selection of particular test methods, this causes great

structure and degree of saturation (water content/suction)
are of particular importance among other factors
influencing stiffness, as the sediments are usually
unsaturated and slightly cemented, with honeycomb
structure. To avoid the problems with collapsibility, in
earthworks, the loess usually gets compacted and/or
mixed with various additives. Investigations into the
stiffness properties of compacted loess were carried out,
among others, by (Chindaprasirt et al. 2022, Kim and

difficulties in engineering practice. In the following Kang 2013, Ng et al. 2017b, Wang et al. 2021, 2022).
sections the definitions of various stiffness moduli are Several researchers concentrated on  chemical
given with indication of the method of their estimation. stabilisation, e.g. (Ghadakpour et al. 2020, Gu and Chen
Practical examples are presented and compared based on 2020, Sokolovich and Semkin 1984). Very few papers

results of triaxial tests on a chosen silt-sand mixture.

A silty soil has been chosen for experiments due to
the limited data available in the literature for this type of
material. The loess soil considered is an aeolian sediment

refer to loess improved by addition of coarser fraction
(e.g. sand), which is one of the simplest solutions.

This paper evaluates and compares selected stiffness
parameters i.e. Young modulus E and the shear modulus



G based on the results of standard triaxial tests. The test
samples were compacted at optimum water content with
normal Proctor energy to ensure repeatability of the
results. The experiments were carried out on saturated
specimens at the effective confining stresses of 50, 200
and 350 kPa. Bender elements were used to assess the
initial soil stiffness. Usually, authors focus on a particular
type of modulus and methodology. In this research,
various definitions of the moduli were used and their
values were evaluated in the drained and undrained tests
at different strain ranges. The obtained results were
compared with each other and with the data available in
the literature for other similar soils.

2. Definitions of stiffness moduli

The most commonly used stiffness characteristics are
the Young's modulus E (sometimes called simply ‘elastic
modulus’) and the Poisson’s ratio ». They theoretically
are relevant in unconfined compression tests, where the
intermediate and minimum principal stress tensor
components are equal to zero. In a general sense, £ and v
are calculated using the equations:
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where 4o’y and Ze, are the increments of axial (vertical)
effective stress and strain, correspondingly, and 4 is the
increment of strain in the direction perpendicular to the
loading (horizontal).

The uniaxial state of stress is easy to apply in the
laboratory and reflects well the functioning of steel or
concrete elements in construction, but it hardly ever
occurs in a real subsoil subjected to loading.
Additionally, unconfined mechanical tests are often
infeasible - e.g. for coarse uncemented soils.

In geotechnics much more preferred are triaxial tests
where the specimens are confined (ISO 17892-8:2018,
ISO 17892-9:2018). Triaxial test data are the basis for
many constitutive models used in practice (e.g. of the
critical state type). Their results are usually presented in
the form of stress and strain tensor invariants: effective
or total mean stress p’ or p, effective or total stress
intensity ¢ ' or g, volumetric strain &,; and strain intensity
&. In a classical triaxial compression test the applied state
of stress is axisymmetric, which means that the equations
reduce to these very simple forms:

p = §(01 + 203) (3a)
p' = %(0’1 +20'3) (3b)
q=q =0,—03=0'1—0'5 €))
Epol = & + 2&3 ()
£ =2 (&1 —£3) (6)

where: gy, 03, 7’1, 7’3, &, & are the total maximum, total
minimum, effective maximum and effective minimum

principal stresses, and the maximum and minimum
principal strains, respectively. The description also
employs the shear stress 7 and shear strain y, which may
be calculated from equations:
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The elastic modulus evaluated in triaxial tests is
calculated with Eq. (1), but necessarily with the
indication of the effective confining stress at which it was
evaluated. During the standard triaxial shearing stage,
when the total confining stress is kept constant, the
Young’s modulus is usually calculated from the
equation:

4q

E=2L ©)
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It shall be noticed, that £ values in an undrained test will
be different than in a drained test due to the pore pressure
changes influencing the axial effective stress. Hence, two
types of elastic moduli (‘drained’ £’ and ‘undrained’ E,)
are typically distinguished.

Another stiffness modulus used in geomechanics is
the bulk (Helmholtz’s) modulus K, which is determined
from the volume change under isotropic compression. In
triaxial tests it is defined as the ratio of the effective mean
stress p’ and the volumetric strain &, increments under
isotropic stress conditions:

— A

(10)

This can be easily achieved in a drained triaxial test when
the specimen is subjected only to the changes in
confining pressure (4g = 0).

