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ABSTRACT: The calibration of constitutive model parameters from laboratory measurements is a crucial phase in geo-
structure design. The selection of the most suitable constitutive model is often constrained by software capabilities and
laboratory information rather than solely by engineers' preferences. When dealing with complex soil behavior, simplified
constitutive models commonly used in practice (e.g., Mohr-Coulomb, Hardening Strain, and Hardening Small Strain models)
may be insufficient. Depending on the software employed, more advanced constitutive models may require a greater number
of geotechnical parameters to be calibrated. Consequently, the calibration process can be time-consuming, necessitating
additional effort to assess the sensitivity of parameters to soil response. This paper introduces two novel workflows for
automating the calibration of constitutive model parameters by integrating multiple laboratory measurements. Such
workflows are easily applicable to different software platforms. We propose a software-based approach and a surrogate-
based approach, both implemented under a Bayesian framework. The former method aims to provide a flexible tool for
practitioners within a remote scripting environment and built-in software components for probabilistic prediction of
constitutive parameters. The latter offers a more computationally efficient and flexible approach to handle a large number
of simulations. The proposed methods are tested to calibrate the NorSand constitutive model parameters from triaxial and
direct shear tests performed on Dog’s Bay carbonate sands at relatively low confining stress. The dependence of constitutive
model parameters on particle breakage is beyond the scope of this study and is left for future research.
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1 INTRODUCTION of using NorSand is its accessibility for practicing
geotechnical engineers.

When dealing with such more advanced models the
calibration may be time consuming since multiple dif-
ferent laboratory tests have to be calibrated simultane-
ously. More importantly, the sensitivity of constitutive
model parameters to stress-path behavior is a crucial
consideration when progressively developing a
geotechnical investigation plan. For example, during
the preliminary design phase, when limited laboratory
tests are available, the calibration of constitutive
model parameters may be insensitive to certain
variables. Consequently, specific additional laboratory
and/or in-situ tests need to be scheduled to address
these insensitivities and ensure a comprehensive
understanding of the soil's behavior.

In this context it might be advantageous to provide
a probabilistic automation of constitutive model pa-
rameter selection throughout Bayesian Inference to as-
sess inter-intra variability of soil parameters and inte-
grate engineer’s experience on similar project sites.

Automated and data-driven calibration of constitu-
tive model parameters from laboratory measurements

The application of advanced constitutive models
outside academia is relatively rare and constrained by
software capabilities and types of laboratory
measurements available during a particular design
phase. Even for complex geo-structural systems,
involving challenging non-linear soil response, the
constitutive models applied are rarely more advanced
than Hardening Soil (HS), or Hardening Small Strain
(HSS). The extra effort involved in determining
parameters for advanced constitutive models is
generally  warranted only when  accurately
representing volume changes is essential to the
structure's overall performance (Jefferies and Shuttle,
2005). This is particularly relevant in scenarios that
involve large strain problems or the generation of
excess pore pressure. In this context, Critical State
constitutive models (e.g., Modified Cam Clay, Clay
and Sand Model CASM, NorSand) have been
employed for a variety of applications (Monforte et al.,
2023). Among these, NorSand (Jefferies, 1993) is
available in finite element software such as PLAXIS,
NumGeo, and Midas GTS NX. A particular advantage
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(e.g. Machacek et al., 2022, Gonzalez Tejada and An-
tolin, 2021, Ozelim et al., 2024) are becoming quite
popular due to uncertainties’ assessment, computa-
tional efficiency, simplification of calibration process
and to reduce the application hurdles when using ad-
vanced constitutive soil models. This paper proposes a
practice-oriented perspective of automatization of
constitutive model parameter selection according to
two novel different methodologies:

e The first approach is denoted as software-based
method, such that the Bayesian optimization is im-
plemented within remote scripting environment,
by calling built-in feature of the software in use
(i.e., PLAXIS in this study) and taking advantage
of its computational modules.

e The second approach is denoted as surrogate-
based method, such that the optimization is per-
formed outside the software environment to in-
crease the algorithm's performance, flexibility of
algorithm selection and assessment of surrogate
model’s error.

