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ABSTRACT: When teaching unsaturated soil mechanics, the behaviour of the soil is often described by
distinguishing the effect of non-saturation on seepage and, in an independent manner, the effect of
suction on mechanical behaviour, highlighting the strength and volume changes. The coupled hydro-
mechanical behaviour is a step forward that is commonly addressed by elaborating the theoretical
fundamentals (balance equations). The application to real cases is solved numerically presenting the
results obtained by computational tools (i.e. Finite element-based codes). In the authors’ experience,
the students have a knowledge gap between the constitutive models describing the hydraulic and
mechanical soil behaviour and their coupling required to solve engineering problems. This paper
presents the modelling of seepage and wetting-induced volumetric collapse by defining a simplified
plastic constitutive model that neglects the elastic regime. These assumptions maintain fundamental
aspects of non-saturated soils. The governing equation is finally applied to a case history of a road
embankment that exhibited a pronounced volume loss after rainfall, damaging road structures.
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1 Introduction and purpose of the paper

This paper has two goals: 1) To help and teach the students to develop skills to formulate by themselves
models adapted to a particular problem and 2) To attract their attention by connecting the learning
experience described in sections 3 to 5 of the paper to the unexpected performance of a geotechnical
structure (in our case, a significant embankment collapse).

The behaviour of unsaturated soils is critically dependent on stress ad water content changes. Two
distinct features of behaviour, collapse and swelling, can only be understood by a joint consideration of
stress and suction changes. The implication, when dealing with field applications, is that hydraulic and
mechanical response should be jointly considered. The key point is that the two phenomena are highly
coupled.

There are some teaching difficulties to fully understand the process leading to modelling real cases such
as the behaviour of embankments, earth dams, or foundations on unsaturated soils.

For a long time now, a general formulation for the coupled behaviour of unsaturated soils has been
available: the “mechanical” response requires equilibrium (momentum balance) of soil constituents
(liquid, gas, and soil mixture) and the flow-related behaviour derives from the condition of mass balance
(conservation) of phases (solid, liquid and air). Constitutive relations complete the formulation.

The path beyond this point is lost by many students because it requires an effort to follow the building
of an elaborated numerical model, typically based on finite element formulations.

This paper describes the intermediate steps to find a workable solution of a simplified, but useful
approach, that provides a solution applicable to real field cases. This is done by introducing some
simplifications, but the fundamentals of the coupled formulation are preserved.
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The real case behind this paper is the rainfall induced collapse observed in a road embankment to
access a bridge abutment (Figure 1). The road authority wanted an explanation for the observed
displacement and, also, an evaluation of the remaining collapse potential in case of future rainfall.
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Figure 1. Rainfall induced collapse of a bridge abutment. Note that the embankment settled and deformed
horizontally

The paper is organized as follow. (1) Formulation of balance equations adopted for a one-dimensional
(isotropic) case; (2) Description of a simplified constitutive model for collapse phenomenally; (3)
Additional necessary constitutive relations; (4) Derivation of the integrated partial differential equation
describing the coupled phenomenon and; (5) Applications to the field case.

This sequence of steps follows a logical order: To start, the basic physical phenomena are identified:
mass balance relationships and mechanical equilibrium. The equilibrium will be simplified to an
elementary exercise (the calculation of stresses in a constrained column of soil of varying unit weight).
This simplification has some sense because we are dealing with an embankment case and investigating
the behaviour of its central part will be a reasonable choice if the purpose of the analysis is to determine
rain-induced collapse settlements. The second step is a required information in this case: how was
collapse defined in mathematical terms? A simple plastic model was developed to show how to do it.
The third step collects well known flow-related constitutive models. The fourth one is a key step: It shows
how to integrate basic principles and constitutive relations into a solvable partial differential equation, at
a limited effort.

