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ABSTRACT: Backward erosion piping (BEP) is a type of internal erosion that describes the process by which shallow erosion
channels progress upstream through sandy foundations beneath dams and levees. A substantial portion of historical dam and levee
failures have been attributed to backwards erosion piping. Unfortunately, a rigorous predictive method for assessing BEP has
remained elusive to the profession. One primary reason for this has been the ambiguous definition of critical hydraulic gradient.
Most approaches to date have been based on the average critical gradient which is greatly influenced by the scale, geometry, and soil
properties of the scenario at hand. To alleviate these issues, the concept of the critical secant gradient function (CSGF) has been
developed. The CSGF is a spatial function of the average hydraulic gradient over various distances in front of the advancing pipe
tip. The CSGF provides a means of defining a local progression criterion for BEP in numerical models. Results demonstrate that the
use of the CSGF yields common predictions of upstream failure heads for differing element sizes.

RESUME : La tuyauterie d'érosion vers l'arri¢re (BEP) est un type d'érosion interne qui décrit le processus par lequel les canaux d'érosion
peu profonds progressent en amont a travers des fondations sablonneuses sous les barrages et les digues. Une partie importante des
ruptures historiques de barrages et de digues ont été attribuées a des canalisations d'érosion en arriére. Malheureusement, une méthode
prédictive rigoureuse pour évaluer le BEP est restée insaisissable pour la profession. L'une des principales raisons en est la définition
ambigué du gradient hydraulique critique. La plupart des approches a ce jour ont été basées sur le gradient critique moyen qui est
fortement influencé par I'échelle, la géométrie et les propriétés du sol du scénario considéré. Pour pallier ces problémes, le concept de la
fonction de gradient sécant critique (CSGF) a été développé. Le CSGF est une fonction spatiale du gradient hydraulique moyen sur
diverses distances devant la pointe de la conduite qui avance. Le CSGF permet de définir un critére de progression locale du BEP dans
les modéles numériques. Les résultats démontrent que I'utilisation du CSGF donne des prédictions communes des hauteurs de rupture
en amont pour différentes tailles d'éléments.
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1 INTRODUCTION ambiguous definition of the critical hydraulic gradient that has

] o ) ) ) been used for predicting BEP. As shown in Figure 1b, the head
Backward erosion piping (BEP) is a type of internal erosion by

which shallow erosion channels progress upstream through
foundation sands as illustrated in Figure 1a. If the erosion pipe h 4
reaches the upstream source, the pipe will rapidly enlarge leading
to collapse of the structure. A significant portion of historical
dam failures have been caused by BEP (Foster et al., 2000; Lane, B

1935; Richards & Reddy, 2007) and BEP is also a significant Pipe Tip Sand Foundation
concern for dikes and levees ( van Beek et al., 2013).

The process of BEP has been known to the profession since
the days of the British engineers Clibborn (1902) and Bligh
(1910). BEP was the cause of many weir failures constructed
across rivers in India in the late 19" century for irrigation
purposes. Since that time, Terzaghi determined how to prevent
piping through weighted filters (1922), and the profession has (H = Huip)
perfected the concept of filter design for designing against BEP
(FEMA, 2011; Sherard & Dunnigan, 1989; Sherard et al., 1984) Distance from Pipe Tip
as illustrated by the fact that no embankments with modern filter w
designs have failed to date (Fry, 2016). e B,

While the profession is capable of designing against BEP with b.
filters, there are many existing embankments that do not contain
modern filters. For these structures, it is necessary to predict the

River Embankment Sand Boil

= 2N

Figure 1. Illustration of (a) backward erosion piping beneath a clay

probability of BEP failurF to ?S.SGSSAHOOd risk asso.ciated with the embankment, and (b) the local head profile in front of an advancing pipe
structures as part of prioritizing infrastructure improvements. tip.

