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1 INTRODUCTION 
 
Quantification of site-specific uncertainties in soil 
properties through standard geotechnical site charac-
terization approach of drilling and measuring soil 
properties at a few locations in a soil deposit poses a 
challenge due to the very limited amount of (bore-
hole) measurements typically available at any ge-
otechnical site. This leads to data uncertainty in the 
estimation process and it gets carried over unac-
counted for in subsequent probabilistic de-
sign/simulation of the behavior of geostructures. 
Geophysical tests, which are increasingly being used 
in characterizing geotechnical sites, offer an ad-
vantage that they typically yield larger volume of 
data for more accurate statistical analysis. Tradition-
ally, geophysical test measurements are analyzed de-
terministically with simplifying assumptions so that 
the inversion process remains tractable. Spectral 
analysis of surface waves (SASW) is one such wide-
ly used approach that assumes ground waves to con-
sist only of Rayleigh waves and neglects the effects 
of P- and S-waves (Nazarian 1984). Moreover, it re-
lies on one-dimensional conjecture and hence only 
produces horizontally layered soil profile (Fathi 
2015). In recent years, with advancement of mathe-
matical machineries and availability of faster com-
puters, partial differential equation (PDE) con-
strained full waveform inversions, which inherently 
account for all types of waves in a solid medium, 

have also been successfully attempted to image het-
erogeneous soil deposits (see, for example, Kal-
livokas et al. 2013). However, such inversion pro-
cesses, due to their deterministic nature, fail to 
account for uncertain spatial variability of soil pa-
rameters and any measurement uncertainty associat-
ed with the geophysical experiments 

This paper develops a methodology for PDE-
constrained stochastic waveform inversion to not on-
ly estimate constitutive parameters of any soil de-
posit but also to quantify uncertainties associated 
with them by accounting for uncertain spatial varia-
bility and measurement uncertainty as well as uncer-
tainty due to limited data The authors anticipate that 
such a tool, when properly verified and validated, 
will tremendously benefit geotechnical engineers in 
accurately visualizing (in terms of confidence inter-
vals) the heterogeneity of subsurface at any site. 
This will not only result in more accurate simulation 
of the behavior of any civil infrastructure objects but 
also allow for estimation of site-specific resistance 
factors for the load and resistance factor design 
(LRFD) of geotechnical components of any civil in-
frastructure objects. Note that due to very limited 
amount of soil data typically available at any ge-
otechnical site for a meaningful statistical analysis, 
the current American Association of State Highway 
and Transportation Officials (AASHTO) recom-
mended LRFD resistance factors for substructures 
were derived by just calibrating the LRFD equation 
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to the factors of safety used in the past with the 
working stress design (WSD) approach. The factors 
are indifferent to any site-specific information e.g., 
variability of soil properties at a particular site, the 
extent of soil exploration (little versus extensive), 
etc. The anticipated ability to compute fully site-
specific resistance factors will lead to safer and more 
economical designs of civil infrastructure objects.  

2 PROBLEM STATEMENT 

We will analyze synthetic data from a fictitious geo-
physical experiment shown schematically in Figure 
1. Assuming a three-dimensional, heterogeneous 
profile of soil modulus, we will numerically simu-
late a geophysical experiment to obtain sensor 
measurements (acceleration/velocity/displacement 
time histories) due to a known excitation at the 
source location. We will assume them to represent 
actual sensor measurements after polluting them a 
bit by adding Gaussian white noise to mimic real 
measurements. Finally, using these few measure-
ments and hypothesizing the soil modulus to be a 
three-dimensional random field, we will inversely 
estimate its parameters. 

 
Figure 1. Schematic of the fictitious site to be probed show-

ing sensor and source locations. 