As the bulk modulus refers solely to the change in
volume, a parameter describing the change in shape of
the specimen must be included to complete the
description of soil deformation. This is called shear
(Kirchoff’s) modulus G and is defined as the ratio of
shear stress z and shear strain p in the conditions of
simple shearing i.e. with no normal stress and strain
tensor components and with no volume change (4p”’ =0,
A&0=0):

At
= (11)
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The true simple shear can be simulated only in a
simple shear apparatus. However, the test results are
difficult to interpret due to the boundary effects (Chang
et al. 2014). Additionally, this procedure has not been
regulated by any European standard and such apparatus
is still quite rare in the geotechnical laboratories. This is
why the evaluation of the shear modulus is usually
performed in triaxial tests using equation:
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To avoid the influence of the volumetric strain on the G
value, the test may be conducted as undrained. In such a
case, & corresponds to ¢; and G to one third of elastic
(‘undrained’) modulus E. This approach however does
not meet the 4p” = 0 condition.



The last stiffness modulus that is used in practice is
the constrained (oedometric) modulus M calculated as
the ratio of the vertical effective stress ¢, and strain &, in
the conditions of uniaxial state of strain (i.e. at
constrained lateral deformations):

Aoy

M = 2o, (13)
It simulates well the behaviour of a shallow and thin
compressible soil layer subjected to a load distributed
uniformly over a large area. It shall be remembered that
even though the definitions of the Young’s modulus and
oedometric modulus seem similar, the values of the
moduli and their dependence on stress are completely
different due to the different stress-strain conditions.

Figure 1. Definitions of the specific cases of the Young’s
moduli E: tangent £/, secant Ey, initial Ey, secant at 50% of the
ultimate stress Eso and unloading-reloading modulus Eu.

All the moduli may be calculated as secant or tangent.
In Fig. 1 an example of the Young’s secant E, and tangent
E; moduli are shown at two points, A and B. The secant
moduli are calculated based on increments of stress and
strain, most often referred to the initial value at the
particular stage of the test (e.g. at point A: 4o, = &/ -
7). The tangent moduli, on the other hand, are usually
calculated based on the previous (') and the next (")
reading relative to the specific point (e.g. do, = o™ -
Jvi'I).

As the soil behaviour is strongly nonlinear and
depends on the loading history - the values of the moduli
depend on the current values of the stress and strain
(compare e.g. the moduli E,4) and E,p) in Fig. 1) and on
the preconsolidation ratio OCR. It is well known that the
soil stiffness becomes smaller the larger the strain is
(Burland 1989, Viggiani and Atkinson 1995) and that,
depending on the strain range, various methods of strain
measurements must be applied to maintain the accuracy
(Atkinson and Sallfors 1991, Atkinson 2000). Dynamic
methods (bender elements, resonant columns, seismic in
situ techniques) are used for very small strain levels
<107, local (on-specimen) gauges for small strains in the
order of 10 - 102 and conventional gauges for large
strain levels i.e. > 107, It may be noticed that in triaxial
compression tests the secant modulus will always stay
positive, while the tangent modulus will decrease to zero
at the ultimate state (maximum g¢) and will further
become negative if the soil softens (see point B in Fig. 1).

In constitutive modelling (e.g. the HS-Small model
by (Benz 2006)) three characteristic parameters are often

defined to represent the strong nonlinearity of stiffness
(see Fig. 1):

e the initial (maximum) modulus (with subscript
‘0”) denoting the stiffness value in the very small
strain range (< 107),

e the secant modulus established for 50% of the
ultimate stress intensity ¢y (with subscript ‘50°) in
initial loading stage,

e the unloading/reloading modulus (with subscript
‘ur’), which is supposed to describe the mean
secant stiffness at unloading and reloading at
engineering strains (g; = 10) - e.g. for simulation
of an excavation and refilling (preconsolidation).