Unfortunately, a rigorous predictive method for BEP has . . . L .

remained elusive to the profession. This is largely due to the profile in the vicinity of the pipe tip is non-linear due to the

concentration of flow towards the pipe. This observation is

555



intuitive and has been recognized by many others (e.g., Terzaghi
& Peck, 1948). It is also widely accepted that the high values of
the local hydraulic gradient near the pipe tip drive the pipe
progression (Hanses, 1985; Schmertmann, 2000; van Beek,
2015). However, the prediction of pipe progression has generally
been attempted using average hydraulic gradients over much
larger distances, ranging from a few meters to full scale upstream
to downstream seepage path lengths (Schmertmann, 2000;
Sellmeijer et al., 2011; Weijers & Sellmeijer, 1993). Because the
relationship between the local hydraulic gradient and hydraulic
gradients over larger distances is influenced by the problem
geometry, soil properties, and boundary conditions, it has been
difficult to reliably use these approaches in practice.

More recently, there has been significant work conducted
regarding numerical modeling of BEP progression based on the
local hydraulic conditions near the pipe tip (e.g., Bersan et al.,
2013; Fascetti & Oskay, 2019; Robbins, 2016; Rotunno et al.,
2019; Sellmeijer, 2006; Van Esch et al., 2013). However, very
little attention has been given to the definition of the constitutive
models and corresponding laboratory measurements of model
parameters. As a result, inconsistent definitions of progression
criteria have made direct comparison of modelling approaches
and results difficult. For this reason, the authors have defined the
concept of the critical secant gradient function (CSGF) to provide
a consistent criterion for BEP progression in numerical models.

2 THE CRITICAL SECANT GRADIENT FUNCTION

The head profile in front of the pipe tip is illustrated in Figure 2
along with the secant hydraulic gradient at 3 points. The secant
hydraulic gradient is the average hydraulic gradient from the pipe
tip to a point a given distance away. The secant hydraulic
gradient, or average hydraulic gradient, over some distance was
chosen as the progression criterion as opposed to the tangent
gradient at a point as the average hydraulic gradient also
represents the average seepage force per unit volume applied to
the soil. This average seepage force is what loads the sand grains
in front of the pipe tip leading to further erosion.

For the case of critical conditions leading to pipe progression,
the secant hydraulic gradient is referred to as the critical secant
gradient (i.s). The term “secant” is used to ensure it is clearly
understood that the value is an average gradient over some
distance. The corresponding values of i.s for the points shown
in Figure 2 are plotted in Figure 3 as a function of distance from
the pipe tip. The critical secant gradient function (CSGF) is the
function that yields the value of i s for every distance in front
of the pipe tip as shown in Figure 3.

(H - Hti‘p)

v

Distance from Pipe Tip

Figure 2. Illustration of the secant hydraulic gradient at three different
distances in front of the pipe tip.
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Distance from Pipe Tip
Figure 3. Illustration of the critical secant gradient function (CSGF).

The CSGF represents the local hydraulic conditions near the
pipe tip that cause pipe progression. Ideally, the value of i
would be selected over the distance appropriate for the grain
group size driving erosion progression. However, the dimensions
of this controlling group size are not currently known and are
anticipated to vary between soil types. Until the process is better
understood, the CSGF embodies a snapshot of the critical
hydraulic conditions causing progression and can be used to
adjust i s to the length scale being used for assessing BEP in a
given numerical model. The following sections will demonstrate
the measurement and use of the CSGF for predicting BEP.

3 LABORATORY MEASUREMENT OF THE CSGF

The laboratory equipment described in detail in Robbins et al.
(2018) was modified to measure the CSGF with a spatial
resolution of 2 cm. A brief description of the equipment, sand
properties, and test procedures is provided in the sections that
follow; the interested reader is referred to the original paper for
further details.