3 THE FORWARD PROBLEM 

Solution of any PDE-constrained probabilistic in-
verse problem is, in essence, an iterative process. 
Each iteration starts with the propagation of the tar-
get parameter, with some prior belief about its un-
certainties, through the governing PDE (“the mod-
el”) and then updating the target parameter with the 
help of a suitable estimator that aims to maximize 
the likelihood of the observed response by minimiz-
ing the error between “the model” predictions and 
true responses. Thus setting up “the model”, propa-

 
 

 

gating prior uncertainties through it and obtaining 
“the model” response are tantamount to any other 
stage of the inversion process and constitute the 
forward problem. In a deterministic setting, forward 
problems that  
are governed by PDEs are typically solved numeri-
cally, for example, using the finite element method 

 
 

 

Figure 2. (a) Forcing function at (0,0,0) and (b) its Fourier 

spectrum  
 

or the finite difference method. In a probabilistic set-
ting where the model parameters are uncertain, the 
governing PDE becomes a stochastic PDE. Monte 
Carlo (MC) approach (Doucet et al 2001) is the 
most widely used approach for solving stochastic 
PDEs. MC approach, in general, is very straightfor-
ward and can be used to probabilistically simulate 
any problem whose deterministic solution – either 
analytical or numerical – is known. However, its ac-
curacy depends upon the number of realizations (N) 
used in the simulation process; the MC estimates 
approach their true values as the number of deter-
ministic runs, N, approaches infinity. Because of the 
above, accurate probabilistic simulation using MC 
approach becomes extremely computational inten-
sive, especially for problems which do not have ana-
lytical solutions; for large scale problems, like non-
linear dynamic problems in a finite element setting, 
it will probably be intractable. Among the alternate 
approaches, the stochastic Galerkin and the stochas-
tic collocation approaches are more common. Sto-
chastic Galerkin approaches (see, for example, 
Ghanem & Spanos 1991) usually represent all the 
uncertain parameters of a model using some type of 
finite series expansions and then employ a Galerkin 
technique to minimize the errors of finite representa-
tion which result in a system of coupled (determinis-
tic) equations. Stochastic collocation approaches 
(see, for example, Babuska et al. 2007), on the other 
hand, can be viewed as a Monte Carlo type sampling 
technique, with the exception that, instead of at ran-
dom, the sampling points are selected following 
some kind of numerical quadrature schemes that are 
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used to estimate the statistical moments of the re-
sponse variable. Stochastic collocation approaches 
are, in general, non-intrusive approaches in the sense 
they do not require modifications of underlying de-
terministic (finite element or finite difference) code. 

This study employs the finite element method in 
conjunction with the stochastic collocation approach 
to probabilistically solve the forward problem corre-
sponding to the geophysical experiment shown 
schematically in Figure 1. The soil deposit is mod-
elled using 8-noded standard brick elements of di-
mension 5m × 5m × 5m. The horizontal and vertical 
extents of the soil domain – that theoretically extend 
to infinity – are restricted by using artificial absorb-
ing boundaries. Widely used Lysmer-Kuhlemeyer 
(Lysmer and Kuhlemeyer 1969) local boundaries are 
used for this purpose. A chirp signal (Figure 2) with 
dominant frequencies between 3Hz and 10Hz was 
used to excite the ground at the source location for a 
duration of 6 sec. The soil material is assumed to be 
linear elastic as the chirp signal is not expected to 
plastify the soil. While the Poisson's ratio of soil is 
assumed to be deterministic with a constant value of 
0.3 throughout the domain, the Young's modulus of 
soil is assumed to be a three-dimensional heteroge-
neous, cross-anisotropic random field. 

The random field parameters up to the second or-
der  marginal mean values, marginal coefficients of 
variation (COVs), and vertical and horizontal corre-
lation structures that are the unknowns for the in-
verse problem – will initially be guessed for the 
forward simulation. In concurrence with the general 
soil behavior, marginal mean and COV are assumed 
to increase with depth. In the horizontal directions, 
however, they are assumed to be constant. Typically, 
due to the nature of soil formation process, soil pa-
rameters are less correlated in vertical direction than 
in the horizontal directions (Lacasse & Nadim 
1996). Accordingly, the correlation length of 
Young's modulusin the vertical direction is assumed 
to be smaller than that in the horizontal directions. It 
is assumed that there is no correlation between the 
moduli in x-y plane and vertical direction. Mathe-
matically, we capture the above-assumed spatial var-
iation of uncertain Young's modulus in terms of 
Gaussian shape functions and weights as: 𝑌𝑌(𝑥𝑥, 𝑦𝑦, 𝑧𝑧) = 𝑤𝑤0 + 𝑤𝑤1𝑧𝑧 + ∑ 𝑊𝑊𝑖𝑖𝑁𝑁𝑖𝑖(𝜇𝜇𝑐𝑐𝑖𝑖 , 𝑃𝑃)𝑛𝑛1  (1) 