2 Balance equations

In this Section the required mass balance relationships, in differential form, are first presented in its
general formulation and, when needed, adapted to the 1D dimension of the problem

The gas pressure will be assumed to be a reference (zero) constant pressure. Gas density will also be
assumed constant. Under these assumptions there is no need to introduce a balance equation for gas
flow. Two mass conservation conditions remain for the solid and liquid phases. The local expression for
the solid mass conservation is:
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21(1 - n)p,] + div[p(1 —m)v] = 0 "

where p; is the density of soil grains, n the porosity and (1 — n) the volume filled by solid particle per
unit volume of soil, and v the veloc

ity of solid grains. The first term in Eq. (1) is the rate of change of solid mass in a unit volume having a
porosity n, and the second is the flow rate of solid mass entering or leaving the unit volume at a velocity

v. Expanding the terms of Eq. (1) and introducing the definition of the material derivative (DD—(;) = % +v-
grad(-)), Eq. (2) is obtained

Dn (1—n)% _ .

FTRmi—— + (1 — n)div(v) (2)

Accepting that the compressibility of the soil skeleton is large compared with the compressibility of
grains, Eq. (2) becomes:
bn (1 — )Lt 3)

Dt at
where ¢,,;, the volumetric deformation (compression is assumed positive) defined in terms of the

divergence of the solid displacements, v, has been introduced (div(v) = div (3—‘:) = %div(u) = —%).

The local expression for the water balance follows directly from equation (1) by formally replacing (1 — n)
by the volume filled by liquid per unit volume of soil, nS,., the solid density, p, by p,,, and (1 —n)v by
(nS,v + q), where q is the Darcy flow in an unsaturated soil:

52 [nS:p] + divip, (nS,v + @) = 0 (4)

As done previously with the solid mass balance equation, Eq. (4) can be expanded and the definition of
the material derivative introduced. The compressibility of the water can be neglected, and equation (3)
invoked, resulting in:

n2r -5, 2204 div(q) = 0 (5)

where the definition of volumetric strains is used.

Notice that Eq. (5) corresponds to the mass balance including solid and liquid since equation (3) is
considered.

Eq. (5) can be easily interpreted: the two first terms describe the change of water stored in a unit volume
due to changes in degree of saturation or changes in void volume. This changes in water stored is
compensated by a water flow rate (third term).

So far, no mention is made to the equilibrium conditions. The volumetric deformation in equation (5) will
be controlled by stresses and suction. The calculation of stresses is straightforward if the real case to
be solved is simplified as a column of soil. Figure 2 illustrates the case. The objective will be to calculate
the settlement of a central column of the collapsing embankment. Vertical stresses at any point of the
column depend on the soil unit weight. A mean confining stress is obtained if a Ko coefficient is assumed
(in our case Ko = 0.5). But the volumetric strains upon wetting require a constitutive model.

Figure 2. Two-dimensional section of the embankment and central column selected for the analysis under
one-dimensional conditions. The effect of volumetric collapse is schematized
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3 Constitutive model for collapse strains

The model adopted is a simplification of the BBM (Alonso et al., 1987, 1990) Since collapse strains
dominate the observed field behaviour, the idea was to disregard elastic strains and to concentrate on
the Loading Collapse (LC) yield surface for isotropic stress sates (see the definition below). The LC is
formulated in terms of two independent constitutive stresses: total mean stress, p, and suction, s. This
is a useful choice to interpret laboratory tests and to integrate the constitutive model into the balance
equation (5).

In BBM, the equation of the yield surface in a (p,s) stress plane was derived by assuming a stress-strain
behaviour under isotropic loading-unloading stress paths, very much inspired in the common
interpretation of oedometer test results of soils. This procedure leads to a direct relationship between
the parameters of the LC yield curve and the parameters describing the test results (i.e.: virgin
compressibility and elastic parameters against suction and stress changes). However, there are other
alternatives: finding an expression for the yield locus by assuming a particular expression for the internal
dissipation of energy (it was the case of the original Cam clay model) or by proposing directly an
educated mathematical expression for the yield locus (modified Cam clay and many other constitutive
models). This second alternative is followed here because it leads to a simpler result that concentrates
on collapse behaviour.