The workflows are tested for NorSand constitutive
model used to predict Dog’s Bay carbonate sand be-
haviour at low confining stress. Laboratory tests are
taken from Doherty et al. (2016, 2020). Based on such
results, the calibration of constitutive model parame-
ters is performed from a drained triaxial test and direct
shear tests at relative low confinement pressures. Two
critical points must be highlighted when analysing re-
sults:

e Concerning NorSand model, Jefferies and Shuttle
(2005), suggested to apply between 4 and 5 triaxial
tests consolidated drained (TXCD), triaxial tests
consolidated undrained (TXCU) for a particular
soil type to correctly quantify critical state param-
eter and representation of the Critical State Line
(CSL). Due to the lack of the required number of
tests, the results presented should then be taken
only as preliminary (see also Arroyo et al., 2024
for additional insights about such topic).

e [t is well known that carbonate sands are charac-
terised by particle breakage which has important
implications for the soil's critical state (Coop et al.,
2004, Ghafghazi et al., 2021) but also for practical
applications, such as low skin friction and free fall
of piles (e.g. Spagnoli et al., 2015). The results il-
lustrated by Doherty et al. (2016, 2020) at high
stress level (i.e. 1000 kPa), are left out from this
study since the main focus is oriented toward the
general illustration of the methodology rather than
constitutive model parameters dependence on par-
ticle breakage. Nevertheless, possible empirical-
based extensions within proposed methodologies
could be easily implemented.

2  METHODOLOGY

2.1 Bayesian formulation for software-based
method

Let us denote as Y the array of laboratory measure-
ments of one test (e.g., deviatoric stress during a triax-
ial test) and as &,(0) the paired numerical output for a
given set of constitutive model parameters 6. It as-
sumed that the numerical prediction can reproduce the
observed measurements such as:

$n(0)=Yte, (1)

with 0 array of constitutive model parameters and
eén ~ N(0, 02 ) a Gaussian random variable with o7,
prediction error variance. Let us then define as © the
array representative of the unknown random variables
to be estimated such that @ = [9, crgzn ]

Under Bayesian framework the posterior distribu-
tion of @ for a given set of data D reads:

_ (D] 6)£(6)
fOID) ==—5— )

f(0) is the prior PDF of the uncertain parameters,
which is based on the previous knowledge or user’s
judgment. f(D|0) is the likelihood function and f (D)
is the evidence. It is mathematically convenient to
work with the log-likelihood such that for N measure-
ments (Jin et al. 2019):

N

202,

n[f(D10)] = — + In(2m0g,) = 5=+ G(0, D) (3)

with G (0, D) normalized goodness fit function:

—_1 $No yN $n; Vi ?

G(6,D) = NoN Zj:l =1 (max(lYI))j S

where N, represent the number of curves for each
test and N the number of observations. The normaliza-
tion of the goodness fit function is important to balance
the fit of multiple measurements of different order of
magnitude (i.e., deviatoric stress and volumetric
strains). It is worth noticing that different normaliza-
tion approach could be applied instead of eq. (4). In
this study such form is taken due to the volumetric-
strain curve that might cross zero axis leading to an un-
justified increase of log-likelihood. When more tests
(e.g., drained triaxial, undrained triaxial tests, direct
shear tests) are available, In[f (D|®)] is then computed
as weighted average of M tests:

In[f (D|6)] = Eii=1 Wm In[f (D] )] ®)
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with weigths w,, assigned to each test such that

M wp =1, and In[f(D,,|0)] log-likelohood for
the m-th test. The quantification w,, is left as user-
specified. Depending on the constitutive model ap-
plied, the problem might involve high-dimensional
nonlinear functions, for which Transitional Markov
Chain Montecarlo (TMCMC) method is well-suited
(Ching and Wang, 2016, Collico et al., 2022). The tar-
get posterior distribution then involves the construc-
tion of a series of intermediate PDFs such that conver-
gence to the posterior f(O |Y) from the prior f(0) is
possible.

