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ABSTRACT: The soil constitutive equation describes the relationship between stress and strain tensor, which varies based on 

soil type and deformation conditions. The development of different constitutive models, also known as constitutive relations, has 

enabled a comprehensive understanding of the macromechanical properties of soil. Over the years, soil mechanics has explored 

the complex behavior of soils to gain a better understanding of their constitutive relations. This has led to the creation of various 

models that can help describe and explain the behavior of soil. Hypoplasticity is one such constitutive equation that was discov-

ered over three decades ago. Nonetheless, even if a perfect constitutive model exists, it is of no value until its parameters or 

constants are known. As a result, it is essential to calibrate material parameters for successful application of constitutive models. 

Therefore, the purpose of this paper is to review various approaches for determining hypoplasticity parameters for sand and 

identify an appropriate range for these variables. 
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1 INTRODUCTION 

The complex domain of constitutive modeling of soils 

necessitates an in-depth comprehension of soil testing 

and behavior, advanced mathematics, and abstraction. 

Constitutive equations are essential in solid mechanics 

for mathematically describing the mechanical behavior 

of a material, but they define ideal materials and may 

only partially represent the actual material. 

Nevertheless, they provide a mathematical tool for 

predicting physical system behavior based on limited 

experimental observations. The finite element method 

is frequently employed in geotechnical engineering to 

address design problems, and it invariably necessitates 

sophisticated constitutive models to realistically 

represent soil behavior. Even though several advanced 

models exist, they do not entirely satisfy general 

conditions and necessitate further research. 

Hypoplasticity arises from the framework of rational 

mechanics and is distinguished by its simplicity 

(Brinkgreve, 2005). 

To gain a better comprehension of hypoplasticity, it 

is preferable to familiarize oneself with other material 

behaviors, such as elasticity, plasticity, and elastoplas-

ticity. The following is a brief overview of these behav-

iors. 

Elasticity pertains to a material's ability to return to 

its original stress-free state without energy dissipation 

and is represented by stress as a function of strain. 

Hyperelasticity, on the other hand, necessitates an 

energy potential. Plasticity refers to a type of material 

behavior in which deformation is dissipative and stress 

depends on the path of deformation. Elastoplasticity 

merges elasticity and plasticity and is the dominant 

form of constitutive model used. In contrast, 

hypoplasticity is an alternative to elastoplasticity that 

utilizes constitutive models that are path-dependent and 

dissipative without a yield surface. Dissipative behavior 

is modeled using non-linear rate equations, but if the 

equation is linear, a non-dissipative model called 

hypoelasticity is produced.  

2 HYPOPLASTICITY 

The constitutive law used in hypoplasticity is a rate-

type, incrementally nonlinear equation based on the 

concept proposed by Kolymbas (Kolymbas, 1991). Un-

like incrementally linear equations for hyperelastic and 

hypoelastic material laws, the hypoplastic constitutive 

equations are not differentiable at zero strain rate be-

cause of the different stiffnesses for loading and unload-

ing common in inelastic materials (von Wolffersdorff, 

1996). The strain in hypoplasticity is not decomposed 

into elastic and plastic parts, which differs from the clas-

sical elastoplastic concept (Bauer et al., 2020). 

Most of the fundamental characteristics of soil be-

havior are encompassed in hypoplasticity, including the 

relationship between soil stiffness and void ratio and 

stress level (Kadlíček et al., 2016). 
The hypoplastic model can consider the effects of 

pressure and density, and its parameters can be deter-

mined easily from standard laboratory tests. It is suc-

cessful in describing the behavior of sand, especially for 

monotonous deformation paths, and even for soft soils 

with a high critical friction angle. It performs well for 
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deformations caused by rearrangements of the grain 

skeleton, but it has some defects when applied to cyclic 

stressing or deformation with small amplitudes, such as 

excessive deformation predicted for small stress cycles 

called ratcheting. A change in direction of the strain 

path results in an increase in stiffness, and the maximum 

value appears with a complete strain rate reversal  

(Niemunis & Herle, 1997). 

2.1 Basic parameters 

To describe the behavior of soil using hypoplasticity, 

eight fundamental parameters are used. These 

parameters include critical friction angle (φc), granular 

hardness (hs), and its exponent (n), critical void ratio at 

zero pressure (ec0), maximum void ratio at zero pressure 

(ei0), minimum void ratio at zero pressure (ed0), as well 

as exponents α and β (Namaei-kohal et al., 2022). 

2.1.1 Critical state friction angle (φc)  

Typically, soil under monotonic shear loading reaches 

its critical state when volumetric deformation rate 

stabilizes at a certain level while maintaining constant 

mean stress. To determine critical state, triaxial test is 

commonly used, but deformation localization into a 

shear band may affect stress measurements. To 

minimize this effect, frictionless platens and loose 

sample preparation are recommended. Measuring the 

angle of repose can approximate the critical friction 

angle for soils with grain sizes larger than 0.1mm, while 

the funnel method is preferred for sand soil. The funnel 

test involves slowly lifting a funnel filled with soil to 

create a heap close to critical state. Contact between the 

funnel and forming heap should be constant and the 

base beneath the heap should be rough to prevent sliding 

(Kadlíček et al., 2016). 

2.1.2 Granular hardness (hs) & Barotropy exponent 

(n) 

Granular hardness (hs) is the only parameter with the di-

mension of stress and should not be confused with the 

hardness of individual grains. The exponent "n" takes 

into account the pressure-sensitivity of the grain skele-

ton, allowing for a non-proportional increase in incre-

mental stiffness with increasing pressure. An oedometer 

test is simpler than isotropic compression for determin-

ing hs and n, with a dry or water-saturated specimen 

used to suppress physico-chemical effects. Obtaining hs 

and n directly from measured data is not recommended 

due to strong non-linearity. The knowledge of n is nec-

essary for determining hs, but n can be calculated inde-

pendently of hs. Oedometric test can replace isotropic 

compression for calibration as it is easier to perform and 

allows for reaching higher pressure, as hs and n control 

the slope and curvature of the compression line, respec-

tively (Herle & Gudehus, 1999; Kadlíček et al., 2016). 