𝑃𝑃 = [ 𝜎𝜎 𝜎𝜎𝑥𝑥𝜃𝜃 0𝜎𝜎𝑥𝑥𝜃𝜃 𝜎𝜎 00 0 𝜎𝜎] (2) 

𝑊𝑊𝑖𝑖 = 𝑤𝑤2𝑟𝑟 + 𝑤𝑤3𝜃𝜃 (3)  𝜇𝜇𝑐𝑐𝑖𝑖
𝑤𝑤1, 𝑤𝑤2, 𝑤𝑤3 , 𝜎𝜎 𝜎𝜎𝑥𝑥𝜃𝜃



Θ =[𝑤𝑤1, 𝑤𝑤2, 𝑤𝑤3 , 𝜎𝜎 σ��]
Θ𝜃𝜃𝑖𝑖(𝜉𝜉) ≅ 𝜃𝜃𝑖𝑖0 + 𝜃𝜃𝑖𝑖1𝜉𝜉𝑖𝑖                   ∀  𝜃𝜃𝑖𝑖 ∈ Θ𝛏𝛏 = [ξ1, ξ2, … ]T

 Θ Θ
ℇ [𝑓𝑓(𝑎𝑎(Θ))]] =  ∫ 𝑓𝑓(𝑎𝑎(Θ))𝑝𝑝( Θ Θ)𝑑𝑑Θ≅ ∑ 𝑤𝑤𝑞𝑞𝑓𝑓 (𝑎𝑎(Θ(ξ𝑞𝑞)))𝑞𝑞

Θ(ξ� ξ� 𝑤𝑤𝑞𝑞
 Θ(ξq)

 𝑤𝑤1, 𝑤𝑤2, 𝑤𝑤3 , 𝜎𝜎 𝜎𝜎𝑥𝑥𝜃𝜃 𝑤𝑤1𝑤𝑤1(ξ1q) = 𝑎𝑎0 + 𝑎𝑎1ξ1q

𝑌𝑌(𝑥𝑥, 𝑦𝑦, 𝑧𝑧) = 𝑤𝑤0 + 𝑤𝑤1𝑧𝑧 + ∑ 𝑊𝑊𝑖𝑖𝑁𝑁𝑖𝑖(𝜇𝜇𝑐𝑐𝑖𝑖 , 𝑃𝑃)𝑛𝑛1𝑃𝑃 = [ 𝜎𝜎 𝜎𝜎𝑥𝑥𝜃𝜃 0𝜎𝜎𝑥𝑥𝜃𝜃 𝜎𝜎 00 0 𝜎𝜎]
𝑊𝑊𝑖𝑖 = 𝑤𝑤2𝑟𝑟 + 𝑤𝑤3𝜃𝜃  𝜇𝜇𝑐𝑐𝑖𝑖
𝑤𝑤1, 𝑤𝑤2, 𝑤𝑤3 , 𝜎𝜎 𝜎𝜎𝑥𝑥𝜃𝜃

and  are polar coordinates of a spatial point with 
origin at (0,0,0). The correlation in Y is indirectly 
captured here by the summation in Equation (1) 
since we hypothesize that the magnitude of Y at a 
point in space is a result of all the Gaussians shape 
functions. With this we can write Θ =[𝑤𝑤1, 𝑤𝑤2, 𝑤𝑤3 , 𝜎𝜎,σ��] to be the uncertain parameter 
vector of the system. Notice that the assumed struc-
ture of Eq. (1) on the Young’s modulus field allows 
us to represent a random field with the help of only 
6 parameters Assuming uniform distribution for the 
random vector Θ, we can write it as: 𝜃𝜃𝑖𝑖(𝜉𝜉) ≅ 𝜃𝜃𝑖𝑖0 + 𝜃𝜃𝑖𝑖1𝜉𝜉𝑖𝑖                   ∀  𝜃𝜃𝑖𝑖 ∈ Θ (4) 

where 𝛏𝛏 = [ξ1, ξ2, … ]T is a known vector of uniform 
random variables. Further, since the acceleration at a 
spatial location is a function of Y, and given that Y 
itself is a function of Θ, acceleration at any geospa-
tial location in the domain becomes a function of the 
random parameter vector Θ. Therefore, the expected 
value of any scalar function of acceleration, a, can 
be computed as: 

