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ABSTRACT: In this paper, cone penetration testing is simulated in potentially liquefiable soils using the Geotechnical Particle 

Finite Element method, specially designed for the analysis of penetration problems in geomechanics. The material response is 

modelled with CASM, a critical state, state-parameter dependent model. The paper reports a parametric analysis of cone testing 

in undrained liquefiable geomaterials, that covers the effect of brittleness and over-consolidation ratio of the geomaterial as well 

as the friction angle at the soil-cone interface. 
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1 INTRODUCTION 

Static liquefaction is characterized by a sudden drop of 

the undrained shear strength in undrained conditions. 

The constitutive response of potentially liquefiable ge-

omaterials might be explained in the context of critical 

state soil mechanics. A soil will have a dilatant behav-

iour if the void ratio is smaller than the void ratio at the 

critical state line at the same stress level; in contrast, if 

the void ratio is larger than that at critical state condi-

tions at the same mean effective stress, the material will 

have a contractive behaviour and might be prone to 

static liquefaction. Therefore, the state parameter -de-

fined as the difference between the current void ratio 

and that at the critical state line at the same mean effec-

tive stress- can be used to characterize the material re-

sponse; positive values correspond to a contractive re-

sponse and negative to a dilative response.  

Geomaterials that may potentially liquefy give little 

warning of the impending failure and the consequences 

of failure are generally momentous. For example, static 

liquefaction was involved in the failure of the mine tail-

ing storage facilities of Merriespruit (Fourie et al., 

2001) and Brumadinho (Arroyo and Gens, 2021). The 

thorough characterization of geomaterials that can liq-

uefy is therefore crucial.  

These geomaterials are typically characterized by 

means of in situ tests, predominantly by the cone pene-

tration test (CPTu). Several techniques to infer the state 

parameter from CPTu readings have been proposed, 

based on empiricism (Plewes et al., 1992), cavity expan-

sion (Jefferies and Been, 2016), numerical modelling 

(Pezeshki and Ahmadi, 2022) or a combination of nu-

merical modelling and cavity expansion (Monforte et 

al., 2023a). When applied to interpret a CPTu record, 

these techniques show a good qualitative agreement (i.e. 

all interpretation methods will coincide in predicting 

that the soil will exhibit contractive behaviour) but not 

quantitatively, as the range of inferred state parameters 

is large (Monforte et al., 2023b). 

Recently, the authors reported a parametric analysis 

of CPTu in undrained, almost normally consolidated 

soils (Monforte et al., 2023a). The analysis explored the 

effect of soil constitutive parameters in the relation be-

tween the initial state parameter and cone metrics in un-

drained conditions. It turned out that the numerical re-

sults could be summarized by an analytical cavity 

expansion expression provided that correction terms to 

tackle the geometrical mismatch between cone testing 

and cavity expansion are included. 

The analysis referred to above focused on normally 

consolidated materials. This is a condition representa-

tive for many geomaterials susceptible to flow liquefac-

tion, but not all. For instance, moist tamped sands with 

OCR as high as 4 have been shown to liquefy under 

static loading (Mahmoudi et al., 2020). It was then in-

teresting to extend the previous numerical analysis to 

examine the effect of moderate overconsolidation. 

2 SIMULATION PROGRAM 

Numerical simulations of CPTu testing are performed 

using GPFEM (Monforte et al., 2018; Carbonell et al., 

2022), which has been developed for the analysis of 

large-strain problems in geomechanics, including the 

contact with rigid and deformable structures. PFEM 

(Oñate et al., 2004) is based on a Lagrangian description 

of the motion, the use of low order finite elements to 
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compute the solution and the constant regeneration of 

the finite element mesh describing the domain.  

 Cone penetration is simulated employing an axisym-

metric model. The cone is whished-in-place at a depth 

of 10 radii and it is pushed at the standard velocity of 

0.02 m/s. Null displacements are prescribed at the bot-

tom domain, whereas null radial displacements are pre-

scribed on the vertical boundaries. Drainage is only al-

lowed at the bottom of the domain. The initial effective 

vertical stress is equal to 100 kPa and 𝐾0 is computed 

with Jaky’s formula.   