Consider the model illustrated in Figure 3. The soil response to three loading paths at constant suction
(Figure 3a) is given in Figure 3b. Increasing the suction (s2>s+>0) leads to an increase in yield stress
(Yo>Y1>Y2). Figure 3c shows the yielding points (Yo, Y1, Y2) represented in an (s, p) plane. They define
the LC yielding curve. Figure 4 shows the reason for this notation. Consider a point 1 at the yield curve
LC+ for a suction s and a confining stress p1. An increase of p from 1 to 2 at constant suction 5 displaces
LC+ towards LCz. This path deforms the soil along the virgin compression line for suction 5 (coefficient
of compressibility A(5), Figure 4b). Alternatively, a wetting path from 1 to 3 at constant stress p1 drags
the yield curve to the same new position. In both cases the compression change in void ratio is the
same. Therefore, the yield curve LC explains the plastic collapse induced by loading and wetting paths
or any combination of increasing stress and suction reduction.
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Figure 3. a) Mean net stress loading paths at constant suction; b) Compression curves; c) Loading-
Collapse yield curve
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Figure 4. a) Loading and wetting paths; b) Compression curves for constant suction and saturated
conditions and expected soil deformations for paths 1-2 and 1-3

The shape of LC is properly defined by test results. Experiments show that yield stress seems to reach
an asymptotic behaviour for increasing suction. The following two-parameters (a,a) exponential
equation for yielding states:

po(s) = ps[1 + a(1 — exp(=as))] (6)
satisfies the asymptotic behaviour (p,(s = ) = pj[1 + a]).

Equation (6) only requires three parameters (pg, a, @), against the six parameters of the BBM (Alonso et
al, 1990). This simplification has a price: elastic behaviour against p and s changes is disregarded. But
the purpose here is to determine loading and collapse plastic strains.

The position of the LC locus in a (p, s) plane is conveniently given by the preconsoldation stress for
saturated condition (pg). A logarithmic hardening rule is proposed for this simple LC model in terms of
the plastic volumetric strains (as proposed in BBM):

et = A0 )

vol ™ q4e p

The implicit assumption of the model is that in loading and wetting paths, the stress state (p, s) remains
always at the LC yield curve. In addition, elastic strains are neglected. This is a reasonable hypothesis
in a case of wetting paths of a low plasticity sandy clay insufficiently compacted (no swelling strains are
expected; see soil description in Section 6).

The plastic volumetric strain increment for any loading and wetting path, from a plastic state in a yield
LCis:
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And, in view of Eq. (6),

Ocyor _ MO 1 995 _ 20)1

ap  1+e po Op T 1tep (9)
65501 _ A(O)i% _ _A(O) aa exp(—as) (10)
as 1+e p§ ds 1+e [1+a(1-exp(—as))]

These expressions allow the calculation of the rate of volume change (second term) in Eq. (8). Note that
p is directly expressed in terms of the weight of the soil column above a given point.

4 Additional constitutive relations

The first term of Eq. (5) is related to the water retention characteristics of the soil. A common choice is
a Van Genuchten (1988) expression in terms of two parameters: s, (related to the air entry value) and
B, that describes the shape of the degree of saturation above the air entry value:

SA

1 1-B
ST = S‘rmax + S‘I"max (Srmax - Srmln) 1 + (i)l_ﬁ:| (11)

This equation is defined between two saturation limits (S, @nd Symin)- Expression (11) is needed to
calculate the first term in Eq. (5)

as, _ Sy 0s
o =M% ot (12)

that may be expressed in terms of suction through Eq. (11).

The third term in the water balance Eq. (5) refers to the water flow (Darcy). For a vertical flow, Darcy’s
law in an unsaturated material is expressed in terms of suction head, and elevation head (z).

k 0s 0z k 0s

1= 0 Ko =0k a®
and

; _ 94z _ (103s 9k , Kk a%s
le(q) ez (yw 0z )Bz Yw 022 (14)

A power law relates the unsaturated permeability with the saturated permeability and the degree of
saturation:

k = kgikia = keat(S-)™ where m is a number, often selected as m = 3. (15)

5 Governing equation of the coupled flow-deformation problem

Collecting the previous results, the balance equation for fluid flow becomes a second order parabolic
differential equation for the space distribution and evolution in time of suction along the calculation soil
column:

Sy 66,,01) ds ey dp . k 9%s ( 1 ds ) dk 3Sy ds
n—-—= ——3S5 —+—— = 16
( o (16)

s T as Jar T ap ot ywazz | \ywoz

The term ';—’t’ requires an additional elaboration. The natural specific weight of the embankment soil can
be calculated as follows:
Ynat = (1 — n)ys + 1Sy 17)

