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1 INTRODUCTION 

In case of many engineering structures with shallow 
foundations, a crucial role is played by determina-
tion of the degree of settlement of the foundations 
and, in particular, the non-uniformity of settlements. 
These factors are decisive to choice of foundation 
system, and frequently also of a static diagram of the 
structure. To calculate the degree of foundations set-
tlement constrained oedometric modulus M is com-
monly used. As is universally recognized, this modu-
lus can be determined by laboratory tests and several 
in-situ tests. A particularly expedient method is the 
CPTU static penetration method. Profile of cone re-
sistance changes along with changes in geostatic 
stress σv0, obtained from CPTU tests, may be trans-
formed into the equivalent profile of constrained 
modulus changes along with changes in depth, i.e. 
σv0. CPTU tests used for the purpose of this paper 
had been conducted in the area indented for con-
struction of a multi-story building. These tests al-
lowed for obtainment of a spatial change in con-
strained modulus and assessment of a spatial model 
of stiffness of the subsoil. Factors that justify the 
possibility to determine the profile of constrained 
modulus changes with change in σv0 include numer-
ous and well-recognized empirical relationships be-
tween cone resistance, and constrained modulus and 
overburden stress σv0 (e.g. Lunne et al. 1997, Rob-
ertson 2009). Such a model makes it possible to as-
sume a calculation model of the subsoil, and deter-
mine expected settlement of individual foundations 
of the structure. To assess the stiffness model of the 

subsoil and group statistically the most similar pro-
files of constrained modulus changes with changes 
in geostatic stress σv0, the clutering method of 
functional analyis was applied. In turn, to deter-
mine the spatial model the Inverse Distance 
Weighting (IDW) method was used.  

Utility of the clustering method in separating the 
statistically similar zones of the subsoil based on the 
cone resistance has been documented in several 
works, e.g. Młynarek & Lunne (1987). In these 
works, grouping was performed on fixed horizontal 
stress σv0. In the current paper, a new approach has 
been acquired that consists in clustering full curvi-
linear profiles, describing cone resistance or con-
strained moduli change with change in σv0 stress in 
the tested points of the subsoil. This approach ap-
peared to be a highly effective method of accurate 
assessment of the stiffness model of the subsoil.  

First indications of the degree and expected non-
uniformity of settlements may be obtained from the 
stratigraphic model that distinguishes lithological 
soil layers and the course of these layers, and defines 
the genesis of individual groups of soils. The inter-
esting question then emerges of what is the adequacy 
of assessment of stiffness of the subsoil with use of 
the stratigraphic model and the model based on 
CPTU profiles, especially when the subsoil consists 
of deposits belonging to various geological for-
mation. This issue constitutes the subject of this arti-
cle.  
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2 SITE CHARACTERISATION 

The test site has been previously used for the ge-
otechnical investigations and its geology was de-
scribed in details by Tumay et al. (2011). It is locat-
ed in the middle west of Poland, within the area of 
the post glacial moraine plain formed by the Pleisto-
cene Scandinavian glaciers. The glaciations yielded 
two layers of glacial till, interbedded with glacifluvi-
al sands and gravels (Fig. 1). The upper tills can be 
generally divided into two parts: upper (soft) and 
lower (stiff). The lower tills are overconsolidated 
and stiff. 

A total number of 9 CPTU were carried out at the 
test site, located not more than 35 m each other, and 
creating the triangular shaped grid. Simultaneously 
two borings were carried out, providing some infor-
mation about lithology. Physical properties of the 
tested soil were determined via laboratory tests on 
samples collected from the borings. Soil classifica-
tion to individual types of soil was investigated by 
Tumay et al. (2011) and is shown in Figure 2.  