 A coupled hydromechanical formulation is employed 

and the soil is discretized with linear triangular ele-

ments. In order to alleviate the severe volumetric lock-

ing that these elements suffer from the quasi-incom-

pressible response due to undrained conditions and to 

the effective constitutive response at critical state, a 

mixed stabilized formulation is adopted where the de-

grees of freedom are displacements, Jacobian (volume 

change) and pore water pressure (Monforte et al., 2017).  

 The effective constitutive response of the soil is de-

scribed by the isotropic, critical state-based model 

CASM (clay and sand model) (Yu, 1998). In the com-

pression plane, both the isotropic compression line 

(ICL) and critical state line (CSL) are straight and par-

allel, expressed, respectively, as: 

 𝑒(𝑝′) = 𝑒0 − 𝜆 ln 𝑝′  (1) 
 𝛤(𝑝′) = 𝑒0 − (𝜆 −  𝜅) ln 𝑟 − 𝜆 ln 𝑝′ (2) 

 
where 𝑝′ is mean effective stress, 𝜆 and 𝜅 are the slope 

of the virgin loading and reloading curves at the ln 𝑝′ −𝑒 plane, 𝑒0 is the void ratio at 1 kPa and 𝑟 is the spacing 

ratio, a constitutive parameter controlling the vertical 

distance between the ICL and CSL. 

 The mathematical expression for the yield surface is 

given by: 

 𝑓 = ( 𝑞𝑀𝑝′)𝑛 + 1ln 𝑟 ln (𝑝′𝑝𝑐) (3) 

 

where 𝑞 is the deviatoric stress, 𝑝𝑐 the preconsolidation 

stress, 𝑀 is the slope of the CSL in the 𝑝′ − 𝑞 plane and 𝑛 is a constitutive parameter controlling the shape of the 

yield surface.  

 The constitutive model is completed by an elastic 

model in which the bulk and shear modulus depend on 

the mean effective stress and the flow rule proposed by 

Mánica et al. (2021).  

 In the present work five different sets of constitutive 

parameters are employed, that differ in the distance be-

tween the ICL and CSL. All the materials share the 

same ICL but the CSLs are different. Table 1 and 2 list 

the constitutive parameters as well as the initial state pa-

rameter and the peak and residual undrained shear 

strength.  

To illustrate the material response of the materials 

with the highest and lowest residual undrained shear 

strength, Figure 1 shows the simulation of undrained tri-

axial tests for values of overconsolidation ratio (OCR) 

of 1.6 and 1.1. The initial stress state of these element 

tests is the same than the one that will be used in the 

simulations of CPTu testing: 𝜎𝑣′ = 100 kPa and 𝜎ℎ′ =60.1 kPa for OCR = 1.1 and 𝜎ℎ′ = 70.4 kPa for OCR = 

1.6. 

All materials have a contractive behavior, and even 

material E, with an OCR of 1.6 and an initial state pa-

rameter of 𝜓0 = 0.01 exhibits brittle behavior.  

 
Table 1. Adopted constitutive parameters and initial state pa-

rameter. The parameters, 𝜅 = 0.016, 𝜆 = 0.053, 𝜙 = 25º, 𝑒100 = 1.0 and 𝜈 = 0.3 are the same for all materials. 

Material 𝒏 𝒓 𝝍𝟎  

OCR = 

1.1 

𝝍𝟎 

OCR = 

1.6 

A 10 12 0.089 0.078 

B 10 8 0.074 0.063 

C 9 6 0.063 0.052 

D 7 3 0.036 0.026 

E 4 2 0.020 0.010 

 
Table 2. Peak and residual undrained shear strength.  

Material 𝑺𝒖𝒑𝒆𝒂𝒌
 

(kPa) 

OCR = 

1.1 

𝑺𝒖𝒓𝒆𝒔 

(kPa) 

OCR = 

1.1 

𝑺𝒖𝒑𝒆𝒂𝒌
 

(kPa) 

OCR = 

1.6 

𝑺𝒖𝒓𝒆𝒔 

(kPa) 

OCR = 

1.6 

A 26.12 6.77 32.58 9.04 

B 26.54 8.98 32.22 11.98 

C 26.31 11.02 32.18 14.70 

D 26.46 18.03 33.99 24.06 

E 26.70 24.92 35.38 33.26 

 

 

3 NUMERICAL RESULTS 

Figure 2 shows the results of the CPTu simulation as-

suming a smooth soil-cone interface using an OCR = 

1.6. For comparison purposes, results with an OCR 

equal to 1.1 are also included (Monforte et al., 2023a). 