2.2 Bayesian formulation for surrogate-based
method

The surrogate-based method is constructed from nu-
merical model outputs &, . Its formulation requires then
an adjustment to assess the additional systematic un-
certainties introduced by surrogate models. For each
deviatoric stress and volumetric strain recorded, surro-
gate models are independently constructed. As an ex-
ample, if 100 observations from triaxial test in the de-
viatoric stress-strain plane are available (i.e. N =100),
N independent surrogate models will be constructed
with associated model error. Under such assumption,
the Bayesian formulation illustrated (eq. 1 to eq. 5)
must be reformulated for each test such that:

O)=Y + ¢ (6)

with €' = & + g, total model error, & error of the
surrogate model, such that e,~N (0, 02,) with 02 pre-
diction error variance. The total model error &' is then
modelled by a normal distribution such that
e'~N(Wr,04), with s = g + e and o, = of +
0?,. The loglikelihood and goodness fit function of eq.
(3) and eq. (4) are then re-formulated as:

In[f(DI6)] = =5 In(2mo,, ) = 5=+ G(6,D) (7)

vy \2
6(0,0) =55 2% 2 (G5, ®)

max(|Y[)

2.3 Software-based workflow

The software-based method (Figure 1a) is applied to
PLAXIS. It is well known that such software, along
with others, provides an Application Programming
Interface (API) that allows control of PLAXIS from an
external Python environment, enabling automation of
model creation, input, analysis, and result‘s extraction.
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Figure 1. Workflows: a) Software-based method. b) Surro-
gate-based method

To make the best use of Python libraries (i.e., numpy,
pandas, math, queue, scipy, sys, subprocess for
software -based method, sklearn, multiprocessing for
surrogate-based method) and calculations, a
standalone code must be implemented (see Figure 1a).
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Specifically for this study, the software-based method
utilizes the already built-in PLAXIS SoilTest module,
which allows for a quick setup and computation of
several laboratory tests with minimal effort from users.
The main drawback is that the SoilTest module
requires the initialization of the input PLAXIS
environment, complicating parallel computation
settings. An alternative approach is to construct the
laboratory tests within the PLAXIS input
environment, which can then be easily configured to
run in parallel by assigning one core for each
simulation. However, both the mesh and the PLAXIS
output environment must declared and opened before
running, increasing computational cost. In this study,
the SoilTest is thus set for sequential calculation, while
the parallel computation configuration is left for future
research. The standalone code integrates the Bayesian
formulation as illustrated in Figure 1a. A backup data
setup is also implemented in case of a PLAXIS kernel
connection failure to reinstate the p-th Markov stage at
the n-th sample.

2.4  Surrogate-based workflow

The surrogate-based model (Figure 1b) is imple-
mented to provide a compromise between computa-
tional cost and model accuracy and precision. Surro-
gate models require an initialization from a simple
Monte Carlo simulation of the problem of interest (i.e.,
laboratory tests) such that a multivariate, usually non-
parametric, smoothed function is constructed among
surrogate model input 8 and outputs &(6). Such ini-
tialization can be performed using software (i.e.,
PLAXIS) or, if available, from any external module
(e.g., Excel VBA environment). Among various mod-
els, Gaussian Processes (e.g., Kriging, exponential
forms), Artificial Neural Networks, and Support Vec-
tor Regression have been widely applied in geo-struc-
ture design. In this study, a simple random forest algo-
rithm is applied as a preliminary attempt to fit consti-
tutive model parameters and the numerical outputs of
laboratory tests. The accuracy of the surrogate model's
predictions heavily depends on the homogeneity and
coverage of the training dataset. To mitigate this risk,
TMCMC is configured to re-sample candidates that
fall outside the specified prior domain of @. As an al-
ternative, probabilistic ensemble methods can be used
to assess this risk, as they provide an error estimate of
prediction (Reis et al. 2018). However, the quantifica-
tion of the most plausible model is beyond the scope
of this study and is therefore not investigated here. The
selection of this algorithm is primarily dictated by the
noisy distribution of the model’s parameters with re-
spect to numerical output, as later illustrated, which

complicates the calibration of Gaussian Processes Re-
gression (GPR) at different strain levels.

