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ABSTRACT 

The design of landfill bottom barrier systems on the basis of their performances requires the 
modelling of the pollutant transport processes, while taking into consideration both advective and 
dispersive-diffusive phenomena. This modelling can be developed in the context of an 
environmental and health risk assessment, which allows the specific vulnerability of the site to be 
taken into account. A calculation procedure, based on closed-form analytical solutions, which can 
be considered suitable for a second-level risk analysis type, according to the ASTM and USEPA 
classifications, is presented in this paper. This procedure, although based on a very simple and 
intuitive conceptual model, is able to provide useful indications for design choices, at least in the 
preliminary dimensioning phase of a project. 

Keywords: landfill, liner, aquifer, risk analysis, analytical solution 

1. INTRODUCTION 

Geotechnical engineers first began to 
dedicate their main efforts towards 
problems related to the protection of the 
environment from anthropological pollution 
in the 1970's. A remarkable impetus in the 
development of studies on the interaction 
between soils and polluting substances 
emerged from the need to manage the 
disposal of radioactive materials produced 
by nuclear stations with solutions that 
would be able to guarantee an adequate 
level of safety in the long term (Daniel, 
1993). Attention was soon extended to 
industrial waste landfills and to the 
pollution of the sub-soil by products from 
chemical and petrochemical industries. 

 The main problem in the environmental 
field that geotechnical engineers were 
called on to resolve was that of designing 
pollutant barrier systems. Initially, the 
materials that were used to make up these 
systems were in fact of a mineral type 
(drainage layers in sand and gravel, 
compacted clay liners, soil-bentonite and 
cement-bentonite cutoff walls), as it was 
believed that they were characterized by a 
suitable durability of their properties for 
long-term use. An important innovation 
that modified the approach to the design 
of these structures was the introduction of 
the so-called geosynthetic materials in the 
1980's. Mineral materials were integrated 
with polymeric materials, thus obtaining 
much higher performances with lower 
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realization costs (Koerner, 1986; Rowe, 
1998). 

 Although the basic expertise in the field 
of soil mechanics resulted to be very 
useful for dealing with many 
environmental applications, the 
geotechnical engineers that dedicated 
themselves to this issue had to explore 
new theoretical problems, such as the 
study of solute diffusion phenomena in 
soils, chemical osmosis in bentonites or 
the effect of vacuum application on the 
speed of volatile pollutant extraction from 
the subsoil (Manassero et al., 2009; 
Shackelford, 2014). 

 Apart from these fundamental novelties 
in the field of theoretical studies, it is also 
important to mention the development of 
specific design methodologies, whose 
distinctive features derive from the specific 
nature of the objective that has to be 
reached, of the materials that are used, of 
the boundary conditions and of the 
reference regulations. 

 Risk analysis is one example of these 
new methodologies, and an application is 
illustrated in this paper which has the aim 
of preliminarily determining the 
performances of landfill bottom barrier 
systems related to the vulnerability of 
aquifers located underneath controlled 
disposal sites. 

 

2. RISK ANALYSIS FOR LANDFILL 
DESIGN 

The necessity of determining the targets of 
remediation systems for polluted sites has 
led to the development of an analysis 
methodology for the assessment of the 
corrective actions to be conducted in order 
to protect human health and environment. 
Although this analysis methodology refers 
explicitly to the (probabilistic) risk concept, 
this procedure can also be developed 
through a deterministic approach, in a 
similar way to pseudo-probabilistic 
methods in other engineering applications 
(e.g. structural engineering). 

 The risk that affects human health and 
environment in geoenvironmental 

applications can be defined as the 
quantification of the toxicological damage 
produced on man or on the environment 
due to the effects of the presence of a 
polluting source, whose releases can 
reach, through different migration paths, a 
potentially exposed receptor. The 
evaluation of the environmental and health 
risk therefore postulates the quantitative 
definition of the source-path-target 
relational system (Di Molfetta and Sethi, 
2012). 

 Risk itself is defined as the product of 
the probability of a determined event 
taking place times the consequences 
caused by the event occurring, and it is 
generally quantified in terms of costs. As it 
is difficult to quantify the consequences, it 
is normal practice, in many engineering 
applications, to make do with the 
verification of the probability of the event 
being lower than an established threshold 
value. In many cases, the analysis is 
carried out according to a conservative 
deterministic approach, and it simply has 
the aim of verifying the respect of the 
threshold condition, the exceeding of 
which involves a risk that is conventionally 
considered unacceptable. 