While the tangent and secant moduli in the small and

large strain ranges may be determined in triaxial tests
with the use of local and external strain transducers, the
determination of the initial moduli requires a triaxial cell
equipped with the bender elements (BE). BE tests
provide a straightforward measurement of the shear
modulus G [kPa] based on the shear wave velocity Vs
[m/s] and the current bulk density of soil £ [g/cm?]:

Gy = pVi? (14)

It is assumed that the strains generated by the passage of
the shear wave are very small - less than 0.001% (Dyvik
and Madshus 1985) and that the soil behaves in this strain
range as a linearly elastic material. For an isotropic soil
the initial Young’s modulus £y may be then assumed as
equal to:

Ey = 2Go(1—v) (15)

The Poisson’s ratio in an undrained triaxial test is equal
to 0.5, but in a drained test it shall be evaluated based on
the velocity of the compression wave V), (Richart et al.
1970):

v=2Ys (16)

3. Material and methods

The study was carried out on loess from the Sudety
forelands deposit in west-southern Poland (Lower
Silesia). Loess in this area occurs in several separated
“islands” with various thicknesses and properties
(Krawczyk et al. 2017). The considered deposit is located
in the Trzebnica Hills area in the neighbourhood of the
city of Wroctaw. The site has been investigated by many
researchers in the field of geology and described, among
others, by (Jary and Ciszek 2013, Jary and Krzyszkowski
1994, Krawczyk et al. 2017). In this area the loess
deposits are mainly composed of interfluve and slope
facies. Their thickness is typically 4 - 6 m and the soils
usually contain high amounts of sand and clay fractions.
Organic matter content is approx. 1% and calcium
carbonate up to 5%.

Soil samples for testing were taken directly from a
slope exposure. As it was intended to test remoulded
samples, the material was taken without preserving the
soil structure and moisture. The dried and powdered loess
was mixed with medium quartz sand in the proportion



80% : 20% by weight. Sand, silt and clay fraction
contents in the mixture are: Sa = 20.4%, Si = 63.4% and
Cl = 16.1% respectively (ISO 17892-3:2015). The
mixture is characterised by plastic limit PL = 19.9%,
liquid limit LL = 25.5% (fall cone test), plasticity index
PI=5.6% (ISO 17892-12:2018) and specific gravity o
= 2.66 g/cm’ (ISO 17892-3:2015). The optimum water
content in standard Proctor test (EN 13286-2:2010) is
equal to 11,1% and the maximum dry density gime =
1,91 g/lcm’.

The triaxial samples were prepared by mixing dry soil
with an amount of water corresponding to the optimum
water content. After an overnight rest in an airtight
container the mixture was placed in a cylinder with
internal dimensions 70 mm in diameter and 140 mm in
height and compacted in 3 layers with the standard
Proctor energy. Using this method, the average density of
2,05 g/cm® £ 0,02 and initial void ratio of 0,44 + 0,02
were obtained. The specimens were next subjected to
monotonic triaxial compression tests (ISO 17892-
9:2018, 2018). They were first saturated (at the back-
pressure equal to 450 kPa), achieving a Skempton’s B
value > 0.95, and then isotropically consolidated at the
selected effective pressures 0’3 = 50, 200 or 350 kPa.
Next, the specimens were axially compressed
maintaining the cell pressure constant. The rate of
vertical displacement of the load frame was equal to
0.015 mm/min and 0.06 mm/min in the drained (CID)
and undrained (CIU) conditions, respectively. Each test
was conducted up to 15% of axial strain. The specimens’
vertical deformation was measured by means of the
external vertical displacement transducers. In two tests
additionally the local sensors were used. The bender
element tests were carried out on selected specimens at
various consolidation pressures in the range of 10 - 400
kPa. The shear and compression wave velocities were
assessed in time domain at the frequencies corresponding
to the ratio L/ equal to about 3.0, where L is the tip-to-
tip distance between the bender elements and 7 is the
shear wave length. The first arrival time was assumed at
zero after the first bump (point C according to (Lee and
Santamarina 2005)). On this basis, the stiffness
parameters of the tested material under different stress
and strain conditions were determined.

