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ABSTRACT: The mechanical response of natural soils is characterized by a narrow elastic domain, a smooth transition between
elastic to elasto-plastic regime, and hysteretic behaviour during cyclic loading. These realistic features can be efficiently intro-
duced into an existing constitutive model by reformulating it in the framework of subloading surface plasticity. This unconven-
tional elasto-plastic approach is advantageous over other techniques, since it allows to retain some stress history information
only by adding an additional constitutive parameter and one hardening rule. In this paper, CASM, a state parameter dependent,
critical state model, is reformulated in the framework of subloading plasticity. Several element tests are reported to illustrate the

performance of the model.
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1 INTRODUCTION

The mechanical response of natural soils is affected by
the recent stress history and is generally characterized
by a progressive shift from elastic to elasto-plastic re-
gime, a narrow elastic domain (Smith et al., 1992) and
the accumulation of strains during cyclic loading
(Wichtmann et al., 2005). Although these features char-
acterize the mechanical response of natural soils, yet
most of the constitutive models employed in current
practice have a too large elastic domain, a drastic shift
between elastic to elasto-plastic regimes and do not con-
sider hysteretic behaviour during cyclic loading. These
models, therefore, are thought to be suitable to model
monotonic loading but might be imprecise for non-mon-
otonic loading.

An existing constitutive model might be adapted to
incorporate the effect of recent stress history by includ-
ing elements of bounding surface plasticity (Dafalias,
1986; Rouainia and Muir Wood, 2000) or subloading
surface plasticity (Hashiguchi, 1980; Hashiguchi, 1989;
Hashiguchi et al., 2002). For example, the Modified
Cam Clay model has been reformulated in both frame-
works (Rouainia and Muir Wood, 2001; Hiley and
Rouainia, 2008; Yamakawa et al., 2010). The adoption
of one of these two approaches to enhance well-estab-
lished constitutive models is advantageous as the mod-
elling capabilities are much improved just by adding a
small number of additional constitutive parameters and
hardening rules and, at the same time, retaining all the
knowledge on the reference constitutive model.

Subloading surface model (Hashiguchi, 1980;
Hashiguchi et al., 2002; Pedroso, 2014) is an unconven-
tional elastoplasticity framework specially designed to

overcome the aforementioned shortcomings. This is ac-
complished by introducing an additional yield surface,
the subloading surface, which has the same shape but
different size than normal-yield surface, the relaxation
of the Kuhn-Tucker conditions and the introduction of
an additional hardening variable.

From a coding standpoint, extending a constitutive
model in the framework of bounding surface plasticity
is more laborious than doing the same employing a sub-
loading approach. The former introduces a large num-
ber of internal variables and kinematic hardening rela-
tions to retain some of the stress history, whereas in the
latter this is accomplished by just introducing an addi-
tional internal variable and one hardening rule. Moreo-
ver, explicit stress integration schemes of subloading
plasticity are simpler than those of classical elastoplas-
ticity, as they do not require a yield surface drift correc-
tion scheme, as the formulation is able self-correct the
drift (Pedroso, 2014).

In this work, the Clay And Sand Model (CASM) (Yu
1998, 2006) is recast in the framework of subloading
plasticity. CASM is a critical state-based, state parame-
ter dependent elastoplastic model. CASM is able to rep-
resent a wide range of soil behaviours, ranging from
strong undrained softening to ductile or dilatant behav-
iour. Moreover, by appropriately selecting some consti-
tutive parameters, the original and modified Cam Clay
models might be retrieved.

The paper is organized as follows: after a brief sum-
mary of conventional elastoplasticity, the main differ-
ences between elasto-plasticity and subloading plastic-
ity are highlighted; then, the proposed constitutive
model is fully described and, finally, the performance of
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the proposed model is examined in a set of element
tests.