 Within most of the regulations and 
related guidelines (e.g. ASTM, 1995, 
1998; USEPA, 1989, 1991a, 1996; 
APAT/ISPRA, 2008) risk analysis 
methodology is based on three levels of 
analysis (a 3-tiered approach): 

 the first level (Tier 1) consists of a 
comparison of the concentrations of the 
potential pollutants present in the site with 
the threshold values stated in the 
regulations in force. 

 the second level (Tier 2) is based on 
the adoption of simplified transport 
conceptual models, to which it is possible 
to associate mathematical models that can 
be resolved in a closed-form analytical 
manner. The simplicity of the analysis can 
be justified by the adoption of 
conservative boundary conditions and 
parameter values. It is important to note 
that the objective of these models is not to 
supply a detailed forecast of the 
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phenomena, but to ascertain the existence 
of a potential risk. 

 the third level (Tier 3) represents the 
most detailed part of the analysis, in which 
the most representative and therefore 
complex conceptual models of the 
physical reality are adopted. These 
conceptual models can generally be 
associated to mathematical models that 
cannot be resolved analytically, but can 
only be resolved numerically. The 
possibility to reach this level of analysis 
depends on the availability of chemical, 
physical and biological data of the 
investigated site, as well as of an accurate 
hydrogeological characterization. In this 
context, the aim of the analysis is to 
provide a forecast, whose reliability 
depends on the uncertainties in the 
experimental determination of the 
parameters. 

 The basic conceptual scheme of all the 
aforementioned levels of analysis is 
relatively simple and is founded on the 
identification of: 

1. a pollution source, which represents the 
source of the risk; 

2. the migration paths, that is, the 
mechanisms that can determine the 
movement of the pollutants from the 
source; 

3. an exposure point, which represents 
the target of the risk determined by the 
pollution. 

 A first risk assessment can be 
conducted by comparing the expected 
concentration values at the exposure point 
with the threshold values established in 
the regulations in force (maximum 
contaminant level, MCL). 

 Therefore, for a given substance, one 
has: 

PoEc MCL              (1) 

where: 

PoEc  = the concentration at the point of 

exposure (mol/m3 or kg/m3). 

 In the case of landfills, it is possible to 
assume, as a first step, that the exposure 
point is located within the aquifer below 

the landfill, just downstream the landfill 
footprint.  

 The verification required by the risk 
analysis procedure therefore involves 
evaluating whether the concentration of 
the leachate, c0, which is expected to be 
larger than the MCL, is reduced at the 
exposure point because of attenuation 
phenomena that occur in the migration 
process, until lower values than the MCL 
are reached. 

 Hereafter, reference will only be made 
to the criterion defined by equation (1) to 
establish the acceptability or non-
acceptability of the risk.  

2.1. Thin aquifer 

Adopting the risk analysis procedure, even 
in its simplest formulation referring to the 
second level of analysis (Tier 2), it is 
possible to obtain an indication of the 
efficiency of the landfill barrier system, by 
comparing, for example, the concentration 
at the exposure point with the MCL value 
under steady state conditions (Manassero 
et al., 2000; Olinic et al., 2002; Guyonnet 
et al., 2001). 

 In the case in which the aquifer 
thickness is small enough not to allow any 
significant concentration variation along 
the vertical section of the aquifer, but only 
along the longitudinal flow of groundwater 
below the landfill (the x direction), as 
shown in Figure 1, the water volumetric 
balance inside an element of infinitesimal 
volume within the aquifer is given by (see 
Figure 2): 

  h aqdq h q dx             (2) 

from which, through separation of the 
variables and integration 

  
h

h0

q x

h

aqq 0

q
dq dx

h
, 

we obtain 

 h h0

aq

x
q q q

h
.            (3) 

where: 

qh = groundwater horizontal volumetric 
flux in the aquifer below the landfill (m/s); 
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Figure 1. Sketch of a thin aquifer below a 
landfill with identification of a representative 
volume of length dx. 
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Figure 2. Water volume balance in an element 
of length dx of the aquifer. 

 

 

qh0 = groundwater horizontal volumetric 
flux in the aquifer upstream the landfill 
(m/s); 

q = vertical water volumetric flux coming 
from the landfill (m/s); 

haq = thickness of the aquifer (m). 

 The evaluation of the solute mass 
balance, again referring to the element of 
the aquifer of length dx, is obtained from 
(see Figure 3): 

 

 
 

ha

dx

h aq xq h c  



 

h aq x

h aq x

h x
h aq x aq

d(q h c )
q h c dx

dx

d(q c )
q h c h dx

dx

sJ dx  

 
Figure 3. Solute mass balance in an element 
of length dx of the aquifer. 

   aq h x s

d
h (q c ) dx J dx

dx
           (4) 

where Js is the vertical mass flux of the 
solute coming from the landfill. 

 From equation (4): 

 

  

x h
aq h aq x s

x
aq h x s

dc dq
h q h c J

dx dx

dc
h q q c J

dx

,           (5) 

since h

aq

dq q

dx h
 from equation (2). 

 The vertical solute mass flux under 
steady-state conditions can be obtained 
from the following equation (Manassero et 
al., 2000): 

 




L

L

P

0 x
s P

c e c
J q

e 1
            (6) 

where PL is the Peclet number of a 
multilayer barrier and cx is the solute 
concentration at the bottom of the multi-
layer barrier. 

 The Peclet number of the multilayer 
barrier can be expressed as follows 
(Manassero et al., 2000): 


L

q
P              (7) 

where: 

 = equivalent diffusivity of the multilayer 
system (m/s). 

