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ABSTRACT  

Constitutive modelling of cyclically loaded undrained clay is of significant importance for various branches of 

geotechnical engineering exemplified by offshore wind turbine (OWT) foundation design and prevention and mitigation 

of earthquake hazards. Fine-grained soils can display non-linear stress-strain relations from small (10-5) to relatively large 

(10-1) strain levels. This full-strain-range non-linearity can remarkably affect the cyclic response. Effective stress-based 

constitutive models have achieved great success in modelling clayey soils, whereas they can be overly complex for 

practicing engineers, in particular, when considering non-monotonic loading and full-strain-range non-linearity. This 

paper explores the possibility of modelling, in simplified manner, the full-strain-range nonlinearity of cyclically loaded 

undrained clay, which can directly utilize outcomes of in situ site exploration and routine laboratory tests. For this purpose, 

we idealize soils under undrained conditions as single-phase materials governed by total stress. Considering that most 

current total stress-based models are proposed for metals and may be limited to capture the non-linear stress-strain 

relations of soil, a novel generalized non-linear (GNL) hardening law is proposed that can describe versatile stress-strain 

relations of undrained clays. Bounding surface and a mapping rule considering update of projection centre are introduced 

to reflect the influences of maximum past stress history and recent stress history, respectively, on the stress-strain 

nonlinearity. The simplified constitutive model is first validated at the element level by simulating monotonic and cyclic 

loading laboratory tests on undrained clays. Later, the proposed soil model is applied to the finite element analyses of 

OWT pile foundation subjected to cyclic lateral loading.  
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1. Introduction 

Many offshore wind turbine (OWT) farms are 

constructed or planned in sea areas, of which the 

foundation soils are mainly fine-grained soils such as 

clay (Byrne et al. 2020; Liu et al. 2020). Due to the low 

permeability, soils around the OWT foundation are 

usually assumed in undrained condition. For foundations 

supporting offshore wind turbines (e.g., monopile 

foundation) under long term cyclic loading due to wind, 

current, and tide actions (Nanda et al. 2017; Achmus et 

al. 2009; Bourgeois et al. 2010), cyclic degradation of 

soil strength and stiffness may cause cumulative 

foundation tilt exceeding the serviceability limit state 

(SLS). Furthermore, fine-grained soils can display non-

linear stress-strain relations from small (10-5) to 

relatively large (10-1) strain levels, and the full-strain-

range non-linearity of clay can remarkably affect the 

cyclic response of foundation (Zhu et al. 2022; Zhang et 

al. 2017; Hong et al. 2017). To represent the behaviour 

of undrained clay under cyclic loading, multiple effective 

stress-based constitutive models have been proposed and 

achieved considerable success (Seidalinov and Taiebat 

2014; Shi et al. 2018). However, they may be over 

complicated when considering non-monotonic loading 

condition and have difficulty in calibrating model 

parameters by simply utilizing data from laboratory or in 

situ experiment tests. 

It is noting that total stress-based model assuming the 

undrained clay as single-phase material can reasonably 

describe the monotonic and cyclic loaded response of 

fine-grained soil (Anastasopoulos et al. 2011; Kourkoulis 

et al. 2014; Krabbenhøft et al. 2019; Whyte et al. 2020; 

Huang et al. 2021). In addition to the advantage of 

operating directly on laboratory and in situ soil 

characteristic parameters (e.g., undrained shear strength 

from T-bar tests), total stress-based model can also 

reasonably represent the hysteretic behaviour of 

undrained clay by introducing nonlinear hardening rule 

and bounding surface plasticity, as well as the 

degradation of stiffness and strength of undrained clay. 

Nevertheless, as most of existing total stress models were 

proposed initially for metals, their ability to capture 

stress-strain non-linearity unique to soils can be limited.  

In this paper, a total stress-based model is proposed 

for cyclic loaded undrained clay. A novel generalized 

non-linear (GNL) hardening law is proposed that can 

describe versatile stress-strain relations of undrained 

clays. Bounding surface plasticity and a mapping rule 

considering update of projection centre are introduced to 

describe the hysteretic behaviour of soil during cyclic 

loading. The simplified constitutive model is first 

validated at the element level by simulating monotonic 



 

and cyclic loading laboratory tests on undrained clays. 

Later, the proposed soil model is applied to the finite 

element analyses of OWT pile foundation subjected to 

cyclic lateral loading. 

2. Model formulation 

In many built and planned OWT farms, fine-grained 

soils constitute the primary sea-bed (Houlsby et al. 2005; 

Liu et al. 2020). Given the low permeability of the clayey 

soils, undrained conditions are often assumed for soil 

around monopile foundation under cyclic loading. This 

study idealizes undrained clay as a single-phase material 

governed by total stresses. The formulation of the total 

stress model will be briefly described in this section. 