3 RESULTS

3.1.1

The Dog’s Bay sand, previously tested by Doherty et
al. (2016, 2020), is a skeletal ‘foramol’ carbonate sand
that has been extensively investigated due to its
mechanical behavior, which 1is similar to the
problematic Australian Rankin Field sand deposit
(Coop, 1990). These tests, previously presented by the
authors, were designed to both characterize the soil
conditions and determine the behavior of a novel pile
system in calcareous ground conditions (Spagnoli et
al., 2016). The geotechnical properties are listed in
Table 1, while the drained triaxial test (TXCD) and
direct shear strength tests (DSS) employed in this
study are reported in Figure 2.

Case study

Table 1. Physical properties of the sand tested Doherty et
al. 2020.

Measured properties Value
Void ratio (e) 0.69

Cmax 1.10

€min 0.84

Friction angle (peak) 44.5
Friction angle (residual) 34.1

TXCD tests at 100 kPa and 1000kPa confining
pressure and DSS at 87, 175 and 250 kPa were per-
formed. The TXCD at 1000kPa is left out from this
study due to observed particle breakage. To illustrate
the methodology applicability soil parameters are cal-
ibrated for NorSand constitutive models from only
TXCD and from TXCD and one DSS.

3.1.2  Prior-knowledge

The prior knowledge for each parameter is reported in
Table 2. Such values are taken from to (Jefferies and
Shuttle (2005) among others) who suggested such
range of values from a large sand database and there-
fore providing a quite uninformative knowledge about
site-specific soil of interest. Due to the expected high
dilatancy behaviour, the prior of NorSand parameters
is increased. As example, a minimum value of -0.22 is
applied instead of -0.2 suggested by Jefferies and
Shuttle (2005), and greater upper values of critical
state line parameter M., and scaling factor x consid-
ered.
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Figure 2. a) Triaxial drained test at 100 kPa confining pres-
sure. b) Direct shear test at different normal stresses.

Table 2. Prior knowledge of constitutive model parameters.

given by normalised deviatoric stress and volumetric
strains. As example, Fig. 3a, b shows histogram of
Plaxis normalised deviatoric stress at 5% axial strain
(Qe,=5%/ 03) as function of initial state parameter yo.
The prediction performance of the surrogate model is
quantified by the coefficient of determination R* =
0.96.

Frequency

10

Ge,=5%/ 03

(a)

Parameters Notation Interval
Shear Modulus at 100kPa G [10;100] MPa
Poisson’s ratio v [0.15-0.35]
Exp. power-law elasticity ng [0.1;1]
ouCSmam oy, iz
Volumetric qoupling coeffi- N [0.1-0.45]
cient
Slope of CSL e-In(p”) A [0.01-0.075]
Scaling factor for state dila- X [2-6]
tancy
Hardenings parameters Hy, H, [50;500]
Void ratio on CSL at 1 kPa I [0.8;1.5]
Initial state parameter ) [-0.22;0.2]
Model error variance 0% [0;1]

Frequency

(b)

Figure 3. Surrogate model training: a) normalised devia-
toric stress. b) volumetric strain.