Let us assume oedometric conditions for the central soil column in Figure 2. Then, the mean stress at a
depth z below the surface of the embankment becomes (p = (o,4+203,)/3).
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p = Ji 3 (1 + 2K)[(1 — n)ys + 18,7,z dz (18)
And therefore,

F 1 asy

=21+ 2K)n fozn?z dz (19)

The nonlinear character of Eq. (16) prevents, in general, to find an analytical solution for s(z,t). But it
may be integrated by a finite difference approximation. It was solved by a forward Euler method for time

derivatives and a central difference approximation for spatial derivatives. The term Z—Z was approximated

by a backward scheme. Some results are given in the next section for the development in time of the
initial embankment collapse. The question of the remaining potential collapse in case of additional
(heavy) rains will also be answered.

6 Application to a field case

6.1 Geotechnical information of the compacted embankment

The natural soil in the vicinity of the road, selected to build the embankment, was a residual soil from
granite. It classifies as low plasticity sandy clay (w.=31%-46%; P1:7%-25%). Figure 5 shows compaction
data in a Proctor Plane. Standard Proctor was the reference for embankment compaction. Most of the
measured water content lie on the dry side of the optimum. Very often, S: values are lower than 0.6.
This is an indication of a substantial collapse potential. Average in situ porosity was around 0.35. The
heavy rain period led to the embankment collapse. Samples were tested to check the collapse potential
left in the embankment after the wetting episode. The degree of saturation was measured in a few
samples taken at varying depths below the axis and shoulders of the embankment platform. Figure 6
shows the results. In a majority of cases S: had increased form compaction conditions (S, = 0.6) to Sr
values around S, = 0.8 .

Oedometer tests were performed to determine collapse strains, at full saturation, under vertical stresses
reproducing the in situ vertical total stress. Figure 7 shows one result for a sample recovered at a depth
of 3.5 m (equivalent to a vertical stress of 0.07 MPa for a unit weight of 20 kN/m3). The sample was
loaded (0-0.07 MPa), saturated (a collapse of 4% is measured), loaded further to a vertical stress of 0.8
MPa and unloaded. The test shows a virgin saturated comparison coefficient of C, = 0.054
(1 = C./In10=0.024). Note that the collapse model developed has a constant compressibility parameter,
A(0), irrespective of suction. Similar tests, in samples from different depths, exhibited (remaining)
collapse strains at full saturation in the range of 0.5-2%.
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Figure 6. Degree of saturation in the embankment after

Figure 5. Compaction data the rain
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A water retention curve was measured, in a wetting path, in a sample having an initial suction of 0.4
MPa. This suction was reduced in steps, in an oedometer cell under the estimated in situ vertical stress.
Figure 8 shows the results. A Van Genuchten model with parameters S,,.0x = 1; Symin = 0.5; 8 = 0.09;
5,=0.5 MPa fits well the experiments. Note that the estimated average field initial suction for S, = 0.6 is
s = 8 MPa.

6.2 Modelling embankment settlement

The preceding description of compacted soil properties is not complete. The parameters a and « of the
LC yield locus were not determined by means of laboratory tests. However, the measured embankment
settlement under a prolonged and heavy rainfall for an 8 m high embankment provides a useful
information that may be used to derive the constitutive parameters by an inference procedure. Figure 9
shows three LC yield curves for increasing confining stress. Point A corresponds to a P value expected
at a depth of 5 m (for y,,.; = 20 kN/m3 and K, = 0.5) and a suction of 8 MPa estimated previously for
S, = 0.6. Two additional LC curves correspond to depths of 2 m and 7 m. The figure is plotted for an
estimation of LC parameters: a = 20 and « = 0.5 MPa™. This is all that was needed to calculate
volumetric strains due to an increase in soil weight (due to the increase in water content) and a reduction
in suction that dominates the collapse deformation.
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Figure 9. LC curves for different hardening parameters
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In fact, these deformations, (loading path 1-2 and wetting path 1-3 in Figure 6) can easily found:
Path 1-2: Integrating Equation (8) at constant suction:

p_ (P20 o (2A(0) dps _ AQ@),  (Po,) _ A(0) (”_2)
Aeb | = fpl " dp = [T o = e In (Pr*)l) =—_In o (20)

Path 1-3: Integrating Equation (8) at constant stress:

f53 38501 _ s34(0) 1 dpg _ A0) s3 aa exp(—as) _ A0 [1+a—aexp(—ﬁsl)

P _
Agvol -

sl 8s s1 1+e p§ 9s T 1+e st [1+a(1-exp(-as))] . 1+e

(21

These expressions allow the calculation of embankment settlements in a one-dimensional column
discretised in length elements and the calculation time discretised in time increments.