4. Results and discussion

The values of the initial shear moduli, determined by
means of bender element tests, are presented in Fig. 2 as
a function of the mean effective stress p'y after isotropic
consolidation. They increase non-linearly with the mean
confining stress. The dependence can be expressed with
the power function:

GO = 8.8611 (p’0)0.5955 (17)

The Gy values were compared with the stiffness
moduli results of other similar soils: compacted normally
and overconsolidated loess (Sa = 5%, Si; = 86%, C1 =9%;
initial bulk density 1.7 g/cm?®) tested by (Wang et al.
2021) and undisturbed Lanzhou loess wetted to about
16% of water content (Sa = 5%, Si = 85%, Cl = 10%,
initial bulk density 1.45 - 1.75 g/cm®) presented by (Song

et al. 2017). These results are also shown in Fig. 2. The
Gy values for the improved loess obtained in this research
are almost twice as large, which may be explained by the
higher sand and clay content and much greater density.
They are however lower than the values predicted with
the model suggested by (Hassanipour et al. 2011) for well
compacted sand-clay mixtures with Sa < 60% (see Fig.
2).

For the Poisson's ratio #, no significant dependence
on pressure was observed, but a higher scatter was
noticed at lower pressures, which might have been
caused by worse contact between the soil and the bender
elements. The average » value is equal to 0.465,
indicating nearly undrained conditions during the bender
element testing. The elastic initial modulus Ey may be
roughly estimated as equal to 2.9 Gy. Its values are
presented in Fig. 3. They also increase with the mean
confining stress and the dependence may be described
with the formula:

Ey = 26.4097 - (p'y)®5914 (18)

As there are no special tests available to determine the
values of the initial elastic modulus directly (other than
its calculation based on Eq. (15)), there is little available
data in literature for loess and silty soils to compare.
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Figure 3. Dependence of the modulus Eo on the mean stress
p.

The values of G and E in the intermediate and large
strain ranges were determined on the basis of the
monotonic triaxial tests. The stress-strain behaviour of all
the tested specimens in the g - & space is shown in Fig.



4. In this and subsequent figures the results of the
particular specimens are indicated by the confining
effective stress in kPa (0”3 =50, 200 or 350) and drainage
conditions during the shearing stage (CID or CIU). The
degradation of the secant and tangent shear and elastic
moduli are presented in Fig. 5 and Fig. 6, respectively.
To eliminate the influence of the mean effective stress,
the values of the moduli were divided by the initial ones:
Gy calculated from Eq. (17) and Ey derived from Eq.
(18). This is one of the most commonly used types of
normalisation for G modulus (Vardanega and Bolton
2013). Although in literature the £ modulus is rather
normalised with p’y, it was decided to use the same type
of normalisation for both the stiffness moduli for better
comparison. The on-specimen displacement transducers
were used in the 50/CID and 350/CID tests and results
based on local sensors were plotted separately. It may be
noticed that the soil stiffness assessed by means of the
local transducers is higher than for external ones, which
is related to the differences in their sensitivity and range.
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Figure 4. Shear characteristics of the tested specimens.

As is visible in Fig. 4 the behavior of the soil depends
strongly on the drainage conditions. In the drained tests
the mixture is initially showing higher stiffness but then,
at the maximum dilatancy, it is yielding after reaching the
peak strength at relatively small strain. In the undrained
tests, the specimens exhibit continuous increase of the
stress intensity without reaching any peak value until
15% axial strain. The strain at which the G/Gy or E/E,
degradation curves in the drained test intersects and falls
below the undrained curve increases with the confining
stress. For example, the secant G/Gy at ¢’3 = 50 kPa in
the CID test (Fig. 5a) decreases to the value observed in
the CIU test at y = 1.2%, while at ¢’s = 350 kPa it
happens at y = 4.8%. This seems to be connected with the
volume changes in CID tests, which are not allowed for
in the calculation of G modulus - initially, at small shear
strain, as the specimen contracts, it becomes stiffer and
as it dilates - softer than in the undrained test with no
volume changes. It may be also noticed that in the strain
range above 1% in the drained tests for higher confining
effective stresses the normalized stiffness values are
higher and in undrained tests the relationship is reversed.
This is probably the effect of the preconsolidation stress
applied to the specimens during their preparation. To
confirm that, further tests (e.g. oedometric) need to be
conducted.

As expected (see e.g. (Gasparre et al. 2014)), the
tangent moduli are generally smaller than the secant

moduli and show small negative values at very large
strains. To provide a better illustration of this trend, Fig.
7 shows a comparison of the normalised elastic moduli
for the specimen 350/CID (based on the local sensors).
The values of the tangent moduli are strongly influenced
by the smallest change in the readings - this is why some
scatter at the small strains is observed.
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Figure 5. Degradation curves of the normalised shear
modulus G/Go: (a) secant; (b) tangent.
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Figure 6. Degradation curves of the normalised shear
modulus £/Eo: (a) secant; (b) tangent.
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Figure 7. Exemplary degradation curves of the normalised
elastic secant and tangent modulus.