3.2 Calibration from multiple tests

The TMCMC workflow is then run to compute the

3.1.3  Construction of surrogate model

An initial Montecarlo analysis of about 600
simulations is performed from Plaxis-SoilTest module
from which deviatoric stress and volumetric strains are
computed (Figure 3a, b). The random forest algorithm
is then applied to construct a valid surrogate model.
The twelve constitutive model parameters are
employed as input to compute surrogate-model output
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joint posterior distributions 6. Main statistics, in terms
of mean and coefficient of variation, are summarized
in Table 3. A total of 1000 samples were then drawn
from their joint posterior density distribution for both
software-based and surrogate-based methods. The
probabilistic output in the triaxial plane, according to
according to f(@|D) is reported in Figure 4a, b. The
grey lines represent the calibrated curves in the triaxial
plane according to the 6 posterior distribution. The
thick coloured line represents the mean estimate of
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these simulations, while the dashed line corresponds to
the 5" percentile of the curves. Main statistics of con-
stitutive parameters for the two approaches slightly
differ, in terms of hardening parameters (Hy; H,).
which provide an overall underestimation of soil re-
sponse for surrogate-based method both in terms of
deviatoric stress and volumetric strains. This might be
attributed to averaging effect of random forest algo-
rithm and lack of more localised 6 samples the within
the convex hull of the corresponding target posterior
distribution in the training dataset. For both models’
high values of critical state friction M,. and scaling fac-
tor x are obtained with respect to typical values re-
ported in literature and the one measured by Doherty
et al. (2016), which was quantified to be 1.37. Such
discrepancy would then suggest the update of parame-
ters with additional laboratory tests. As example, when
including DSS curves at 87 kPa (Figure 2b) at assigned
weight wy,, =0.5, a decrease of M, and y and initial
state parameter values, of about 1.62 and 4.5 and -0.13,
is obtained respectively (see Table 3). Finally, the pos-
terior distribution of & (Table 3) provides valuable in-
sights into the extent to which the constitutive param-
eters have been updated from the prior. Parameters v,
I, N, M,., undergo the most significant update (i.e.,
lowest COV) suggesting higher importance and sensi-
tivity to triaxial stress-strain response.

Table 3. Posterior knowledge of constitutive model param-
eters for software-based and surrogate-based methods.

Software- Software Surrogate
TXCD/DSS TXCD TXCD
Mean-COV  Mean-COV  Mean-COV

G 60.2-0.3 65.7-0.5 58.6-0.6

) 0.28-0.007 0.25-0.008 0.3-0.016
ng 0.18-0.1 0.11-0.05 0.32-0.04
M. 1.62-0.043 1.69-0.0018 1.65-0.004
N 0.35-0.029 0.35-0.028 0.35-0.03

A 0.02-0.1 0.055-0.032 0.07-0.02
X 3.2-0.24 5.9-0.1 5.6-0.2

Ho. H, 455-1.5;430-  51-3;493-4 128-2.1; 266-
4.5 8.5

r 1.19-0.014 1.09-0.015 1.12-0.01
Wo -0.18-0.001  -0.21-0.0043 -0.21-0.004
o’ 0.27-0.02 0.07-0.023 0.2-0.04

L4
o
——Lab. data
31 Software-based TMCMC simulations
——Software-based Mean prediction
2 - ---Software-based 5% Prediction
Surrogate-based TMCMC simulations
1 ——Surrogate-based Mean prediction
----Surrogate-based 5% Prediction
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Figure 4. Simulation of triaxial response from posterior dis-
tribution of constitutive model parameters: a) Deviatoric
stress. b) volumetric strain.

4 CONCLUSIONS

This work illustrates two different workflows for
calibrating constitutive model parameters within an
automated environment. The study is practice-
oriented, with both constitutive models and workflows
developed to provide practitioners with flexible tools
for probabilistically quantifying constitutive model
parameters from multiple tests. The application to the
NorSand constitutive model and its calibration serves
as an example to demonstrate the capabilities of the
methods when numerous constitutive model
parameters need to be calibrated. This work represents
a preliminary yet fundamental step in assessing the
complex behavior of carbonate sands when
computational reseources are limited. The software-
based method offers superior predictive capability
compared to the surrogate-based method at the current
stage, suggesting the need for a more advanced model
to improve prediction accuracy given the broad prior
knowledge available.
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