 The  parameter is given by: 



 


N

i

i 1 i i hi

1

L

n S D

             (8) 

where: 

Li = thickness of the i-th layer (m); 

Si = saturation degree of the i-th layer (-); 

ni = porosity of the i-th layer (-); 

Dhi = hydrodynamic dispersion coefficient 
of the i-th layer (m2/s). 

 The Dhi coefficient is determined from 
the sum of two contributions, that is, the 
mechanical dispersion coefficient (Dmi) 

and the effective diffusion coefficient ( *

iD ): 

  *

hi mi iD D D              (9) 
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 The mechanical dispersion coefficient 
can be expressed as a function of the 
seepage velocity inside the multybarrier 

system, i

i

q
v

n
, in the following way: 

  mi i iD v                      (10) 

where: 

i = longitudinal dispersivity coefficient 
(m), which, in the absence of data 
obtained from laboratory or in situ tests, 
can be assumed equal to a tenth of the 
thickness of the barrier layer (i.e. 

  i i0.1 L ). 

 The effective diffusion coefficient can 
be expressed as a function of the free 
solution diffusion coefficient through the 
following relation: 

  *

i i 0D D            (11) 

where: 

i = tortuosity factor (-); 

D0 = free solution diffusion coefficient 
(m2/s). 

 When the seepage velocity tends to 
zero, as in the case of a low permeability 
mineral layer underlying a geomembrane, 

it is possible to assume  *

hi iD D  as a first 

approximation. 

 The volumetric flow, q, in the case of a 
multilayer mineral barrier, can be 
expressed in the following way: 

 
 p b

eq

h L h
q k

L
          (12) 

where: 

keq = the equivalent hydraulic conductivity 
of the multilayer system (m/s); 

hp = height of ponded leachate above the 
barrier (m); 

hb  height of water level at the bottom of 
the barrier (m); 

L = total thickness of the barrier (m). 

 The equivalent hydraulic conductivity 
can be calculated as the harmonic mean 
of the hydraulic conductivity of the 
individual layers: 






eq N

i

i 1 i

L
k

L

k

           (13) 

where: 

ki = the hydraulic conductivity of the i-th 
layer (m/s); 

N = the number of mineral layers that 
make up the barrier (-). 

 The total thickness of the barrier is 
obtained by summing the thicknesses of 
the individual layers, that is: 




N

i

i 1

L L .           (14) 

 In the case of overlapping of a layer 
with low hydraulic conductivity (layer 1) 
above a layer with higher hydraulic 
conductivity (layer 2), equation (12) is only 
valid if saturated flow conditions (or, more 
precisely, positive hydraulic pressure 
conditions) are verified. If the difference in 
hydraulic conductivity between the two 
layers is significant, unsaturated flow 
conditions can be reached in the more 
permeable layer below (Giroud et al., 
1997). 

 The maximum hydraulic conductivity 
value in the lower layer, k2, which is 
necessary to maintain saturated flow 
conditions, is equal to (Giroud et al., 
1997): 

  
          

p 2
2 1

1 2 b

h L
max(k ) k 1

L L h
.        (15) 

where k1 and L1 represent the hydraulic 
conductivity and the thickness of the 
upper layer, respectively, L2 is the 
thickness of the lower layer and hb is the 
height of the water level at the bottom of 
the lower layer.  

 When the hydraulic conductivity of the 
lower layer is higher than the value given 
by equation (15), the flow through the 
barrier, neglecting capillary effects, is only 
determined by the properties of the upper 
layer, and it can be calculated as follows 
when L2 > hb (Giroud et al., 1997): 


 p 1

1

1

h L
q k

L
.           (16) 



 

 26

 In the case in which the capillary 
phenomena inside the second layer are 
not negligible, the volumetric flux falls 
between the minimum values given by 
equation (16) and the maximum value 
obtained from equation (12). 

 In the presence of a geomembrane, 
placed above a mineral layer, the 
evaluation of the volumetric flux through 
the composite barrier requires a specific 
treatment. As geomembranes are made 
up of polymeric sheets with very low 

permeability to water (< 11012 m/s), the 
flow occurs above all through the defects, 
wrinkles or holes, created during the 
installation procedures and the 
subsequent working operations. 

 The volumetric flux through a circular 
hole, with or without wrinkles, can be 
assessed using analytical solutions 
(Rowe, 1998; Rowe, 2005; Rowe et al., 
2004) or semi-empirical ones (Giroud, 
1997). As analytical solutions require the 
determination of parameters, such as the 
hydraulic transmissivity between the 
geomembrane and the underlying mineral 
layer, which are difficult to evaluate, it may 
be easier in a preliminary analysis to 
resort to semi-empirical solutions. 