3 DATA PREPARATION AND ANALYSIS 

3.1 Assessment of constrained modulus from CPTU  

The main parameter used for assessment of the stiff-
ness of the tested soil was constrained modulus dur-
ing primary consolidation M, corresponding to oe-
dometric modulus. Values of this modulus were 
calculated based on the CPTU test results according 
to the following formula (Lunne et al. 1997): 

 
M  = (qt - v0)               (1) 
 
where  for soils with drained conditions depends 
on cone resistance (Lunne & Christophersen 1983), 
and in the case of  soils with undrained conditions 
the values of 8.25 for overconsolidated soil and 
13.13 for normally consolidated soil was assumed, 
according to Młynarek et al. (2016) investigations.  

3.2 Data preparation for statistical analysis 

The analysis included 9 profiles characterized by the 
M value in “z” function, which is illustrated by the 
equation and in Figure 3. 

 
M = f(z)                    (2) 
 
The ‘z’ parameter assumed values within the range 
from 1.0 to the depth of the test, every 0.2. This way 
a set of 7720 M values, characterizing the stiffness 
of the tested subsoil, was obtained. These data were 
used for determination of function defining the equa-
tion (2), separately in each testing point. For this 

purpose the Ramsey & Silverman (2005) procedure 
was used. This method consists in smoothing of the 
function of the modulus depending on depth, in each 
of the testing point, providing the spline function 
Mi(z), zZ, i = 1,2,...,N: 
 

  
(3) 

 

 
Figure 1. An example of CPTU results at the background of 
geological profile of the test site. 

 
 

The coefficients cij are estimated by the least 
squares method. 

For each i let ci = (ci1,...,ciK)’, and 
 

 

 
 

(4) 

Then we obtain 
 

 
 

(5) 
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Figure 2. The soil classifications according the classification 
systems have been analyzed at the testing point CPTU-3 (after 
Tumay et al. 2011). 

 
 

 
Figure 3. Transformation of corrected cone resistance in the 

form of function M=f(z). 

 

Figure 4. Graph of the smoothed M function in CPTU profile 5, 

in dependence on depth, assumed for coefficient K=5. 

 

 
The degree of smoothness of the function Mi(z) 

depends on the values of K (small values of K cause 
more smoothing of the curves). The criteria for the 
optimum K selection, applied in this analysis was the 
BIC (the Bayesian Information Criterion).  

In the case of N functions Mi(z) one common val-
ue of K is chosen, as a modal value of numbers 
K1,K2,...,KN. After the smoothing processes we have: 

 
 (6) 

 
where: 
 

 (7) 

 
Calculations were performed for coefficient K=5 
However significant the influence of the degree of 
spline function smoothing for the K=5 value may 
seem compared to the output (Figure 4), Młynarek et 
al. (2014) demonstrated that it hardly affected the 
obtained results. Spline functions were also deter-
mined along the profile, for coefficient K=100 and 
K=200, providing an almost ideal representation of 
changes in modulus values with depth, but do not in-
fluencing the final results of analysis. 

3.3 Analysis of similarity between data 

In the analyzed case, smoothed M functions were di-
vided into 1 meter segments, between 1 to 16 meters 
of depth, in order to enhance accuracy of clustering. 
This way the database included 135 objects. In the 
determination of the scale of similarity between ana-
lyzed objects the following measure of distance be-
tween obtained objects is assumed: 
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(8) 

 
 

 ,  

where  , is the smoothed M function in the i-th 
testing point and the j-th depth interval. 
 

After the distance have been established the hier-
archic cluster analysis was conducted (Młynarek et 
al. 2007). The Ward method was applied in 
clustering of objects. The idea of analysis of similar-
ities between individual smoothed M functions may 
be generally defined as the search for minimal dif-
ferences between areas below the line graphs of in-
dividual functions (Fig. 5).  

 
 

 
 

 
Figure 5. Ideogram of the assessment procedure of similarities 
between analyzed segments of spline functions of the M pa-
rameter (M1,2 – function M in the first testing point and the 
second depth interval, M4,5 – function M in the fourth testing 
point and the fifth depth interval. 

 
As a result we obtain the hierarchy of object simi-

larity, which may be presented most comprehensibly 
in the form of a dendrogram (Fig. 6). 

 
 

 
Figure 6. Dendrogram of clustering hierarchy of curves M= f(z) 
from CPTU testing sites for the strongly smoothed function 
(K=5). 