Net cone resistance is defined as 𝑞𝑛 = 𝑞𝑐 −  𝜎𝑣0, where 𝑞𝑐 is the cone resistance and 𝜎𝑣0 the initial total vertical 

stress. In all the simulations, steady state conditions in 

the net cone resistance and the excess pore pressure at 

the 𝑢2 position are achieved after a penetration of 10 

cone radii. Both, the net cone resistance and the excess 

pore pressure when the initial state parameter reduces. 

For every material, increasing the OCR increases the net 

cone resistance and the excess pore pressure; the effect 

is much more pronounced in material E, with the lowest 

sensitivity.  

Steady state normalized cone metrics from the nu-

merical simulations are reported in Figure 3 in terms of 

the initial state parameter of the soil. The normalized 
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cone resistance, 𝑄𝑝 = (𝑞𝑐−𝑝0)𝑝0′ , and the normalized ef-

fective cone resistance, 𝑄𝑝(1 − 𝐵𝑞) + 1 = (𝑞𝑐−𝑢2)𝑝0′ ,  in-

crease by decreasing the state parameter, whereas the 

excess pore pressure ratio, 𝐵𝑞 = Δ𝑢2𝑞𝑐−𝑝0 , decreases with 

the state parameter for both cone face and cone shoulder 

measurements. 

(a) 

(b) 

(c) 
Figure 1. Simulation of undrained triaxial loading for mate-

rials A and E with different over-consolidation ratios.   

 

 For completeness, Figure 3 also reports the solution 

of the infinite expansion of a cylindrical and spherical 

cavity in undrained, CASM material (Mo and Yu, 

2017). Qualitatively, 𝑄𝑝 and 𝐵𝑞 follow the same trends; 

of course, there is not a quantitative agreement as the 

geometry of both problems -cone testing and cavity ex-

pansion- are different. The normalized effective tip re-

sistance computed using the midface reading,  𝑢1 posi-

tion, shows a remarkable agreement with the solution of 

cavity expansion theory.  

 

 

 
Figure 2. Net cone resistance and excess pore pressure at the 

u2 position against normalized penetration.    

 

This result is not fortuitous but a consequence of the 

stress state at the tip of the cone. In that location, the soil 

is at critical state and the largest principal effective 

stress is normal to the tip of the cone (since the interface 

is considered smooth), see Figure 4(b); the other two 

principal stresses are equal; thus, the soil is in triaxial 

compression conditions. The excess pore pressure is 

quite uniform at the tip of the cone, see Figure 5(b). Pre-

scribing force equilibrium at the tip of the cone and as-

suming that (i) the excess pore pressure at the tip of the 

cone is uniform and equal to 𝑢1 and (ii) the effective 

stress state of the soil is at critical state conditions and 

the major principal effective stress is normal to the cone 

tip, the normalized effective cone resistance can be ex-

pressed as (Monforte et al., 2023a): 

 𝑄𝑝 (1 − 𝐵𝑞1) + 1 = 𝑞𝑐−𝑢1𝑝0′ = (4) 

 = (1 + 2𝑀3 ) exp (− 𝜓𝜆)   

 

which also corresponds to the normalized effective re-

sistance of a spherical cavity.  

To extend the scope of the analyses, the same simu-

lations have been re-run considering this time a rough 

interface: a 18º interface friction angle has been used for 



Finite element, finite difference, discrete element, material point and other methods 

       4 NUMGE 2023 - Proceedings 

the soil-steel interface. As expected, the net cone re-

sistance increases when the interface friction angle is 

not zero (Figure 3). The opposite effect is observed in 

the pore pressure ratio. However, the excess pore pres-

sure is mostly unaffected by the interface behaviour 

(Figure 5). 

(a) 

(b) 

(c) 
Figure 3. Variation of normalized cone resistance (a), excess 

pore pressure ratio(b) and normalized effective tip resistance 

(c) with initial state parameter.  

   

The larger normalized effective cone resistance when 

considering a rough interface can also be explained by 

the stress state of the soil just beneath the tip of the cone. 

Again, the soil is at critical state in triaxial compression 

conditions. This time, however, the major principal 

stress direction is not normal to the cone tip as in the 

smooth case but is more vertical (see Figure 4).  