 Giroud (1997), on the basis of the 
analysis of numerous experimental 
investigations, proposed the following 
equation for the determination of the flow 
rate through an individual circular hole: 

0.95

p0.1 0.9 0.74

q F p

h
Q C a h k 1 0.1

L

  
         
   

   (17) 

where: 

Q = flow rate through a single circular area 
hole (m3/s); 

Cq = quality coefficient of the contact 
between the geomembrane and the 
underlying mineral layer (-); 

aF = area of the circular hole (m2); 

hp = height of leachate in the drainage 
layer above the composite barrier (m); 

k = hydraulic conductivity of the mineral 
layer (m/s); 

L = thickness of the mineral layer (m). 

 The Cq coefficient takes into account 
the contact conditions that occur between 
the geomembrane and the underlying 
mineral layer. Giroud (1997) suggested 
the following values for such a coefficient:  


 


q

0.21       good contact conditions
C

1.15       poor contact conditions
    (18) 

 Once the flow rate through a single hole 
has been determined, it is possible to 
obtain the volumetric flux on the entire 
landfill area by multiplying Q by the 
number of holes per unit of area (generally 
expressed in m2 or hectares): 

Fq n Q             (19) 

where: 

nF = the number of holes per unit of area 
(1/m2). 

 On the basis of observations conducted 
on 6 case studies, Giroud and Bonaparte 
(1989) recommended adopting a hole 

area equal to 1 cm2 (20 mm  5 mm) in 
order to evaluate the flux through a 
composite barrier in a conservative 
manner for the case of landfills installed 
with elevated controls during the working 
operations.  

 The number of holes per hectare 
depends on the quality of the installation 
and on the controls conducted during the 
subsequent phases of installing the layers 
above the geomembrane. The American 
EPA indicates values of between 2.5 and 
75 holes/hectare as possible interval 
values, that is, from 1 to 30 holes/acre 
(USEPA, 1991b). 

 Coming back to equations (5) and (6), 
combining them and rearranging, the 
following first-order differential equation is 
obtained for the solute concentration, cx, 
inside the aquifer versus the horizontal 
distance, x: 

 
        

 
        

x
x

h0 aq

0

h0 aq

dc q
c

dx q h q x

q
c

q h q x

,         (20) 

where 
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L

L L

P

P P

e 1

e 1 1 e
.          (21) 

 Equation (20) can be solved by adding 
a particular integral of the equation to the 
solution of the associated homogeneous 
equation. 

 The associated homogeneous equation 
can be solved by using the method of 
separation of variables: 

 
       
     

 x

x h0 aq

x h0 aq 1

dc q
dx

c q h q x

ln(c ) ln(q h q x) C

 

from which 
   x 2 h0 aqc C (q h q x) ,         (22) 

where C2 is an integration constant that 
must be determined as a function of the 

initial condition  x aq0c (x 0) c , being caq0 

the blank groundwater concentration 
coming from landfill upstream. 

 By adding the particular integral 

x 0c c            (23) 

to equation (22), the complete solution is 
obtained: 

    x 2 h0 aq 0c C (q h q x) c . 

 The integration constant C2 is 
determined by means of the upstream 
boundary condition: 

    x 2 h0 aq 0 aq0c (x 0) C (q h ) c c  

from which 




  0 aq0

2

h0 aq

c c
C

(q h )
.          (24) 

 Therefore, the final solution can be 
expressed as follows: 

L

x aq 0 aq0

1

1 exp( P )
h0 aq

0 aq0

h0 aq

c (x) c (c c )

q h
(c c )

q h q x

 

   

 
      

.        (25) 

 If we assume that the exposure point, 

PoE, is located at x = , that is, the first 
point of the aquifer downstream the landfill 
footprint, the following expressions are 
obtained for the concentration at the 
exposure point, cPoE: 

L

PoE aq 0 aq0

1

1 exp( P )

0 aq0

c c (c c )

(c c )
1

 

   

 
     

         (26) 

where: 

 
 

h0 aqq h

q
.           (27) 

 This parameter takes into consideration 
the vulnerability of the aquifer, which 
results to be as high as the aquifer velocity 
qh0 is low. 

 The efficiency of the landfill lining 
system can be checked by comparing the 
theoretically assessed concentration at the 
PoE (cPoE) with the maximum acceptable 
contaminant concentration, MCL as 
established by the in force local rules and 
shown in equation (1). 

 In the case of the presence of a blank 
concentration of a given contaminant in 
the groundwater upstream the landfill, caq0, 
the limit condition given by equation (1) 
can be also expressed in terms of relative 
concentration (RC) or attenuation factor 
(AF) that are defined as follows: 


 


PoE aq0

0 aq0

c c1
RC

AF c c
         (28) 

and therefore: 





aq0

0 aq0

MCL c
RC

c c
,          (29) 

0 aq0

aq0

c c
AF

MCL c





.          (30) 

 On the basis of equation (26), the 
relative concentration at the PoE is equal 
to: 

  
      

L

1

1 exp( P )1
RC 1

AF 1
.         (31) 

 The attenuation factor results to be a 

growing function of parameter , for which 
the dependence on the Peclet number is 
only significant when PL < 4 (see Figure 
4).  
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Figure 4. Attenuation factor as a function of 
the Peclet number and the dimensionless 

parameter  for the solution for thin aquifers. 

