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ABSTRACT: The basic features of the large post-liquefaction shear deformation of sand under undrained cyclic loading is discussed 

and clarified in this paper through evidence from undrained cyclic torsional laboratory and DEM (Discrete Element Method) 

numerical tests. Laboratory and numerical test results unanimously indicate that the accumulation of large post-liquefaction shear 

strain occurs at the liquefied state of zero effective stress. The strain accumulation is found to develop asymptotically towards a 

bounded value. Upon clarification of the basic phenomenon, discrete and continuous numerical modelling of soil liquefaction 

behavior is then presented to provide means to evaluate and calculate the post-liquefaction shear strain, fully capturing the 

aforementioned features of large post-liquefaction shear strain. 

 

1  INTRODUCTION 

Soil liquefaction induced large ground deformation has been a 
major contributor to seismic hazards over the past half century, 
and has undergone extensive study by geotechnical engineers in 
hope of revealing the reason and developing prediction 
capabilities for such deformation. 

One important aspect of liquefaction induced sand 
deformation is the accumulation of large shear strains after sand 
reaches “initial liquefaction” (Seed and Lee, 1966) has observed 
in numerous laboratory experiments (e.g. Arulmoli et al. 1992, 
Zhang et al. 1997), which has been termed as large post-
liquefaction shear deformation (Zhang and Wang 2012, Wang 
et al. 2014). However, this large post-liquefaction shear 
deformation has often been simply explained as a byproduct of 
stiffness degradation during undrained cyclic loading. 

The first objective of this paper is to clarify the basic 
features of the large post-liquefaction shear deformation 
phenomenon through evidence from laboratory and numerical 
tests. Discrete and continuous numerical modelling of this 
phenomenon is then presented to provide means to evaluate and 
calculate the post-liquefaction shear strain. 
 

2  LABORATORY TEST OBSERVATIONS 

Many undrained cyclic laboratory tests (triaxial, direct shear, 
simple shear, torsional shear) on sand have been conducted 
since liquefaction was first ovserved, but most stopped when 
sand reached initial liquefaction. Of the ones that continued 
loading after initial liquefaction, large shear strain, which is an 
order of magnitude larger than that before initial liquefaction, 
has always been observed to develop during each cycle. 
However, due to the difficulties in controlled loading when 
sand reach zero effective stress, confusion over the basic 
characteristics of large post-liquefaction deformation has 
existed for some time. 

For example, the undrained cyclic simple shear test results 
from Arulmoli et al. (1992) seem to suggest that the large shear 
deformation develops at nearly constant, low shear and mean 
effective stress, while cyclic triaxial test results from Hatanaka 
et al. (1997) suggest that the large shear deformation seems to 
be due to a gradual stiffness degradation during each load cycle. 

However, since the undrained cyclic torsional test results of 
Zhang (1997), along with the development of experimental 
technology, numerous laboratory tests, including torsional shear 
tests by Chiaro et al. (2013), simple shear tests by Wahyudi et 
al. (2015), triaxial tests by Toyota et al. (2016), have indicated 
that the large post-liquefaction shear deformation occurs at a 
liquefied state of zero effective stress (or small enough effective 

confining stress that can be reasonably considered as zero 
effective stress). Figure 1 plots the undrained cyclic torsional 
test results from Zhang (1997), clearly showing this basic 
feature of accumulating at the liquefied state of the post-
liquefaction shear strain. 
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Figure 1. Undrained cyclic torsional test results on Toyoura sand, (a) 
stress path, (b) stress strain curve. (Data from Zhang 1997) 

Zhang and Wang (2012) further pointed out that this 
accumulation of shear strain at the liquefied state is not infinite, 
but is rather bounded, with the increase rate of the shear strain 
diminishing with increasing load cycles. 

 
3  DISCRETE DEM MODELLING 

Aside from physical laboratory tests, recent development in 
discrete numerical simulation capabilities have also provided 
new means to conduct numerical tests to investigate the post-
liquefaction shear deformation of sand. 

Undrained cyclic loading on sand can be simulated using the 
discrete element method (DEM) (Cundall and Strack, 1979), 
through applying a constant volume boundary condition. 
Undrained cyclic biaxial numerical test on polydispersed 
circular particles is conducted to provide discrete modelling for 
the large post-liquefaction shear deformation of sand, following 
the methods described by Wang et al. (2016), using the PPDEM 
code (Fu et al. 2012). Figure 2 shows the typical results from a 
DEM numerical undrained cyclic biaxial test. These DEM 
modelling results again clearly exhibits the two features of post-
liquefaction shear deformation, i.e. generating at zero effective 
stress and accumulating asymptotically towards a bounded 
value, reproducing the results from laboratory tests and 
providing further vindication. 
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Figure 2. Typical DEM undrained cyclic biaxial numerical test stress 
and strain result. 

4  CONTINUOUS CONSTITUTIVE MODELLING 

Although there has been long-standing interest in the 
constitutive modelling of soil liquefaction in a continuous 
framework, without enough understanding of the basic features 
of post-liquefaction shear deformation, such efforts are often 
unable to accurately capture the relevant behavior of sand.  

Based on the analysis of laboratory test results Zhang and 
Wang (2012) proposed that the volumetric strain of sand can be 
decomposed into three parts: volumetric strain caused by 
change in mean effective stress, volumetric strain caused by 
irreversible dilatancy, and volumetric strain caused by 
reversible dilatancy. Irreversible dilatancy is always contractive 
and accumulates asymptotically during cyclic loading, while 
reversible dilatancy is dilative, and generates and vanishes 
during each cycle. At liquefied state, this volumetric strain 
decomposition, along with reversible and irreversible dilatancy 
is hypothesized to still hold true. 
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Figure 3. Numerical simulation results for undrained cyclic torsional 
tests using the unified plasticity model for large post-liquefaction shear 
deformation of sand, (a) stress path, (b) stress strain curve. 

Following this theory, a constitutive model that is able to 
capture the aforementioned two basic features of the post-
liquefaction shear deformation of sand can be developed. At 
liquefied state, the mean effective stress remains zero, keeping 
the volumetric strain caused by change in mean effective stress 
constant. The contractive volumetric strain caused by 
irreversible dilatancy initially dominates during shearing, until 
dilatant volumetric strain caused by reversible dilatancy 
develops significantly enough to cause sand to regain effective 
stress. Hence, the shear strain of sand at liquefied state can be 
calculated as: 

 
( )p p

v ir re qD D d      (1) 
 
Where p

v  is the plastic volumetric strain, consisting of the 
reversible and irreversible dilatancy components, 

re
D  and 

ir
D  are the reversible and irreversible dilatancy rates, and p

q
  

is the plastic deviatoric strain. The full formulation of the 
unified plasticity model for large post-liquefaction shear 
deformation of sand is described in detail in Wang et al. (2014). 

Figure 3 shows the typical simulation results for undrained 
cyclic torsional tests using this model. The accumulation of 
shear strain at zero effective stress is well captured. 

5  CONCLUSION 

The two basic features of the large post-liquefaction shear 
deformation phenomenon of sand under undrained cyclic 
loading is clarified in this paper, including (1) the accumulation 
of large post-liquefaction shear strain at the liquefied state of 
zero effective stress, and (2) the asymptotic accumulation of 
this shear strain towards a bounded value. Discrete and 
continuous numerical modelling of soil liquefaction behavior is 
presented, showing excellent agreement with laboratory test 
data. Further study should be carried out to utilize the 
micromechanical observations from DEM numerical tests in 
continuous constitutive modelling. 
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