Equation (4), based on the equilibrium of forces, can 

be further modified to reflect that the soil-steel interface 

is not smooth. Again, based on the constitutive response 

of the soil and equilibrium at the cone tip, the normal-

ized effective tip resistance may be expressed as 

(Monforte et al., 2023a): 

 𝑄𝑝 (1 − 𝐵𝑞1) + 1 = 𝑐𝑞 (1 + 2𝑀3 ) exp (− 𝜓𝜆)  (5) 

 

where 𝑐𝑞 is a geometric term taking into acount the 

roughness of the cone, the range of which is in the rnage 𝑐𝑞 ∈ [1, 7𝑀+64𝑀+6].   

(a) 

(b) 
Figure 4. Comparison of the major principal effective stress 

for a rough soil-cone interface (a) and smooth interface (b). 

Material E. OCR = 1.6. 

 

4 INTERPRETATION METHOD 

In undrained conditions, the state parameter is generally 

inferred from the normalized effective tip resistance, 𝑄𝑝(1 − 𝐵𝑞) + 1 = (𝑞𝑐 − 𝑢2)/𝑝0′ . The numerical re-

sults obtained in this work show a remarkable agree-

ment with the cavity expansion solution but only if the 

rarely measured excess pore pressure at the 𝑢1 position 
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is used. It is proposed therefore to modify Equation (5) 

by taking into account that the excess pore pressures at 

the two locations are related through Δ𝑢1 = 𝛽 Δ𝑢2. So:  

 𝑄𝑝 (1 − 𝛽𝐵𝑞2) + 1 = 𝑐𝑞 (1 + 2𝑀3 ) exp (− 𝜓𝜆) (6) 

 

Figure 6 reports Equation (6) in addition to the nu-

merical results. A value of 𝛽 = 1.25 has been used, 

which is in the range of the numerical simulations and 

in agreement with field tests (Peuchen et al., 2010). 

Overall, numerical results show a good agreement with 

the proposed interpretation technique. 

(a) 

(b) 
Figure 5. Comparison of the excess pore pressure  for a rough 

soil-cone interface (a) and smooth interface (b). Material E. 

OCR = 1.6. 

 

Given the assumption of undrained conditions in the 

analyses supporting the interpretation method, Equation 

(6) can only be used when CPTu is indeed undrained. 

However, undrained conditions might be difficult to 

identify as increasing the soil permeability has similar 

effects to decreasing the state parameter.  

To highlight the differences on cone metrics of both 

effects, Figure 7 reports the numerical results presented 

in this work in addition to the numerical simulations of 

CPTu testing in partially drained and fully drained con-

ditions presented in Monforte et al. (2021, 2023a), that 

assumed similar constitutive parameters. In the chart 

proposed by Robertson (1991), it is not possible to dis-

tinguish between changes in drainage conditions or the 

state parameter; decreasing the state parameter has ex-

actly the same effect than increasing the permeability: 

the normalized cone resistance increases whereas the 

excess pore pressure decreases. However, in the Schnei-

der et al. (2008) chart, both effects can be clearly differ-

entiated: both 𝐵𝑞𝑄𝑡 and 𝑄𝑡 increase as the state param-

eter increases; instead, 𝑄𝑡 increases and 𝐵𝑞𝑄𝑡 decreases 

when larger permeabilities are considered. 

(a) 

(b) 
Figure 6. State parameter in terms of the modified normalized 

effective tip resistance, (a). Comparison of the input state pa-

rameter and that deduced by the interpretation technique, (b). 

5 CONCLUSIONS 

The derivation of the state parameter from CPTu read-

ings is not a task exempt of uncertainty, partly because 

current interpretation techniques are still based on the 

solution of simplified problems (i.e., cavity expansion). 

With the advance of computational modelling, it is now 

possible to simulate cone testing with the actual geom-

etry and with constitutive models capable of describing 

the response of liquefiable materials. Given the encour-

aging results obtained, it is likely that further advance 
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in the interpretation of CPTu results will be supported 

by advanced numerical modelling, such as that pre-

sented in this work.  

(a) 

(b) 
Figure 7. Numerical simulations of CPTu in interpretation 

charts: Robertson (1991), (a), and Schneider et al. (2008), 

(b).   
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