 

 

2.2. Thick aquifer 

The previously developed basic solution 
(Manassero et al. 2000) can be applied to 
the cases in which an aquifer of limited 
thickness is found below the landfill, under 
the assumption that the solute is 
distributed in a homogeneous manner 
within each vertical section of the aquifer. 
In the case in which the aquifer has a 
significant depth (e.g. a greater depth than 
1/100 of the length of the landfill), the 
vertical distribution of the solute inside the 
aquifer cannot be neglected. In fact, the 
concentration of the solute coming from 
the landfill tends to reduce with depth and 
to form what is known as a contaminant 
“plume”, whose depth depends on the 
velocity of groundwater and vertical 
dispersion (Figure 5). 

 

 

 
 

WASTE 

CONTAMINANT 

PLUME

ACQUIFERO

BARRIER 
Zona di 

hp(x) 
haq > /100  

 

x  
Figure 5. Sketch of a landfill above a thick 
aquifer. Function hp(x) describes the variation 
in the depth of the contaminant plume below 
the landfill barrier. 

 Although solute concentration is varying 
with depth continuously, so that a true 
plume border cannot be determined 
rigorously, Charbeneau et al. (1995) 
proposed a theoretical expression to 
estimate the depth of penetration of the 
contaminant into the aquifer beneath the 
landfill: 

p p,adv p,dish (x) h (x) h (x)           (32) 

p,adv aq

h0 aq

q x
h (x) h 1 exp

q h

  
        

        (33) 

p,dis v
h (x) 2 x            (34) 

where 

hp = plume thickness, varying in the 
horizontal distance beneath the landfill 
(see Figure 5); 

hp,adv = penetration depth due to vertical 
advection of water entering the aquifer; 

hp,dis = penetration depth due to vertical 
dispersion in the aquifer, assumed to be 
one standard deviation of the 
concentration distribution; 

v = vertical dispersivity of the aquifer. 

 If the linear variation of groundwater 
horizontal velocity beneath the landfill, 
given by equation (3) is taken into 
account, then the advective component of 
the plume thickness can be determined as 
follows: 

h0 aq

p,adv aq

h0 aq

q h
h (x) h 1

q h q x

 
      

.        (35) 

 Moreover, if the contribution to the 
plume thickness due to the vertical 
dispersion of the contaminant, induced by 
the horizontal flow component of the 
groundwater, is assessed by a rigorous 
mass balance in a semi-infinite aquifer, 
then the following equation is obtained: 

p,dis v

4
h x 


.          (36) 

 Equations (35) and (36) can be used as 
an alternative to equations (33) and (34) 
proposed by Charbeneau et al. (1995). 

 In order to obtain a first estimate of the 
risk that is related to the contaminant 
penetration into a thick aquifer, it is 
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possible to equate the plume to a perfect 
mixture zone on the inside of which the 
contaminant concentration is constant. 

 The concentration inside the mixing 
zone (i.e. the contaminant plume) can be 
determined from the expression of the 
concentration in the aquifer cx, which was 
obtained in the previous section (i.e. 
equation 25) by multiplying it by the haq/hp 
ratio. 

 This procedure is equivalent to evaluate 
the contaminant average concentration in 
the aquifer assuming an infinite dispersion 
in the vertical direction and, then, to 
redistribute the contaminant mass in such 
a way to concentrate it into the estimated 
plume thickness. 

 In order to obtain a more accurate 
evaluation of contaminant distribution, the 
bi-dimensional transport that occurs in the 
aquifer needs to be considered. Under 
steady state conditions, the contaminant 
mass balance in a semi-infinite aquifer can 
be expressed as follows: 

2 2

aq aq h,h aq h,v2 2

h0

c c c
n n D n D

t x y

c c
q q 0

x y

  
  

  
 

  
 

        (37) 

where: 

c  c(x,y) = contaminant concentration in 
the aquifer as a function of the horizontal 
distance (x) and the vertical depth (y); 

naq = aquifer porosity; 

Dh,h = horizontal hydrodynamic dispersion 
coefficient of the aquifer; 

Dh,v = vertical hydrodynamic dispersion 
coefficient of the aquifer; 

qh0 = horizontal water Darcy’s velocity in 
the aquifer; 

q = vertical water Darcy’s velocity in the 
aquifer, which is equal to the water vertical 
volumetric flux coming from the landfill. 

 The mass balance given by equation 
(37) is related to the following boundary 
conditions: 

aq0c c     at x 0            (38) 

L

L

P

0
aq h,v P

c e cc
q c n D q    at y 0

y e 1


   

 
      (39) 

where the term in the right-hand side of 
equation (39) represents the contaminant 
vertical mass flux coming from the landfill. 