 

Based on the obtained dendrograms an optimal 
division of the testing sites into homogeneous clus-
ters was provided in accordance with the silhouette 
index criterion (Rousseeuw 1987). 
 Figure 7 indicates that the highest values of the 
silhouette index appear for 2 clusters. The  silhouette 
value changes little for 3 or 4 clusters, and only for 5 
clusters it considerably drops. This allows for as-
sumption that solutions with 3 or 4 clusters are sta-
tistically almost equivalent. 
 

 
Figure 7. Line graph of changes in silhouette index for clus-
ters obtained with the hierarchical analysis shown on a den-
drogram in Figure 6. 

3.4 IDW statistical model  

In the construction of the 3-D model of subsoil stiff-
ness the IDW method was applied (Młynarek et al. 
2007). For this method the interpolation value - M in 
a given point with coordinates (x0,y0,z0) is estab-
lished on the basis of values defined by coordinates 
xi,yi,z0. Each of these values affects the interpolated 
value of v0 with the weight, which is inversely pro-
portional to the distance between these points. The 
formula used in IDW takes the form: 
 

 
 
 

                                 
(9) 

 
where N(v0)denotes the number of included ob-
servations from the neighbourhood of v0, and weight 
wi takes the form: 
 

 
                     

(10) 
 

where the value of di denotes the Euclidean distance 
between points (x0,y0,z0) and (xi,yi,z0). 
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4 ASSUMPTION OF STIFFNESS MODEL 

The results of the conducted clustering of con-
strained modulus M for the entire testing site were 
presented by placement of individual clusters in the 
analyzed profiles. Profiles  1,3,5 and 7 are shown in 
Figure 8 as examples.  
 

  

 
 

Figure 8. Localization of the obtained clusters along the pro-
files: 1,3,5 and 7. 

 
Figure 8 indicates that the elements essential for 

separation of homogenous, in terms of M modulus, 
zones in the subsoil include both glacial tills stratig-
raphy and the presence of intermediate zone between 
individual geological layers. Comparison of Figures 
1 and 8 reveals that in each case the surface layer of 
younger glacial tills (cluster 1) and the layer of 
glacifluvial sands (clusters 3 and 4) are distinct. 
Layer of older glacial tills statistically does not differ 
in stiffness from the contact zone between younger 
tills and glacifluvial sediments. This observation in-
dicates considerable influence of a highly stiff layer 
on the less stiff layer directly above. For each ana-

lyzed case, this strengthened intermediate zone has 
thickness of about 2 m and it is entirely supported on 
the thill of younger tills.. 

The observation leads also to a conclusion that 
from a geological model of subsoil point of view, 
presumption of geological division into layers may 
lead to an invalid assessment of stiffness of subsoil. 
Figures 9 and 10 show the differences between the 
IDW model based on stratigraphy and the IDW 
model based on the results of functional analysis, in 
which cone resistance was applied in order to esti-
mate changes in M modulus with depth. 

 

 
Figure 9. IDW stiffness model of the subsoil based on CPTU 
tests and subsoil stratigraphy in section between points 1, 3, 5 
and 7. 

 
 

 

 
Figure 10. IDW stiffness model of the subsoil based on CPTU 

tests and functional analysis in the section between points 1, 3, 

5 and 7. 
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5 CONCLUSIONS 

CPTU penetration tests proved to be a notably con-
venient method of assessment of the stiffness model 
of the subsoil built of genetically and lithologically 
diversified soil layers. Accuracy of recording of cone 
resistance profiles with changes in the σv0 stress in 
the subsoil allows for accurate determination of 
zones of strengthening and weakening of the subsoil 
with the use of constrained moduli M. The presented 
analyzed stiffness model may be assessed in various 
directions along one profile, depending on geometry 
and size of the construction project. The performed 
analysis also showed that in complex soil conditions, 
information drawn only from the stratigraphic model 
of subsoil may be insufficient for an accurate analy-
sis of the expected degree and non-uniformity of set-
tlements of the construction. 
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