The employed total stress-based soil model can 

capture the cyclic degradation of the stiffness and 

strength of undrained clay. In addition, a novel 

generalized non-linear (GNL) hardening law is proposed 

that can describe versatile stress-strain relations of 

undrained clays.  

2.1. Basics of model 

The proposed model employs a Mises type bounding 

surface (see f = 0 in Fig. 1): 

3
0

2
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where S�ij  indicates the image stress on the bounding 

surface, R denotes the radius of the strength surface (e.g., 

for isotropic strength condition, R=2su ), while κ  

indicates the ratio between the size of the bounding 

surface and strength surface (i.e., when κ=1  , the 

bounding surface coincides with the strength surface). 

 

 
Figure 1. Schematics illustrating bounding surface f = 0, 

strength surface F = 0, mapping rule and moving projection 

center: (a) trigger update of projection center; (b) after update 

of projection center. 

 

2.2. Generalized non-linear (GNL) hardening 

rule 

Based on typical non-linear hardening rule, the 

evolution of the hardening parameter κ  might be 

described as: 

p p

d dd d d                               (2) 

where dεd
p
 denotes the deviatoric plastic strain increment, 

while γ is a constant material parameter. The first item 

represents the linear hardening part, and the second item 

denotes the non-linear part (since it depends on the 

current value of κ). 

By integrating Eq. (2), the hardening equation can be 

expressed as the follows: 

1 exp( )p

d                                     (3) 

As shown in Eq. (3), with the increase of εd

p
, κ tends to 1 

exponentially. Although the form of Eq. (3) is simple, yet 

the form of the stress-strain is relatively fixed. Therefore, 

the proposed model improves the expression by 

introducing a shape parameter n, as show in Eq. (4): 

  1 exp
n

p

d                                     (4) 

Equation (4) shows that the form of the stress-strain 

relation can be adjusted more flexibly by change the 

value of n (i.e., the concept of generalized non-linear 

(GNL) hardening rule proposed in this paper). Therefore, 

the evolution of hardening parameter κ can be rewritten 

as follows by differentiating Eq. (4): 
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                       (5) 

It can be seen from Eq. (5) that when κ=1 (i.e., the 

current deviatoric stress reaches the peak deviatoric 

stress R), the increment dκ is equal to zero that indicates 

the termination of the hardening of the bounding surface. 

2.3. Bounding surface formulation 

As shown in Fig.1, the image stress is determined 

through a mapping rule (Dafalias 1986): 

 0 0

ij ij ij ij
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where Sij is the deviatoric stress ( Sij=σij-σmm/3δij , 

where δij is the Kronecker delta and obeys the Einstein 

summation convention: σmm=σ11+σ22+σ33 ); Sij
0  denotes 

the projection center that maps the current deviatoric 

stress Sij radially on the bounding surface to obtain image 

stress S�ij ; while b denotes the ratio between Euclidian 

distance between the projection center and the image 

stress (d0 in Fig. 1 (a)) over that between the projection 

center and the current deviatoric stress (d in Fig. 1 (a)). 

Based on the interpolation parameter b, the plastic 

modulus Kp can be determined from the following 

interpolation function: 

 1p pK K R b                             (7) 

(a) 

(b) 



 

where μ and ψ are material constants, while K�p denotes 

the plastic modulus corresponding to the image stress on 

the bounding surface. 

In particular, the location of the projection center will 

update once the stress reversal occurs (see Fig. 1(b)). The 

judgement criteria can be established by calculating the 

angle between the trial elastic stress increment and the 

loading direction (i.e., the gradient of the bounding 

surface at the image stress): 
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where dσij
tr is the trial elastic stress increment, while TOL 

indicates an error tolerance of relative small value.  

2.4. Cyclic softening effects 

To consider the deterioration of the strength and 

stiffness of undrained clay under cyclic loading, a 

softening relationship is proposed in this model referring 

the degradation relation proposed by Einav and Randolph 

(2005), as all parameters required can be obtained from 

in situ tests (e.g. T-bar test): 
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where R and R0 denote the softened and initial size of the 

strength surface, δrem is the ratio of su su0⁄  that 

corresponds to a fully remolded state, and the material 

constant ε95

p
 indicates the required plastic shear strains to 

cause 95% reduction of soil undrained strength. 

Furthermore, the parameters related to deterioration of 

soil stiffness (i.e., μ and G0) can also be expressed in a 

similar form: 
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where μ
0
and G0

ori represent the initial value of μ and G0, 

respectively, and constant material parameters δrem
e

 and 

εe95

p
 control the speed of the reduction of soil stiffness. 