 Since transverse concentration 
gradients greatly exceed longitudinal 
gradients and qh0 is expected to be much 
larger than q, equation (37) can be 
reduced as follows: 

2

h0 aq h,v 2

c c
q n D

x y

 


 
.          (40) 

 The vertical hydrodynamic coefficient is 
expected to be controlled by the 
transverse dispersion induced by the 
horizontal water velocity, so that it can be 
assumed: 

h0
h,v v

aq

q
D

n
  .           (41) 

 If equation (41) is combined with 
equation (40), the mass balance can be 
written as follows: 
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which is a standard diffusion equation. 

 An analytical solution can be found for 
equation (42) and the boundary conditions 
given by equations (38) and (39) (Carslaw 
and Jaeger, 1959; Crank, 1975): 
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where: 

L

L

P

P

v h0

q e

q (e 1)
 

 
.          (44) 

 The results, in terms of RC trend, of the 
proposed closed form solution analytical 
model are compared with the results of a 
two dimensional numerical code 
(MIGRATE, 1995) in Figure 7. 

 It is possible to appreciate the good 
approximation of the analytical solution 
with the well-established numerical one, in 
the investigated range of q/qh0 values, 
lower than 0.01. Moreover, the use of the 
final equations of the proposed approach 
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is very simple and direct, giving the 
possibility to appreciate, in a rapid and 
effective way the influence of the different 
input parameters. 

 Finally, the use of this model within 
probabilistic approaches for risk 
assessment is strongly encouraged since 
it is easy, cost and time effective, also 
when it is coupled with very complex 
algorithms for statistical analyses that 
adopt sophisticated random distributions 
of the input data. 

3. EXAMPLES 

In order to validate the proposed 
procedure from the practical point of view, 
the performance of two different bottom 
barriers has been assessed. 

 The first barrier is constituted of a 
compacted clay liner (CCL) 1 m thick and 

with hydraulic conductivity equal to 1109 
m/s, while the second barrier is a 
geosynthetic clay liner 1 cm thick and with 

hydraulic conductivity equal to 11011 m/s. 

 The vertical profile of the two alternative 
barriers is reported in Figure 6. In both 
cases, the mineral barrier underlies a 
drainage layer with a ponded leachate 
having head equal to 0.5 m and overlies 
an attenuation layer (that can be natural or 
artificial) having hydraulic conductivity 

equal to 1107 m/s. The hydraulic head 
difference between the top of the mineral 
layer and the bottom of the attenuation 

layer, h  hp + L  hb, is assumed equal 
to 3 m. 

 The aquifer below the barrier systems 
is characterized by a horizontal volumetric 
flow, qh0, of 31.6 m/y (Table 1) and the 
length of the landfill footprint in the 

groundwater flow direction, , is taken 
equal to 1000 m. 

The risk analysis procedure is developed 
considering two different thicknesses of 
the aquifer, i.e. a thin aquifer (haq = 3 m) 
and a thick aquifer (haq = 100 m), in order 
to determine the RC and/or AF at an 
exposure point located downstream the 
landfill. 

 

Geosynthetic Clay Liner (GCL) 

k = 110-11 m/s; n = 0.7;  = 0.1 

Aquifer (AQ) 

3 m Attenuation Layer (AL) 

k = 110-7 m/s; n = 0.3;  = 0.4 

1 m Compacted Clay Layer (CCL) 

k = 110-9 m/s; n = 0.4;  = 0.3 

0.5 m Drainage Layer 

Geomembrane Layer (GML)

3 m

(a)

4 m Attenuation Layer (AL) 

k = 110-7 m/s; n = 0.3;  = 0.4 

Aquifer (AQ) 

0.5 m Drainage Layer 

Geomembrane Layer (GML)

3 m

(b)  
Figure 6. Scheme of two different barriers: (a) 
Compacted Clay Layer (CCL) that can 
underlies a Geomembrane (GML); (b) 
Geosynthetic Clay Liner (GCL) that can 
underlies a Geomembrane (GML). 

 

 The volumetric flow, q, in the case of a 
multilayer mineral barrier (e.g. CCL+AL, 
GCL+AL) can be calculated using 
expression (12), in which the equivalent 
hydraulic conductivity can be expressed 
as the harmonic mean of the hydraulic 
conductivity of the individual layers. 

 

Table 1. Characteristic properties of the 
example barriers. 

Free solution diffusion 
coefficient 

D0 = 20.310-10 m2/s 

Volumetric flow in the 
aquifer 

qho = 31.6 m/y 

Hydraulic conductivity 
of the aquifer 

kaq = 110-4 m/s 

Hydraulic gradient of 
the aquifer 

iaq = 1% 

Landfill length = 1000 m 

Number of holes of 
the geomembrane 
per unit area 

nF = 20 holes/hectare 

Area of the circular 
hole 

aF = 1 cm2 
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 The difference between the volumetric 
fluxes of the two barriers is negligible (i.e. 

q = 2.9110-9 m/s for CCL+AL barrier, q = 

2.8810-9 m/s for GCL+AL barrier). 