ℇ [𝑓𝑓(𝑎𝑎(Θ))]] =  ∫ 𝑓𝑓(𝑎𝑎(Θ))𝑝𝑝( Θ Θ)𝑑𝑑Θ≅ ∑ 𝑤𝑤𝑞𝑞𝑓𝑓 (𝑎𝑎(Θ(ξ𝑞𝑞)))𝑞𝑞
Θ(ξ� ξ� 𝑤𝑤𝑞𝑞

 Θ(ξq)

 𝑤𝑤1, 𝑤𝑤2, 𝑤𝑤3 , 𝜎𝜎 𝜎𝜎𝑥𝑥𝜃𝜃 𝑤𝑤1𝑤𝑤1(ξ1q) = 𝑎𝑎0 + 𝑎𝑎1ξ1q

𝑌𝑌(𝑥𝑥, 𝑦𝑦, 𝑧𝑧) = 𝑤𝑤0 + 𝑤𝑤1𝑧𝑧 + ∑ 𝑊𝑊𝑖𝑖𝑁𝑁𝑖𝑖(𝜇𝜇𝑐𝑐𝑖𝑖 , 𝑃𝑃)𝑛𝑛1𝑃𝑃 = [ 𝜎𝜎 𝜎𝜎𝑥𝑥𝜃𝜃 0𝜎𝜎𝑥𝑥𝜃𝜃 𝜎𝜎 00 0 𝜎𝜎]
𝑊𝑊𝑖𝑖 = 𝑤𝑤2𝑟𝑟 + 𝑤𝑤3𝜃𝜃  𝜇𝜇𝑐𝑐𝑖𝑖

s 𝑤𝑤1, 𝑤𝑤2, 𝑤𝑤3 , 𝜎𝜎 𝜎𝜎𝑥𝑥𝜃𝜃



Θ =[𝑤𝑤1, 𝑤𝑤2, 𝑤𝑤3 , 𝜎𝜎 σ��]
Θ𝜃𝜃𝑖𝑖(𝜉𝜉) ≅ 𝜃𝜃𝑖𝑖0 + 𝜃𝜃𝑖𝑖1𝜉𝜉𝑖𝑖                   ∀  𝜃𝜃𝑖𝑖 ∈ Θ𝛏𝛏 = [ξ1, ξ2, … ]T

 Θ Θ
ℇ [𝑓𝑓(𝑎𝑎(Θ))]] =  ∫ 𝑓𝑓(𝑎𝑎(Θ))𝑝𝑝( Θ Θ)𝑑𝑑Θ  

                        ≅ ∑ 𝑤𝑤𝑞𝑞𝑓𝑓 (𝑎𝑎(Θ(ξ𝑞𝑞)))𝑞𝑞  (5) 

where Θ(ξ�) is evaluated at quadrature points ξ� and 
and 𝑤𝑤𝑞𝑞 are the respective weights. Only values of 
the response variable corresponding to these quadra-
ture points are necessary to calculate the expectation 
and hence the model is simulated for values of Y 
corresponding to those Θ(ξq)s. Many quadrature 
rules ex-ist in the literature of stochastic collocation 
for choosing the sample points like Gaussian closure 
(Iyengar & Dash 1978), unscented transform and 
Smyolak sparse grid quadrature (Nagavenkat 2012). 
The major problem with these quadrature rules is 
that they get computationally very expensive as the 
dimensionality  
of the problem increases. Recently, a non-product 
quadrature rule known as the conjugate unscented 
transformation (CUT) has been developed (Naga-
venkat 2012, Nagavenkat et al 2013, Mandankan 
2014, Mandankan et al 2014). The CUT approach 
can be considered as an extension of the convention-
al unscented transform method that satisfies addi-
tional higher order moment constraints. It uses just a 
small number of points, relative to the Gauss quad-
rature scheme, to compute an integral with the same 
accuracy. Thus, we start by generating 5-
dimensional CUT points (and respective weights) 
corresponding to the 5 random varia-
bles 𝑤𝑤1, 𝑤𝑤2, 𝑤𝑤3 , 𝜎𝜎 and 𝜎𝜎𝑥𝑥𝜃𝜃 and evaluate their values 
at these quadrature according to Equation (4). For 
example, the random variable 𝑤𝑤1 can be evaluated 
as: 𝑤𝑤1(ξ1q) = 𝑎𝑎0 + 𝑎𝑎1ξ1q (6) 