3.1 Equipment

The laboratory test equipment consists of a 156 mm diameter
acrylic cylinder with pore pressure transducers along the top and
bottom of the device (Figure 4). A porous plate at the upstream
end of the cylinder diffuses flow to the sample, and the
downstream outlet is open to a constant tailwater. The upstream
inlet to the cylinder is connected to a constant head tank that can
be raised and lowered to adjust the differential head across the
sample.

The pore pressure transducers (PPT) are spaced at 0.02 m over
the central 50 cm of the sample. The distance from the first
pressure transducer to the last pressure transducer is 1 m such
that BEP progression can be assessed over a sample 1 m in
length. In addition to the pore pressure transducers, the
equipment consists of a bucket hanging from a loadcell for
measuring flow rate and a stringpot for precisely tracking the
erosion pipe position.

1.527 -
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[all dimensions in meters]

Figure 4. Schematic of the laboratory device used to measure the critical
secant gradient function.



3.2 Sand Properties

The initial series of tests with the modified device was conducted
on a sand referred to as 40/70 sand. The grain size (d1g, d3g,
ds), coefficient of uniformity (C,,), coefficient of curvature (C,),
maximum void ratio (e,,4,), minimum void ratio (e,,;,), and
specific gravity (Gg) of the sand are provided in Table 1.

Table 1. Properties of 40/70 sand.

dyo (mm) 0.227
d;o (mm) 0.268
ds, (mm) 0.300
Cy 1.42
C. 0.98
€min 0.56
€max 0.80
G 2.65

3.3 Test Procedure

The test apparatus was first rotated to a vertical position and
filled completely with de-aired water. The sand was then water
pluviated into the cylinder. The excess water was drained out of
the top of the cylinder while the sand was being rained into the
apparatus. Once the sand was placed, the apparatus was vibrated
until the sand achieved the desired density. The device was then
gradually rotated to the horizontal position, and the downstream
edge of the sample slid to the natural angle of repose creating the
exit slope.

The headwater tank and tailwater were then set to the same
level, and all PPTs were zeroed. The upstream head tank was
raised to a nominal differential head to initiate the test. The first
initial head applied was typically selected to achieve an average
hydraulic gradient across the sample of 0.05. This value achieved
sufficient flow to test the system, but was low enough to ensure
erosion would not initiate.

The upstream head was then gradually raised in increments.
At each increment, the upstream head was held steady for a few
minutes to ensure all particles were in equilibrium. At some
point, piping would initiate and begin progressing through the
sample. When piping initiated, the upstream head was rapidly
decreased to stop the pipe progression near the downstream end
of the dense sensor array. Once equilibrium was achieved, the
upstream head was then gradually increased in increments until
piping progressed again. The last equilibrium state before pipe
progression was taken as the critical condition for pipe
progression.

3.4 CSGF Measurements

The PPT measurements from the last equilibrium state before
pipe progression provided the critical head profile upstream of
the pipe tip and corresponding critical gradient secant function.
The results of a single test, Test 18C, are reported in this paper.
The measured CSGF from this test is provided in Figure 5. This
test sample had a void ratio of 0.60, a sample length (measured
from the upstream porous plate) of 1.16 m, and an exit slope
angle of 32.5 degrees. The hydraulic conductivity of the sample
was 0.06 cm/s. As shown in Figure 5, the value of i.; varies
from a value of 0.58 at a distance of 2 cm to a value of 0.3 at a
distance of 20 cm. It is readily seen that the variation in i.g is
substantial near the pipe tip. Ensuring the appropriate value of
ics 1s used in numerical models for the length scale being
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assessed is essential to achieving comparable solutions. This will
be illustrated further in the section that follows.
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Figure 5. Resulting CSGF measured from one laboratory test (Test 18C).

4 FINITE ELEMENT MODELING OF BEP

A two-dimensional, adaptive finite element (FE) model was used
to simulate pipe progression through a homogenous domain 265
m in length and 100 m in width (Figure 6). An adaptive meshing
approach is required to efficiently assess the pipe progression at
the length scales associated with the CSGF in a realistically sized
problem domain. Complete details regarding the model are
provided in Robbins and Griffiths (2021). A brief description of
the model assumptions and approach are provided in the
following section before discussing the results.