 A significant reduction of the vertical 
volumetric flux is obtained if a 
geomembrane is used. In the presence of 
a geomembrane, placed above the CCL 
or the GCL, the volumetric flow can be 
determined combining equations (17) of 
Giroud (1997) and (19). Assuming good 
contact conditions (i.e. Cq = 0.21) between 
the geomembrane and the underlying 
CCL, and excellent contact conditions (i.e. 
Cq = 0.096, as suggested by Touze-Foltz 
and Barroso, 2006) between the 
geomembrane and the GCL, the 
volumetric fluxes, calculated assuming 20 
circular holes/hectare and an area of the 
holes equal to 1 cm2, decrease of more 
than two orders of magnitude (i.e. q = 

2.0610-11 m/s for GML+CCL+AL barrier, q 

= 1.5210-12 m/s for GML+GCL+AL 
barrier). 

 The volumetric flow, q, is used to 
calculate the Peclet number, PL, of the 
barrier, adopting equation (7), in which the 
equivalent diffusivity of the multilayer 

system, , is given by equation (8). For 
each layer, the hydrodynamic dispersion 
coefficient Dh can be determined from the 
sum of the mechanical dispersion 
coefficient, Dm, and the effective diffusion 
coefficient, D*, using equations (9)-(11). 
Tortuosity factors and porosities of 
different layers are reported in Figure 6. 

 In the case of the CCL+AL system, the 
Peclet number, PL is equal to 13.3, while it 
is equal to 8.5 for the GCL+AL system. If a 
geomembrane overlies the mineral layer, 
the Peclet number, PL decreases to 0.33 
for the GML+CCL+AL system, and to 
0.025 for the GML+GCL+AL system. 

 The Relative Concentration, RC, and 
the Attenuation Factor, AF, can be 
determined in different ways depending 
from the different procedures of risk 
analysis. 

 If we consider a thin aquifer (i.e. 3 m 
thick), RC and/or AF can be calculated 
through equation (31). 

 In the case of deep aquifer (i.e. 100 m 
thick), a first assessment of RC and/or AF 
within the contaminant plume can be 
obtained by multiplying the result of 
equation (31) by the (haq/hp) ratio. 

 In Table 2 the RC values that have 
been calculated for the different cases are 
reported. 

 For the case of thick aquifer, the RC 
values calculated by equation (31) are 
reported as RCthin-aq, while the RC values 
obtained by multiplying equation (31) by 
the (haq/hp) ratio are reported as RCthick-aq. 

 In the case of thin aquifer, the uni-
dimensional aquifer model provides an RC 
value for the CCL+AL system equal to 
RCthin-aq= 0.4926, which is close to that 
obtained for the GCL+AL system (i.e. 
RCthin-aq = 0,4902). 

 In the case of thick aquifer, the bi-
dimensional procedure gives a RCthick-aq 

value, which is more than double of the 
RCthin-aq value that has been calculated for 

haq  100 m neglecting the vertical 
distribution of the contaminant 
concentration, i.e. using the solution for 
thin aquifer given by equation (31) (for the 
CCL+AL system, RCthick-aq = 0.0735 and 
RCthin-aq = 0.0283; for the GCL+AL 
system, RCthick-aq = 0.0730 and RCthin-aq = 
0.0280). 

 The presence of the geomembrane 
gives RC values which are even lower 
than the previous cases: in the case of 
thin aquifer for the GML+CCL+AL system, 
RCthin-aq = 0.0240, while for the 
GML+GCL+AL system RCthin-aq = 0.0203; 
in the case of thick aquifer for the 
GML+CCL+AL system, RCthick-aq = 0.0020 
and RCthin-aq = 0.0007, for the 
GML+GCL+AL system, RCthick-aq = 0.0017 
and RCthin-aq = 0.0006. 

The simplified approach proposed in 
the present paper lets to obtain a 
conservative, but rather reliable, 
evaluation of the relative concentration 
distribution of the contaminant within a 
vertical planar section of the aquifer.  
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Table 2. Results of the example calculations (RCthin-aq = Relative Concentration for thin aquifer 

case; RCthick-aq = Attenuation Factor for thick aquifer case; Cq  quality coefficient of the contact 

between the geomembrane and the underlying mineral layer, haq  aquifer thickness; q  vertical 
volumetric flux through landfill barrier; PL = Peclet number of landfill barrier). 

 

COMPACTED 
CLAY LAYER 

q = 2.91109 m/s 

PL = 13.3 

GEOSYNTHETIC 
CLAY LINER 

q = 2.88109 m/s 

PL = 8.5 

COMPACTED CLAY 
LAYER + 

GEOMEMBRANE 

Cq = 0.21 

(good contact) 

q = 2.061011 m/s 

PL = 0.33 

GEOSYNTHETIC CLAY 
LINER +  

GEOMEMBRANE 

Cq = 0.096 

(excellent contact) 

q = 1.521012 m/s 

PL = 0.025 

THIN AQUIFER 

haq = 3 m 
RCthin-aq = 0.4926 RCthin-aq = 0.4902 RCthin-aq = 0.0240 RCthin-aq = 0.0203 