𝑌𝑌(𝑥𝑥, 𝑦𝑦, 𝑧𝑧) = 𝑤𝑤0 + 𝑤𝑤1𝑧𝑧 + ∑ 𝑊𝑊𝑖𝑖𝑁𝑁𝑖𝑖(𝜇𝜇𝑐𝑐𝑖𝑖 , 𝑃𝑃)𝑛𝑛1𝑃𝑃 = [ 𝜎𝜎 𝜎𝜎𝑥𝑥𝜃𝜃 0𝜎𝜎𝑥𝑥𝜃𝜃 𝜎𝜎 00 0 𝜎𝜎]
𝑊𝑊𝑖𝑖 = 𝑤𝑤2𝑟𝑟 + 𝑤𝑤3𝜃𝜃
where Y is the Young’s modulus, 𝜇𝜇𝑐𝑐𝑖𝑖 is the center of 
each Gaussian shape function and n is the number of 
Gaussian shape functions. The parameters 𝑤𝑤1, 𝑤𝑤2, 𝑤𝑤3 , 𝜎𝜎 and 𝜎𝜎𝑥𝑥𝜃𝜃 are assumed to be random  
variables that give rise to the uncertainty in Y. z, r 



Θ =[𝑤𝑤1, 𝑤𝑤2, 𝑤𝑤3 , 𝜎𝜎 σ��]
Θ𝜃𝜃𝑖𝑖(𝜉𝜉) ≅ 𝜃𝜃𝑖𝑖0 + 𝜃𝜃𝑖𝑖1𝜉𝜉𝑖𝑖                   ∀  𝜃𝜃𝑖𝑖 ∈ Θ𝛏𝛏 = [ξ1, ξ2, … ]T

 Θ Θ
ℇ [𝑓𝑓(𝑎𝑎(Θ))]] =  ∫ 𝑓𝑓(𝑎𝑎(Θ))𝑝𝑝( Θ Θ)𝑑𝑑Θ≅ ∑ 𝑤𝑤𝑞𝑞𝑓𝑓 (𝑎𝑎(Θ(ξ𝑞𝑞)))𝑞𝑞

Θ(ξ� ξ� 𝑤𝑤𝑞𝑞
 Θ(ξq)

 𝑤𝑤1, 𝑤𝑤2, 𝑤𝑤3 , 𝜎𝜎 𝜎𝜎𝑥𝑥𝜃𝜃 𝑤𝑤1𝑤𝑤1(ξ1q) = 𝑎𝑎0 + 𝑎𝑎1ξ1q
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where ξ1q  corresponds to the qth quadrature point. 

 
Note that 𝛏𝛏 are uniform random variables with zero 
mean and unit variance. Prior values of coefficients 𝑎𝑎0 and 𝑎𝑎1 are assumed to be 22.4 MPa and 2 MPa 
respectively. Similar prior assumptions of other ran-
dom variables lead to the coefficient values listed in 
Table 1. We state that the CUT approach needs just 
425 quadrature points for our 5-D problem to accu-
rately compute the expectations and hence our mod-
el requires as many forward runs, each run corre-
sponding to a realization of Y. For shape functions, 

we assumed 10 Gaussian functions in each direction 
initially. Due to much smaller extent of the target 
domain in the vertical direction this assumption en-
sures smaller correlation length along it than in hori-
zontal directions. The 3D soil domain corresponding 
to the true value of Young’s modulus is shown in 
Figure 3. Once the computational model is set up it 
is run for all the quadrature realizations of Y. Mean 
and standard deviation of the simulated velocity 
time history and corresponding Fourier spectra at a 
node located at (-5,0,0) are shown in Figure 4. 