2 CONVENTIONAL ELASTOPLASTICITY
FRAMEWORK

In the framework of small strain elastoplasticity (Simo,
1998; Simo and Hughes, 1998), the strain rate, €, can be
additively decomposed into an elastic and a plastic part,
€’ and €

€=é° +ép (1)

The relation between stresses and elastic strains can
be expressed as:

6 =0D,: € 2)

where o is the Cauchy stress tensor and D,, is the fourth
order elastic stiffness tensor.

The yield surface defines the elastic domain: inside
the yield surface the material response is purely elastic
and no irreversible deformations are produced:

flo,2) <0 3)

where f (@0, z) is the yield surface and z are a set of in-
ternal plastic variables.

For a non-associative plastic model, the flow rule
may be expressed as:

& =yn = y 2220 )

where y is the plastic multiplier, n is a direction of plas-
tic strain rate and g(o, z) is known as the plastic poten-
tial.

The evolution of plastic internal variables is gov-
erned by a set of hardening rules:

z=vh(o,2) 5)

where h(a, z) are the set of hardening functions.

Finally, an elasto-plastic model must fulfil the Kuhn-
Tucker conditions and the consistency condition, that
read:

fe,2) <0 (6)
=0 (7)
yf(o,2) =0 (8)
7f(0,2) =0 ©)

3 SUBLOADING PLASTICITY

Subloading surface plasticity (Hashiguchi, 1980;
Hashiguchi, 1989; Hashiguchi et al., 2002) is an uncon-
ventional plastic framework specially designed to intro-
duce a smooth transition between elastic to elasto-plas-
tic regime, plasticity inside of the yield surface and
strain accumulation and hysteretic behaviour during cy-
clic loading. This is accomplished by using two yield
surfaces -the normal yield surface and the sub-loading
surface (see Figure 1)-, relaxing the Kuhn-Tucker con-
ditions and introducing an additional hardening param-
eter to the formulation, the so-called similarity ratio, R;.

Both the subloading and normal-yield surface have
the same shape but different sizes; indeed, the ratio be-
tween the size of the two surfaces is described by the
similarity ratio, R;. The current stress state always lies
on the subloading surface.

The original proposal of Hashighuchi (1980) assumes
that both yield surfaces are described by homogeneous
functions of first degree and expressed as:

F(0,2) = f(0) — f(2) (10)
f(o,2) = f(6) — Rsf(2) (11)

where it is clear that the similarity ratio, R, ranges be-
tween 0 and 1. f(@) and F(z) are homogeneous func-
tions.

In subloading plasticity, the Kuhn-Tucker conditions
and consistency condition -Equation (6) to (9)- are re-
placed by a loading condition (Hashiguchi et al., 2002):

f(e,z)=0 y=0 (12)

y=0 if %:]D)e:é<0 (13)
This way, the current stress state always lays in the

subloading surface, Equation (12), and plastic flow
occurs when %: D,: € > 0, thus, plastic straining
occurs even if the current stress state is not in the
normal-yield surface.

Finally, the formulation is closed by specifying a
hardening law for the similarity ratio. This hardening
law is better understood by studying the plastic modu-

lus, (H), that reads:

_ _90f, 0z Of Of dRs
H= 9z 0e? 8o ORs dy (14)

Generally, Z—I:/S is described with a function that only

depends on Rg. This function has to be null when the
normal-yield and subloading surface coincide (Ry = 1)
so that the hardening of the reference constitutive model
is retrieved, and should be infinity for the case of R; =
0, so that the material behaves elastically.
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The hardening law of the similarity ratio is generally
described as:

Ri=URyy if y=0 (15)

and a suitable expression is (Hashiguchi et al., 2002):

u

U(RS) - tan(ERs)

(16)

where U(Ry) is a monotonically decreasing function of
Rg and u is a constitutive parameter controlling the
magnitude of plastic straining; classical elastoplasticity
is recovered as u tends to infinity.

4 FORMULATION OF THE CONSTITUTIVE
MODEL

The reference constitutive model is the Clay And Sand
Model (CASM) (Yu, 1998). The model is based on crit-
ical state theory and formulated in terms of the state pa-
rameter.