Many theoretical and empirical formulas focusing on
the description of the normalised secant modulus G/Gy
degradation curve can be found in the literature (see
Sobdl et al. 2020). The non-linear stress-strain behaviour
is most commonly described by various hyperbolic
models based on the criterion proposed by (Darendeli
2001). Empirical equations and some further extensions
based on this formula can be found e.g. in (Amir-Faryar
et al. 2017, Oztoprak and Bolton 2013, Zhang et al.
2005). For fine soils, it is common to include the
plasticity index PI as a variable in the equation. One of
the best known proposals for cohesive soils in static
applications was derived by (Vardanega and Bolton
2013) on the basis of a large set of literature results:

G 1

— =% 19)
% (145505271)

It was used in Fig. 5a to compare with the results obtained
in this research. It is obvious that this model does not
adequately describe the behaviour of the compacted
sand-loess mixture, showing too steep shear stiffness
degradation with strain. For large deformations
determined with external sensors, this relationship is
closer, but for results from local sensors the
inconsistency is large. This noncompliance may result
from the very low colloidal activity (typical for loess)
and, thus, from the fact that the plasticity index may be
less descriptive of the soil type when compared to text-
book fine soils. Proposing an individual empirical
equation, however, requires further research.

As far as the E/E) degradation curve is concerned
some theoretical relations can be found e.g. in (Atkinson
2000, Clayton 2011, Puzrin and Burland 1996). There are
however practically no results for loess available in the
literature to compare.

In practical applications (if the simple linear elastic-
perfectly plastic Coulomb-Mohr constitutive model is to
be used in the design) the civil engineers usually choose
the Esp secant modulus. A summary of the established
values is given in Table 1 and the corresponding points
are marked in Fig. 6a. In the undrained tests the vertical
strain at which E’sp was established is equal to about 2.4 -
3.0%, while in the drained tests it is 0.4 - 0.5% (or even
0.2 - 0.4% if the local sensors are used). This explains the
lower Esp values in the undrained conditions when
compared to the drained ones. The results obtained for
the undrained specimens are much higher than those
obtained by (Capdevila and Rinaldi 2015) for
recompacted loess with a much lower density and lower

sand content. On the other hand, they are consistent with
the results presented by (Zarei et al. 2022) for compacted
loess with very similar density. This fact confirms again
the great influence of compaction on the loess stiffness,
and highlights the importance of indicating the drainage
conditions expected in the analysed case.

Table 1. Values of the secant moduli Eso

Test E’so [MPa] Test Euso [MPa]

50/CID 22.7/41.1* 50/CIU 16.0

200/CID 751 200/CIU 285

350/CID  100.9/142.3* 350/CIU 379

*values based on local sensors

5. Summary and conclusions

The paper presents the results of monotonic triaxial
compression tests on a compacted loess-sand mixture.
The results of shear and elastic moduli from small to
large strains, for drained and undrained triaxial tests, as
well as secant, tangent and initial moduli, are provided.
The major conclusions are:

e The initial moduli Gy and Ej are correlated with
the consolidation stress and can be easily
described by a classical power function. The
obtained values are higher than in other published
researches, which is due to the higher clay and
sand content and density. Addition of sand and
optimum compaction are effective methods of
loess improvement in terms of stiffness.

e The use of typical empirical relationships
modelling the maximum soil stiffness and its
degradation with strain may not give sufficiently
good results for the compacted loess-sand
mixture.

e The drainage conditions have a large influence on
the soil stiffness in the range of intermediate and
large strains. At smaller strains the stiffness (G
and £ moduli) of the loess-sand mixture is larger
in drained conditions than in undrained, but later
the degradation curves intersect and at large
strains the undrained soil exhibits higher stiffness.
The strain at which this interchange happens
increases with the confining stress.

e Tangent stiffness moduli show higher variability
at small strains as they are very sensitive to any
changes in the slope of the stress-strain curve.
Their values are smaller than the secant moduli -
in drained tests after the mixture achieves the
maximum stress intensity they fall below zero.

e The values of the specific secant ‘engineering’
moduli E5 are higher in the drained conditions.
The use of local sensors, which are more reliable
in the smaller strain range, produces even higher
values.
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