4  THE INVERSION PROCESS 

For the inversion process the acceleration time histo-
ries recorded at sensor locations are used to compute 
our posterior moments. To this end, we employ the 
minimum variance framework (Madankan 2014). 

4.1 Minimum Variance 

Consider a sensor model given by Equation (6), 
where ℎ(Θ) corresponds to the true value of the re-
sponse of the corresponding dynamic system, 𝜈𝜈 rep-
resents the sensor noise with a zero mean and covar-
iance matrix 𝑅𝑅, and 𝑦𝑦 is the measured response. For 
such a system, according to the minimum variance 
framework, the first two posterior moments of the 
parameter vector Θ, are given by Equations (7) and 
(8), respectively. 𝑦𝑦 =  ℎ(Θ) +  𝜈𝜈  (7) 𝜇𝜇Θ+ = 𝜇𝜇Θ− +  𝐾𝐾 [𝑦𝑦 − ℇ−[ℎ(Θ)]] (8) ΣΘ+ =  ΣΘ− − 𝐾𝐾Σ𝜃𝜃𝜃𝜃𝑇𝑇  (9) 

where superscripts – and + denote prior and posteri-
or value of the corresponding random variable. The 
matrix 𝐾𝐾 is called the Kalman gain matrix and is a 
measure of the information gained due to the obser-
vation 𝑦𝑦. It is given by: 𝐾𝐾 =  Σ𝜃𝜃𝜃𝜃(Σhh− + 𝑅𝑅)−1 (10) 

where Σ𝜃𝜃𝜃𝜃 is the covariance matrix between Θ and 𝑦𝑦 
and Σhh−  is the prior covariance matrix of the model 
response for different quadrature realizations of Y. 
These expectations can be evaluated by the CUT ap-
proach. For example  Σhh−  is approximately given by: Σhh− ≅  ∑ 𝑤𝑤𝑞𝑞(ℎ𝑞𝑞 −𝑁𝑁𝑞𝑞=1 𝜇𝜇h−)(ℎ𝑞𝑞 − 𝜇𝜇h−)𝑇𝑇 (11) 

where N is the number of quadrature points (425 in 
our case) and 𝜇𝜇h− is the mean of the model response. 
We point out that ℎ𝑞𝑞is the computed model response 
for the realization of Y corresponding to the quadra-
ture point  𝜉𝜉𝑞𝑞. 

 

Figure 3. Distribution of true value of Young’s modulus 
(MPa). 

 

Table 1. Coefficients of random variables. 

Random Variable 1st coefficient 

 MPa 

2nd coefficient 

MPa 𝒘𝒘𝟏𝟏  22.4 2 𝒘𝒘𝟐𝟐  0.035 0.0071 𝒘𝒘𝟑𝟑  0.79 0.15 𝝈𝝈  3.70 0.74 𝝈𝝈𝒙𝒙𝒙𝒙  3.70 0.74 

 

Figure 4. (a) Mean, (b) standard deviation of the simulated ve-

locity time history at (-5,0,0) and (c) corresponding Fourier 

spectra. 
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4.2 Posterior Moments 

Using the aforementioned framework, the posterior 
moments for the parameter vector is calculated. Due 
to the absence of true field measurements we use 
one of the realizations of Y as its true value and after 
polluting the corresponding acceleration time history 
with a Gaussian noise we get the measured response 𝑦𝑦 in Equation (6). 50 randomly sampled time steps 
from the acceleration time history obtained from 
every sensor shown in Figure 1 is used, for each of 
the 425 runs, to compute the posterior moments ac-
cording to Equations (8)-(11). 

Table 2. Comparison between true value, prior and posterior 
means and standard deviations (SD). 