In the subloading plasticity framework, the normal
yield surface corresponds to the yield surface of CASM:

n

F= il +—t 1n("’—') (17)

p'Mg In(r) " \p,

where s = 6 — p'1 is the deviatoric stress tensor, 1 is
the second order identity tensor, Mg is the stress ratio at
critical state, n is a parameter that regulates the shape of
yield surface, r is a spacing ratio, that controls the
location of the intersection of the CSL with the yield
surface, p,, stands for the preconsolidation pressure.

Differently from the original proposal of
Hashighuchi (1980), here none of the yield surfaces are
homogeneous functions, thus they are not expressed
with the formal structure of Equation (10).

The subloading surface has the same shape as the
normal yield surface, but different size (see Figure 1).
This is accomplished by multiplying the
preconsolidation pressure by the similarity ratio:

n

f = o) (Z) (18)

= +
p'Mg | T In() " \Repj

A non-associative flow rule is assumed (Maénica et
al., 2021):

m

g=[¥ +m—$—1 (19)

where m is a parameter that controls the shape of the
plastic potential function and y is a constant that must
be solved for the current stress state.

Normal yield surface
——— Subloading surface

Deviatoric stress, g(kPa)

R'vp :) p;;

Mean effective stress, p’(kPa)
Figure 1. Normal yield surface and subloading surface of
subloading CASM

CASM adopts the same hardening rule as the modi-
fied Cam-Clay model:

) = Po_gP (20)

pO - A —K* v

stands for

where €} volumetric plastic strain, 1* = .
o

the slope of normally-consolidated in a volumetric
strain-logarithmic mean stress compression plane, e, is

=_is the slope of the swell-

an initial void ratio, k* =
1+e,

ing line in a volumetric strain-logarithmic mean stress
compression plane.

The elastic regime is characterised by a pressure-de-
pendent hypoelastic model, which is described by:

_ p_’ _3(1-2p)
K= - G = 200) K 20

where K is the bulk moduli, G is the shear moduli and u
stands for the Poisson’s ratio.

As a consequence of the previous equations, the crit-
ical state line (CSL) in the compression plane, v —
In(p"), is a straight line:

Uest =" = An(p") (22)

where v is the specific volume at the CSL, p' is the
mean effective stress, I" is the specific volume on the
CSL for p’ = 1 kPa and A is the slope of the CSL.

The plastic modulus of the model can be obtained as:

— _ 9/ 9pc 09 _ Of dRs (23)
dpc deb dp’  ORs dy
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Noting the similitudes and differences between the
first and second term of the plastic modulus, the term

dRs . .
is written as:
dy

Ry=UR)3Zy if 720 (24)
This way the plastic modulus of the model reads:
H=_2003c09 O ;09 (25)

Therefore, both terms, that arising from the reference
constitutive model and that originating from
subloading, plasticity have a similar formal structure
and, more importantly, the same order of magnitude.

5 REPRESENTATIVE NUMERICAL
SIMULATIONS

To showcase the performance of the model, a set of el-
ement tests are presented, employing the constitutive
parameters reported at Table 1.

5.1 Isotropic compression loading (case 1)

The first numerical analysis of this work corresponds to
the isotropic loading. The initial stress state of the soil
is characterized by p’ = 20 kPa and an over-consolida-
tion ratio equal to 10.

Table 1. CASM parameters, material constant and initial val-
ues

Case I Case II Characteristic
M - 1.56 CASM parameter
r 2 7 CASM parameter
m 1.745 1.745 CASM parameter
n - 5.16 CASM parameter
K 0.001 0.008 CASM parameter
u - 0.4 CASM parameter
€ 1 1 CASM parameter
A 0.02 0.04 CASM parameter

60-1000 300-140000 Material constant
p' 20 20-200 Initial value (kPa)
P 200 200 Initial value (kPa)

Figure 2 depicts the evolution of the void ratio, e, in
terms of the mean effective stress, p’, for several values
of the constitutive parameter u. At low mean effective
stresses, the stiffness is similar to the elastic one. As the
soil element reaches mean effective stresses in the
vicinity of the preconsolidation stress, stiffness tends to
smoothly reduce, reaching the elasto-plastic stiffness at
mean effective stresses much higher than the initial
consolidation stress. Therefore, all simulations show a
smooth transition from elastic to elasto-plastic state, and
the rate of degradation of stiffness is rapid as larger

values of u are considered. Moreover, classical elasto-
plasticity is recovered as u tends to infinity (Hashigushi,
2009).