THICK AQUIFER 
Average concentration 

within the reference 
thickness of the plume hp(x) 

at the PoE 
 

haq = 100 m 

(v = 1 m) 

 

RCthick-aq = 0.0735 

hp(x = ) = 38.5 m 

 
RCthin-aq = 0.0283 

 

 

RCthick-aq = 0.0730 

hp(x = ) = 38.5 m 

 
RCthin-aq = 0.0280 

 

 

RCthick-aq = 0.0020 

hp(x = ) = 35.7 m 

 
RCthin-aq = 0.0007 

 

 

RCthick-aq = 0.0017 

hp(x = ) = 35.7 m 

 
RCthin-aq = 0.0006 

  

 

 A more accurate evaluation of 
contaminant concentration can be 
obtained from the analytical solution given 
by equation (43). The results, in terms of 
RC varying in the aquifer with the 
horizontal distance x and the vertical 
depth y, of the proposed closed form 
solution analytical solution, for the cases 
of CCL+AL and GML+CCL+AL barriers, 
have been compared with the results of a 
two dimensional numerical code 
(MIGRATE, 1995), as shown in Figure 7. If 
we consider the case of x=1000 m for the 
CCL+AL system, the analytical solution 
gives RC = 0.097 at y = 0 m and RC lower 
than 0.03 for depths larger than the 
estimated plume thickness (i.e. hp = y = 
38.5 m), while for the GML+CCL+AL 
system RC = 0.0025 at y = 0 m and RC 
lower than 0.0008 for depths larger than 
the estimated plume thickness (i.e. hp = y 
= 35.7 m). 

4. CONCLUSIONS 

The design of landfill bottom barrier 
systems is an example of an applicative 
problem in which it is necessary to adopt 
new and specific analysis methods. 

 Landfill barriers have the purpose of 
containing the contaminating substances 
that are produced by waste and, as a 
consequence, their performances must be 
quantified in terms of ability to control 
solute migration.  
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Figure 7. Two dimensional analytical solution, 
given by equation (43), and numerical solution 
obtained by MIGRATE (1995) for the following 
cases: (a) CCL+AL barrier; (b) GML+CCL+AL 
barrier. 
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 This evaluation requires basic 
knowledge of the transport phenomena in 
the subsoil, and the adoption of a 
conceptual model that takes into account 
the migration paths towards possible 
points that are exposed to a risk for 
human health. 

 A risk analysis, which allows the 
efficiency of the barrier system to be 
quantified, in terms of attenuation of the 
risk at an exposure point located 
downstream the landfill, has been applied 
in this paper to the specific problem of the 
evaluation of the performances of the 
bottom barrier of a landfill. 

 The illustrated calculation procedure 
should be considered as a second-level 
one (Tier 2), i.e. it is based on a simple 
conceptual model that leads to closed-
form analytical solutions. It is necessary to 
point out that this is a very conservative 
procedure that does not take into 
consideration important attenuation 
factors, such as the finite mass of 
contamination produced by a given mass 
of waste or the sorption or degradation 
phenomena that can occur during the 
migration towards a point of exposure. In 
some cases, the adoption of more 
advanced conceptual models could be 
indispensable, such as those, for example, 
that take into consideration transient 
conditions, in order to obtain results more 
close to the physical reality. On the other 
hand, the risk analysis methodology 
considers a third level of analysis (Tier 3), 
in which the transport phenomenon is 
modelled in detail through resort to 
numerical type solutions. A presentation of 
advanced models for the study of the 
performances of a landfill bottom liner can 
be found in Rowe et al. (2004), who 
describe transient solutions in which the 
uni-dimensional solute migration from the 
landfill in a vertical direction to the 
underlying aquifer is associated with a 
rigorous bi-dimensional numerical analysis 
of solute migration within the aquifer itself. 

 Another aspect that could be important 
to point out is the possibility of applying in 
a simple way the proposed procedure not 

only to a deterministic analysis, but also to 
a probabilistic analysis in which the 
boundary conditions and the parameters 
of the model have a random nature. A 
significant difficulty in the application of the 
procedure in fact arises from the 
uncertainty that is encountered in the 
evaluation of different parameters, such 
as, for example, the leachate 
concentration, the hydraulic conductivity of 
the mineral layers and the number of 
holes per hectare in the geomembrane. In 
the deterministic approach, the designer 
must trust in his own good judgement to 
make the most opportune choices of the 
values that have to be assigned to the 
parameters, but cannot, however, know 
the combined effect of the variability of the 
various parameters on the result of the 
analysis. For this reason, the adoption of a 
probabilistic approach can be considered 
a useful tool to help understand the 
studied phenomena and the effective 
representativeness of the results. In this 
approach, the parameters affected by 
uncertainty are considered random 
variables and a probability distribution is 
associated to them. The analysis can be 
conducted using approximate analytical 
methods (e.g. the First Order Second 
Moment method) or numerical methods 
(e.g. the Monte Carlo method) and it 
makes it possible to evaluate, for example, 
the probability of exceeding a threshold 
concentration value at a point of exposure. 
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