2.5. Elastic response 

The elastic response of undrained clay is described by 

a simple isotropic elastic model that includes shear 

modulus at very small strains G0 and Poisson’s ratio v as 

parameters. The parameter G0 can be determined with the 

following equation: 
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where G0

ref
 and ng are material constants, p

c
'  is the mean 

effective stress of soil after consolidation, while pref 

denotes the reference stress of which the value is 100kPa 

by default. 

The elastic modulus Dijkl
e  can be derived with the 

volume modulus Kt and parameter G0 within the range of 

isotropic elastic model as follows: 
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where Kt= 2(1+ν) 3(1-2ν)⁄ G0. 

3. Performance of GNL hardening law 

Except for considering non-monotonic loading 

condition, the proposed constitutive model may flexibly 

describe multiple stress-strain relationships of undrained 

clay owing to the generalized non-linear (GNL) 

hardening law. The evaluation of the proposed model on 

approximating typical stress-strain relationship will be 

performed, and the influence of the generalized non-

linear (GNL) hardening rule on the form of stress-strain 

curves will also be assessed in this section. 

To assess the performance of the proposed model on 

representing typical stress-stain relations of soils, 

hyperbolic stress-strain response is selected as an 

example in this paper. Hyperbolic stress-strain response 

is a widely used form for describing the hardening law of 

undrained clay (Kondner 1963; Hardin 1978; 

Subramaniam and Banerjee 2013), and a universal 

hyperbolic equation can be expressed as: 
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                                  (13) 

where q denotes the deviatoric stress, q
a
= R Rf⁄  , R 

denotes the peak deviatoric stress, Rf  represents the 

failure ratio, while Ei indicates the initial elastic modulus. 
Considering that the elastic deviatoric strain εd

e= q Ei⁄ , 

the relationship between the plastic deviatoric strain εd

p
 

and mobilized shear strength coefficient M (M= q R⁄ ) can 

be expressed by: 

1

p
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i f

R M
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                     (14) 

By assuming that the current deviatoric stress 

coincides with the image stress, the counterpart relation 

based on the proposed model (i.e., Eq. (4)) can be written 

as follows: 

  1 exp
n

p

d

q
M

R
                      (15) 

To coincide with the form of hyperbolic response, the 

deviatoric plastic strains corresponding to 50% and 95% 

of the undrained strength is further assumed to be the 

same for the two different hardening rule equations. By 

substituting q=0.5R  and q=0.95R  into Eq. (14), the 

deviatoric plastic strains εd50

p
 and εd95

p
 can thus be 

determined. Finally, substituting the obtained deviatoric 

plastic strains εd50

p
 and εd95

p
 into Eq. (15) corresponding to 

M=0.5 and M=0.95 respectively, the hardening 

parameters n and γ required by the proposed model can 



 

be obtained. The comparison between the hyperbolic 

relationship and GNL hardening law of the proposed 

model is shown in Fig. 2. 
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Figure 2. Comparison between the hyperbolic stress-strain 

relationship and that computed by proposed constitutive 

model. 

 

As shown in Fig. 2, the generalized non-linear (GNL) 

hardening law of the proposed model can reasonably 

represent the hyperbolic response under specific 

condition. Moreover, by adjusting the value of parameter 

n (noticing that parameter may also changes according to 

Eq. (17) when the deviatoric plastic strains is 

determined), the generalized non-linear (GNL) hardening 

law can describe versatile stress-strain relations, as 

shown in Fig. 3: 
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Figure 3. Various stress-strain relationship curves given by 

the generalized non-linear (GNL) hardening rule. 

4. Simulation of soil element tests and 
centrifuge test 

The performance of the proposed total stress 

constitutive model is evaluated through comparing with 

laboratory soil element tests (Sheu 1985) and response of 

cyclically-loaded monopile in centrifuge tests (Li et al. 

2020) in this section. The soils used in the soil element 

tests and centrifuge tests are normally-consolidated (NC) 

Georgia clay and Malaysia kaolin clay, respectively. The 

model parameters for simulation are listed in Tab. 1 

(where z denotes the depth below the ground surface). 

Table 1. Model parameters for simulation 

Parameters Unit Georgia clay 
Malaysia 

kaolin clay 

su kPa 97 1.39z 

γ − 16.5 150 

n − 0.56 0.95 

μ − 130 10 

ψ − 1.1 1.0 

G0
ref

 MPa 51.8 34.7 

ng − 0.6 0.85 

δrem(δrem
e

) − 0.3 0.33 

ε95

p
(εe95

p
) − 1.5 1.89 

 

4.1. Simulation of soil element tests 

The soils used in the soil element tests are normally-

consolidated (NC) Georgia clay (Sheu 1985). 