1.00

0.99 |-

0.98 |-

0.97 |

u=60
— u=120
— u=200
—— u=300
0.95 [ | —— u=500
—— u=1000

Void ratio, e

0.96

0.94 — . : :

10 100 1000
Mean effective stress, p’ (kPa)

Figure 2. Influence of constant material, u, on curvature:

void ratio, e, vs. mean effective stress, p’

10000

In order to study the hysteretic behaviour during cy-
clic loading, an additional simulation is reported con-
sidering cycles of loading, unloading and reloading
(Figure 3). During unloading, purely elastic behaviour
is recovered, governed by x. Remarkably, during the
subsequent reloading the material has a lower stiffness
than during unloading and stiffness continuously re-
duces until reaching the plastic stiffness.

1.00

0.99

0.98

0.97

0.96 |

Void ratio, e

0.95

0.94

u=300

038, 100 1000

Mean effective stress, p’ (kPa)

Figure 3. Isotropic loading. Void ratio, e, vs mean effective
stress, p’, during cyclic loading

10000

5.2 Undrained triaxial compression test (case II)

The second numerical analysis corresponds to un-
drained triaxial loading, employing the constitutive pa-
rameters reported in Table 1.

Figure 4 reports several simulations for a broad range
of initial over-consolidation ratios, using to distinct val-
ues of the parameter u: 300 and 140000, which is con-
sidered the reference elasto-plastic solution. Of course,
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the obtained solution for a normally-consolidated soil is

independent of the parameter u, as the similarity ratio is 1.2
always equal to unity. For over-consolidated soils, sub-
loading plasticity can properly represent the smooth LI g oo s o s som commacs s s
transition between elastic to elasto-plastic regimes gen- o2 !
erally attributed to natural soils. ~ 08} ¢
s y
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A larity ratio. OCR = 1.5.
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Figure 4. Undrained triaxial loading. Deviatoric stress vs :j' 150 W (b)
mean effective stress, (a), and deviatoric stress vs deviatoric o ) | :
strain (b). Dashed lines (conventional elastoplasticity) and : N
solid lines (subloading surface model). 5 N
£ 100 [ g~ "o
A low value of the constitutive variable u seems to = g
slightly reduce the residual undrained shear strength; g T e 5 e o
however, at 10% of deviatoric deformation, none of the E 50
simulations has reached critical state. Moreover, at the 5
end of the simulation, the similarity ratio has not yet
reached a value of 1 (see Figure 5). 0
Finally, the performance of the model during cyclic 0 2 4 6 8 10

undrained triaxial loading is showcased in Figure 6.
Once recasted in the framework of subloading
plasticity, the constitutive response depends on the
recent stress history: compared to classical elasto-
plasticity, during subsequent reloading, the soil has a
much reduced stiffness and yields at lower deviatoric
stress.

Deviatoric strain, €, (%)
Figure 6. One cycle during undrained triaxial loading. Devi-
atoric stress vs mean effective stress, (a), and deviatoric
stress vs deviatoric strain (b). Dashed lines (conventional
elastoplasticity) and solid lines (subloading surface model).
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6 CONCLUSIONS

The mechanical response of soils is characterized by a
small elastic domain, a smooth transition between elas-
tic and elasto-plastic regime and the accumulation of
strains during cyclic loading. These features can be in-
troduced to a constitutive model by reformulating it in
the framework of unconventional elastoplasticity.

In this work, a critical state, state parameter
dependent constitutive model has been recasted in the
framework of subloading surface plasticity. The
performance of the model has been showcased in a set
of numerical simulations.
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