1+a—aexp(—Bs3)

The solution of the parabolic differential equation, Eq. (16), by finite differences, provides the evolution
in time, t, and position, z of suction s and, independently, the total stresses, p (because of changes in
soil specific weight).

6.2.1 First wetting

The boundary conditions for the rainfall induced wetting of the embankment column were simulated by
setting the suction to 0 on the upper and lower surfaces. The condition at the lower elevation of the
embankment was suggested by the observed position of a shallow water table.

Starting at a uniform suction of 8 MPa, Figure 10 shows the calculated suction isochrones. After one
day, the value of suction of the entire soil column is close to a small fraction of 1MPa. This is the result
for a relatively low saturated permeability of the soil (K = 10~”m/s). However, the suction gradients for
the rather dry initial state of the soil were very high. Figure 11 shows the calculated evolution of crest
settlement of the embankment for a time period of 3 days. The calculated top settlements (30-40 cm)
for an 8 m high embankment were close to field observations.

6.2.2 Additional collapse settlements

Only in case of an additional reduction of suction below the minimum value of the suction remaining
after the initial wetting, there is a risk of further settlement. This is easily explained by the LC plastic
model (Figure 5). Therefore, the calculation to answer the question was to maintain the infiltration for
time in excess of 3 days. The settlement prediction for an addition time period of 3 days indicates that
one to three additional days of water infiltration results in additional settlements of 1-2 cm.
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Figure 10. Calculated isochrones of Figure 11. Calculated settlements due to saturation of the
suction two column boundaries
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7 Conclusions

The analysis described in this paper and its application to a real case, lies between two extreme
approaches. The first one would be a simple “oedometric” type of calculation of the settlement of a
column of collapsible soil when it becomes saturated. A few collapse tests at full saturation, for samples
recovered at different depths, before the heavy rainfall, would provide collapse strains that could be
integrated to yield a total collapse settlement. However, the road authorities were interested in the
remaining collapse potential. This question would require some additional information, such as a flow
calculation for a rigid soil, to keep it simple, and some procedure to relate suction changes and strains,
in other words, an existing “constitutive” model whose parameters need to be identified. This simple
approach becomes rapidly unfeasible. The other extreme is to resort to a Finite Element program
capable of handling coupled flow-deformation problems for unsaturated soils.

This paper provides an intermediate but powerful approach that isolates the fundamental physical
aspects of the problem and achieves a conceptual representation that disregards secondary
sophistication. Such an approach may provide correct answers to the questions asked.

In our case the challenge was to build a coupled flow-deformation model for unsaturated soils prone to
collapse that is respectful with the key aspects of the problem and could be solved by a limited
calculation effort. In addition, the steps described help to follow more complex cases, essentially
associated with 2D and 3D spatial formulations. A detailed explanation of how the different “pieces” of
the soil behaviour fit into a prediction framework enhances the need to understand theories and available
computational procedures. This understanding is a necessary characteristic of engineering education.

The paper also shows how to formulate a simplified but powerful plastic model to describe consistently
collapse phenomena. It may be considered as a “mini BBM” model. Its formulation in terms of two
independent constitutive stresses (total stress and suction) helps to interpret laboratory tests and to deal
with boundary value problems. Suction provides the link between flow and mechanical behaviour.

The analysis performed of a real case has the advantage of relating the formal mathematical formulation
with field observation. It also adds some geotechnical lessons: compaction on the dry side leads to a
risk of collapse, collapse strains are essentially irreversible (unlike swelling strains) and capillary rise
from shallow water should be accounted for in rainfall-induced wetting.
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