RVs 

True 

Value 

(MPa) 

Prior 

Mean 

(MPa) 

Post 

Mean 

(MPa) 

Prior 

SD 

(MPa) 

Post  

SD 

(MPa) 𝑤𝑤1 24.09 22.4 24.13 1.15 0.07 𝑤𝑤2 0.03 0.035 0.035 0.004 0.004 𝑤𝑤3 0.93 0.79 0.79 0.092 0.09  𝜎𝜎 4.32 3.70 3.65 0.43 0.32 𝜎𝜎𝑥𝑥𝜃𝜃 4.32 3.70 3.70 0.43 0.42 

 

Figure 5. True value, prior mean and posterior mean and stand-

ard deviation of Young’s modulus at (-5, -5, z). 

5 RESULTS 

The true values along with the prior and posterior 
moments of the random parameter vector, obtained 
after the inverse analysis, are listed in Table 2.  We 
have also shown a comparison between the variation 
of prior mean, true value and posterior mean (with 
one standard deviation bound) of Y along depth at 
(x,y) = (-5,-5) in Figure 5. We can observe that the 
posterior mean of the Young’s modulus is very close 
to the true value of Y with small error. In Figures 6 
(a) and (b) we have shown the errors between the 
true value of Young’s modulus distribution and the 
prior and posterior means respectively. In Figure 6 

(c) the error between the posterior and the prior 
means of Young’s modulus is plotted. Along with 
this an analysis to understand the information gain 
about the unknown parameters with respect to num-
ber of sensors and time steps was also conducted. In 
Figure 7 (a) the L2-norm of error is plotted with re-
spect to the number of time steps and sensors where 
error (e) is given by difference between the true val-
ue and posterior mean. For this we started by taking 
acceleration time history from sensors, along a line 
with offset 5 meter from source and depth 40m, in 
our analysis, and further added sensors while mov-
ing up the vertical direction. It was observed that the 
error decreases with increasing number of sensors 
and time-steps. An interesting thing to note is that 
the sensors bottom most layer did not contribute 
much to reducing error while the maximum error 
was reduced after inclusion of sensors from the sur-
face. With this premise we went on to analyze the 
variation of Σ𝜃𝜃𝜃𝜃across the soil domain, which repre-
sents the correlation of measurement data with ran-
dom parameter vector θ. Since, from Equation (10), 
the Kalman gain matrix (K) is directly proportional 
to it, Σ𝜃𝜃𝜃𝜃 gives us an idea about the amount of in-
formation gain at various locations in space. In Fig-
ure 7(b) we plot the trace of each column of Σ𝜃𝜃𝜃𝜃 
with respect to its spatial location for two different 
time instants. It can again be observed that amount 
of information gain decreases with increasing depth. 
An implication of this could be that only a few sen-
sors located on and close to the surface give us al-
most all information about the domain. However 
further analysis on optimal location of sensor needs 
to be conducted to confirm this conjecture. 

6 CONCLUSIONS 

A methodology is developed to perform PDE-
constrained stochastic waveform inversion using ge-
ophysical test measurements. It is illustrated by 
probabilistically characterizing a geotechnical site -- 
hypothesizing the Young's modulus of soil at the site 
to be a three-dimensional, heterogeneous, aniso-
tropic random field and inversely estimating its pa-
rameters by using synthetic data from a fictitious 
geophysical experiment performed numerically at 
that site. Towards optimizing the number and loca-
tions of sensors in a geophysical experiment, a pre-
liminary analysis is carried out using the developed 
methodology to. It is observed that the amount of in-
formation gain decreases with depth implying that 
the measurements at the bottom sensors do not con-
tribute much to the inverse estimation process. The 
developed methodology is mathematically rigorous 
and computationally efficient. Moreover, it is gen-
eral enough to be extended widely including inverse 
estimation of additional elastic as well as elastic-
plastic soil parameters 
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(a) (b) 
(c) 

Figure 6. Spatial distribution of error between (a) prior mean of Young’s modulus (MPa) and its true value, (b) posterior mean of 
Young’s modulus (MPa) and its true value and (c) posterior and prior means of Young’s modulus (MPa). 

(a) (b)               time = 4.5s.                                                        time = 5.5s. 

Figure 7. (a) L2-norm of error with respect to number of sensors and time steps, and (b) spatial distribution of Σ𝜃𝜃𝜃𝜃 at 4.5s and 
5.5s. 
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