4.1 Model Description

The model used to simulate the pipe progression is a steady-state
groundwater flow model that assesses the pipe progression in a
piece-wise, steady-state manner. The model domain consists of
standard soil elements with fixed hydraulic conductivity and pipe
elements that have variable hydraulic conductivity depending on
the “virtual” pipe depth within the element. The pipe depth has
no physical dimension to it, but is rather an element property
stored in the pipe elements to track the changes in hydraulic
conductivity caused by erosion.
The modeling sequence consists of the following steps:

1. The erosion pipe is initiated by switching a single
element to a pipe element. The depth of the erosion
channel is initially set to a value of 1 x dsq.

The hydraulic conductivity of the pipe element is
computed assuming a parallel plate or fracture flow
model (Sellmeijer 2006, van Esch et al. 2013, Bersan
et al. 2013).

The computed hydraulic conductivity of the pipe
element(s) are assembled into the standard
groundwater equations and solved for the nodal heads.
The depth of the erosion pipe is checked to see if flow
through an aperture of that dimension produces
boundary shear stresses in excess of the critical shear
stress (7.) for incipient motion of the sand. If the
critical shear stress is too high in any elements, the pipe
depth for those elements is increased by dsq/2. Steps
2 to 4 are then repeated until the proper depth of the
erosion pipe is determined for all pipe elements.
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Figure 6. Two-dimensional, adaptive finite element simulation of a progressing BEP pipe and resulting flow net for example problem.
5. Once the depth of the erosion pipe and associated 4.3  Model Results
hydraulic conductivity has been determined in all pipe . .
elements, the hydraulic gradient in the vicinity of the FE analyses were fun for the 3 dlffer'ent clement sizes apfi 9
pipe is compared to the value of i to determine if different values of. i.s. For each analysm, the valqe of'the critical
the pipe will progress further. If the hydraulic gradient head (H” ) at which unpontrolled PIPE Progression occurs was
exceeds i in soil elements adjacent to the pipe determined. The resulting values of H. obtained for each
[} k] . . . .
those elements are switched to pipe elements and the analysis are 111.ustratec} in Figure 7. . .
process is repeated until i is not exceeded in any As shown, increasing the element size for a fixed value of i
clements cs leads to increased values of H,,. This is due to the fact that the
6. Once i ’ is no longer exceeded anywhere, the pipe degree of flow concentration towards the pipe decreases with
. cs X . . . . .
progression comes to equilibrium and further increases increasing element size. Additionally, as one might expect, any
in the upstream head are needed to cause failure. The increase in the value of i.; leads to an increased value of H,,.
upstream boundary condition is incremented to cause
further pipe progression, and steps 1-6 are repeated 30
until the pipe progresses through the domain. The I
differential head across the model domain at failure is 25 >
called the critical head (H,,). .
Analyses were conducted for the sample problem illustrated 20 Eltze=030m i
. . . . ~~ i 2
in Figure 6. The domain shown represents a plan view of a sand g + 0.16n%
layer beneath a levee and clay cover layer. The entire domain is 515 ok ™
assumed to have homogenous properties. The initial element size = o ¢ & "
of the mesh was 5 m. Analyses were conducted for target pipe LS e 0.08m
element sizes of 0.08, 0.16, and 0.32 m. Additionally, values of 10 e T
ics 0f 0.2 to 1.0 were assumed to demonstrate the influence of o e
ics on model results for different element sizes. 5
4.2 Material Properties 0
The simulations were conducted assuming the properties of a fine 0 0.2 0.4 0.6 0.8 1
sand. The values of the hydraulic conductivity (k), median grain i

size (dsp), and critical shear stress for incipient motion (7.)
assumed for the FE analyses are provided in Table 2.