Accordingly, these tests are designated as CIU triaxial 

compression (CIU-TXC) tests and CIU cyclic triaxial 

tests. 

Figure 4 compares the measured and simulated 

response of Georgia kaolin clay from CIUTC tests. It is 

seen that the proposed model can well represent the initial 

modulus and ultimate capacity of the measured curve, 

and the general stress-strain relationship is also 

reasonably simulated. 
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Figure 4. Measured and simulated response of Georgia kaolin 

clay from CIU-TXC test. 

 

Figure 5 (a) and (b) show the measured response of 

Georgia kaolin clay from two CIU cyclic triaxial tests 

where cyclic deviatoric stress qcyc=136 kPa and 140 kPa, 

respectively. And Figure 5 (c) and (d) represent the 

results calculated by the proposed model. It is seen that 

the proposed mode can reasonably represent the 

ratcheting effect (i.e., the axial strains at the peak 

deviatoric stress gradually grows with the increase of 

cycles). In addition, the proposed model can also 

simulate the trend that the hysteresis loop expands and 

rotates under repeated cyclic loading. However, the 

proposed model tends to over-estimate the rate of 

stiffness degradation following unloading. 
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(b)                                           (d) 

Figure 5. Measured and simulated response of Georgia kaolin 

clay from CIU cyclic triaxial tests: (a)-(b) test data; (c)-(d) 

model simulation 

 

4.2. Simulation of cyclic loaded piles in 

centrifuge tests 

To illustrate the application of the proposed model to 

simulate the response of monopile foundation in 

undrained clay under cyclic lateral loading, two 

centrifuge tests performed by Li et al. (2020) are modeled 

through finite element analysis (FEA). Furthermore, the 

parameters of the proposed model are calibrated by 

simulating the undrained triaxial cyclic tests of Malaysia 

kaolin clay performed by Ho (2013), which adopts the 

same soil with the centrifuge tests above (see Fig. 6). 
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Figure 6. Measured and simulated response of Malaysia 

kaolin clay from CIU cyclic triaxial tests. 

 

The numerical analysis is performed by using 

ABAQUS code. Figure 7 shows the FE mesh used in 

analyzing the monopile response of centrifuge tests. The 

model pile has an aspect ratio of L D⁄ =24 (where L and 

D denotes the embedment length and diameter of the 

model pile, respectively). Due to the symmetric feature 

of the problem, only half domain is modeled. The 

boundary extends about 15D and 8D from the edge of the 

model, which is sufficient to eliminate the boundary 

effect (Li et al. 2020). In addition, the cyclic loading is 

exerted by applying a uniform lateral displacement u at 

the pile head, which is about 2D above the ground 

surface. 

 

 
Figure 7. FE mesh used in simulating the response of free-

head monopile under cyclic loading. 

 

Figure 8 presents the measured and computed 

normalized load-displacement curve of pile head with 

different loading amplitudes. It is seen that the 

normalized peak load of each cycle gradually decreases 

due to softening of the undrained shear strength and 

stiffness of soil around the monopile foundation. 

Generally, the proposed model can reasonably represent 

this trend. However, the results computed by the 

proposed model tend to slightly overestimate the load on 

the monopile foundation at peak displacements.  
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(c)                                              (d) 

Figure 8. Measured and simulated normalized load–

displacement response of monopile foundation: (a)-(b) test 

data; (c)-(d) model simulation. (su,av denotes the average 

undrained shear strength along the embedment length L below 

the ground surface) 

 



 

5. Conclusions 

A total stress-based constitutive model is presented 

for cyclically loaded undrained clay, with the purpose of 

analyzing the response of foundations supporting 

offshore wind turbines (OWT). For this purpose, a 

generalized non-linear (GNL) hardening law combined 

with bounding surface plasticity is proposed to make the 

total stress-based model that was initially proposed for 

metals suitable for clayey soils. The model is used to 

simulate a series of soil element tests of different types of 

undrained clay and applied to analyze the response of 

monopile foundations in cyclic loading centrifuge model 

tests. The following conclusions can be drawn from this 

work: 

 The generalized non-linear (GNL) hardening law can 

represent versatile stress-strain relations of undrained 

clays.  

 The proposed model can reasonably capture the 

behavior of undrained clays under monotonic and 

cyclic loading. 

 Numerical analysis based on the proposed model can 

reasonably reproduce OWT foundation loading-

displacement hysteresis and the decrease in 

foundation stiffness during cyclic loading. 

Lastly, it should be noted that due to the adopted total 

stress-based framework, the generation and dissipation of 

excess pore pressure during cyclic loading is not 

explicitly considered. When the latter response is critical 

for engineering application, effective stress-based 

models should be considered. 
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