Table 2. Properties assumed in FE analyses.

k (m/s) 1x10%
dso (mm) 0.22
7. (Pa) 0.25
Pipe width/depth ratio 50
Pipe flow regime Laminar
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Figure 7. Resulting critical heads for different secant gradient values and
element sizes.

5 DISCUSSION

The utility of the CSGF is readily observed by comparing the
measured CSGF for the 40/70 sand to the FE results. The FE
analyses were conducted for a fine sand with properties quite like
the 40/70 sand. As such, it is reasonable to assume the measured
CSGF for the 40/70 sand is applicable to the FE analyses.
Considering the measured CSGF shown in Figure 5, we see that
the value of i.; is approximately 0.45, 0.3, and potentially 0.18



(extrapolating) for the respective distances of 0.08, 0.16 and 0.32
m associated with the element sizes used in the FE analyses.
Using these values to determine the associated critical head from
Figure 7, it is readily seen that the appropriate i.s values for
each element size would all yield similar values of H., around
10 m.

From this brief demonstration of the measurement and use of
the CSGF, it is readily seen how the critical gradient for pipe
progression is dependent upon the length over which it is
assessed. By measuring the CSGF in the laboratory to determine
the relationship between distance and i, a coherent, consistent
criterion for pipe progression can be established that enables
comparison of analyses at differing length scales.

6 CONCLUSIONS

Backward erosion piping is a type of internal erosion that has
caused many dam and levee failures. Unfortunately, the
profession has not been able to develop robust, reliable predictive
models for simulating BEP. One reason for this has been the
ambiguous definition of critical gradient used for assessing
progression.

This study aims to resolve this issue by introducing the critical
secant gradient function (CSGF). The CSGF defines the value of
the local, secant, hydraulic gradient over various distances in
front of the pipe tip at the onset of erosion. Means for measuring
the CSGF were first illustrated through presentation of laboratory
testing results. Subsequently, the application of the CSGF in FE
models of BEP progression was demonstrated. Results indicate
that the CSGF provides a coherent, consistent criterion for pipe
progression that enables comparable results to be obtained from
FE models conducted with progression assessed at differing
length scales. Future work will be conducted to further explore
both the measurement and application of the CSGF for the
purpose of assessing BEP risks at existing dam and levee sites.

7 ACKNOWLEDGEMENTS

The authors would like to acknowledge Samantha Lucker of the
U.S. Army Engineering Research and Development Center for
conducting the laboratory experiment. Additionally, the author’s
would like to acknowledge Vera Van Beek and Esther
Rosenbrand, both of Deltares in the Netherlands, for the many
collaborative discussions and working sessions on this topic.

8 REFERENCES

Bersan, S., Jommi, C., & Simonini, P. (2013). Applicability of the
Fracture Flow Interface to the Analysis of Piping in Granular
Material. In COMSOL Conference (pp. 1-8). Rotterdam,
Netherlands.

Bligh, W. G. (1910). Dams, barrages and weirs on porous foundations.
Engineering Record, 64(26), 708-710.

Clibborn, J. (1902). Experiments on the passage of water through sand.
Govt. of India, Central Printing Office.

Fascetti, A., & Oskay, C. (2019). Dual random lattice modeling of
backward erosion piping. Computers and Geotechnics, 105(May
2018), 265-276. https://doi.org/10.1016/j.compge0.2018.08.018

FEMA. (2011). Filters for Embankment Dams. October, (October).

Foster, M., Fell, R., & Spannagle, M. (2000). The statistics of
embankment dam failures and accidents. Canadian Geotechnical
Journal, 37(10), 1000-1024. Retrieved from
http://www.nrcresearchpress.com/doi/abs/10.1139/t00-030

Fry, J. J. (2016). Lessons on internal erosion in embankment dams from
failures and physical models. Scour and Erosion, 39-58.
https://doi.org/10.1201/9781315375045-6

Hanses, U. (1985). The mechanics of the development of erosion pipes in
a layered substratum beneath dams. Technischen Universitat Berlin.

Lane, E. W. (1935). Security from Under-Seepage Masonry Dams on
Earth Foundations. Transactions of ASCE, 100(1), 1235-1272.

559

Richards, K. S., & Reddy, K. R. (2007). Critical appraisal of piping
phenomena in earth dams. Bulletin of Engineering Geology and the
Environment, 66(4), 381-402. https://doi.org/10.1007/s10064-007-
0095-0

Robbins, B.A., & Griffiths, D. V. (2021). A two-dimensional, adaptive
finite element approach for simulation of backward erosion piping.
Computers and Geotechnics, 129, 103820.
https://doi.org/10.1016/j.compgeo.2020.103820

Robbins, B.A., van Beek, V. M., Lopez-Soto, J., Montalvo-Bartolomei,
A. M., & Murphy, J. (2018). A novel laboratory test for backward
erosion piping. International Journal of Physical Modelling in
Geotechnics, 18(5), 266-279.

Robbins, B. A. (2016). Numerical modeling of backward erosion piping.
Proceedings of the 4th Itasca Symposium on Applied Numerical
Modeling, (Itasca), 551-558.

Rotunno, A. F., Callari, C., & Froiio, F. (2019). A finite element method
for localized erosion in porous media with applications to backward
piping in levees. International Journal for Numerical and Analytical
Methods in Geomechanics, 43(1), 293-316.
https://doi.org/10.1002/nag.2864

Schmertmann, J. H. (2000). The No-Filter Factor of Safety Against
Piping Through Sands. In F. Silva & E. J. Kavazanijian (Eds.),
Judgement and Innovation (pp. 65—133). American Society of Civil
Engineers.

Sellmeijer, H., Lopez, J., Cruz, D., van Beek, V. M., Knoeff, H., Beek
van, V. M. (2011). Fine-tuning of the backward erosion piping model
through small-scale , medium-scale and IJkdijk experiments.
European Journal of Environmental and Civil Engineering, 15(8),
1139-1154. https://doi.org/10.3166/EJECE.15.1139-1154

Sellmeijer, J. B. (2006). Numerical computation of seepage erosion
below dams ( piping ). International Conference on Scour and
Erosion.

Sherard, J.L. ., & Dunnigan, L. P. (1989). Critical Filters for Impervious
Soils. Journal of Geotechnical Engineering, 115(7), 927-947.

Sherard, J.L., Dunnigan, L. P., & Talbot, J. R. (1984). Filters for Silts and
Clays. Journal of Geotechnical Engineering, 110(6), 701-718.

Terzaghi, K. (1922). Der Grundbruch an Stauwerken und seine
Verhiitung. Die Wasserkraft, 17(24), 445—449.

Terzaghi, K., & Peck, R. B. (1948). Soil Mechanics in Engineering
Practice. New York, NY: John.

van Beek, VM., Yao, Q. L., & Van, M. A. (2013). Backward Erosion
Piping Model Verification Using Cases in China and the Netherlands.
In Seventh International Conference on Case Histories in
Geotechnical Engineering (pp. 1-7). Chicago, IL.

van Beek, V.M. (2015). Backward Erosion Piping: Initiation and
Progression. Technische Universiteit Delft.
https://doi.org/10.1007/s13398-014-0173-7.2

Van Esch, J. M., Sellmeijer, J. B., & Stolle, D. (2013). Modeling transient
groundwater flow and piping under dikes and dams. In 3nd
International ~ Symposium on  Computational ~Geomechanics
(ComGeo III) (p. 9).

Weijers, J., & Sellmeijer, J. (1993). A new model to deal with the piping
mechanism. Filters in Geotechnical and Hydraulic Engineering,
349-355. Retrieved from
http://scholar.google.com/scholar?hl=en&btnG=Search&q=intitle:
A-+new-+model+to+deal+with+the+piping+mechanism#0