2.1.3 Minimum (ed0) , Critical (eco) & Maximum void 

ratio at zero pressure (eio) 

To obtain the best densification of granular material, 

cyclic shearing with small amplitude under constant 

pressure after static compression can lead to an 

asymptotic minimum void ratio ed0, which is slightly 

lower than but close to emin. Void ratios ec0, ed0, and ei0 

determine the positions of the limiting void ratio curves 

in e-lnp space, with ec0 setting the position of the critical 

state line, ed0 controlling the position of the minimal 

void ratio curve, and ei0 representing the maximum void 

ratio of a grain skeleton reached during isotropic 

consolidation in a gravity-free space. To determine ec0, 

the triaxial test or an oedometric test assuming the soil 

is in its loosest state can be used. The maximal void ratio 

emax can be determined through various laboratory 

methods and is typically denser than the theoretical 

maximum. Empirically, ed0/emax ratios of 1.2 for spheres 

and 1.3 for cubes have been found (Herle & Gudehus, 

1999; Kadlíček et al., 2016). 

2.1.4 Dilatancy (α) and Pyknotropy exponent (β) 
The parameters α and β, which govern the development 
of stiffness and pyknotropy factors, need to be evaluated 

using a parametric study that involves simulating the 

triaxial shear test and depends on knowledge of the 

preceding parameters. In the case of natural sands, it is 

generally sufficient to assume β = 1, regardless of 
granulometric properties (Herle & Gudehus, 1999; 

Kadlíček et al., 2016). 

 
Figure 1. Effect of α on the peak of stress-strain curve 

 
Figure 2. Effect of β on the peak of stress-strain curve  
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The impact of α and β parameters on stress-strain 

curves can be understood through Figure 1 and Figure 

2. A drained triaxial test on a dense sample and curve 

simulation using various amounts of α can be conducted 
to calibrate these parameters. Fitting the resulting 

curves will yield the optimal value for α. Figure 1 shows 
that increasing α decreases the stress peak on the stress-

strain curve, while β changes the location of the peak by 

reducing the strain value and shifting the peak to the 

left. 

To calibrate a set of hypoplasticity parameters, the 

following minimum laboratory measurements are re-

quired. The parameters can be divided into three cate-

gories. The first category is critical friction angle (φc), 

which can be calibrated using an angle of repose test 

performed with a funnel. The second category includes 

granular hardness (hs), exponent (n), minimum void ra-

tio at zero pressure (ed0), and maximum void ratio at 

zero pressure (ei0), which can be calibrated using an oe-

dometer test on a soil at its loosest possible state. Criti-

cal void ratio at zero pressure (ec0) can also be classified 

in this category and obtained using the empirical for-

mula ed0=0.5*ec0. The third and final category involves 

parameters α and β, which can be calibrated using a 

drained triaxial test on densely compacted soil through  

a trial-and-error procedure. 

 

Table 1. Hypoplastic parameters of different types of soil 

  φc (  ̊) hs (MPa) n ed0 ec0 ei0 α β 

1 Hochstetten gravel (Brinkgreve, 2005) 36 3.2000E+04 0.18 0.26 0.45 0.5 0.1 1.9 

2 Hochstetten sand (Brinkgreve, 2005) 33 1.5000E+03 0.28 0.55 0.95 1.05 0.25 1 

3 Hostun sand (Brinkgreve, 2005) 31 1.0000E+03 0.29 0.61 0.96 1.09 0.13 2 

4 Karlsruhe sand (Mašín, 2019) 30 5.8000E+03 0.28 0.53 0.84 1 0.13 1 

5 Lausitz sand (Herle & Gudehus, 1999) 33 1.6000E+03 0.19 0.44 0.85 1 0.25 1 

6 Toyoura sand(Herle & Gudehus, 1999) 30 2.6000E+03 0.27 0.61 0.98 1.1 0.18 1.1 

7 Zbraslav sand(Herle & Gudehus, 1999) 31 5.7000E+03 0.25 0.52 0.82 0.95 0.13 1 

8 Uncemented gravel (Fu et al., 2021) 39.5 7.5000E+01 0.55 0.17 0.40 0.48 0.06 1.5 

9 Uncemented sand (Fu et al., 2021) 28.6 9.5500E+01 0.45 0.48 0.75 0.86 0.15 1.25 

10 Karlsruhe fine sand (Poblete et al., 2016) 33 8.6260E+01 0.32 0.67 1.09 1.21 0.21 1.5 

11 Karlsruhe fine sand (Fuentes et al., 2020) 32.6 4.0000E+03 0.27 0.677 1.054 1.212 0.14 2.5 

12 Prague sand (Kadlíček et al., 2016) 35.47 9.0530E+01 0.56 0.33 0.66 0.79 0.03 1.9 

13 Komorany sand (Mašín, 2019) 35 5.0000E+01 0.2 0.35 0.87 1.04 0.26 4 

14 Dobrany (Kadlíček et al., 2022) 41.1 6.5339E+01 0.207 0.592 1.183 1.42 0.05 4 

15 Hrusovany (Kadlíček et al., 2022) 42.6 1.9030E+00 0.162 0.591 1.182 1.418 0.07 6.3 

16 Jablonec (Kadlíček et al., 2022) 42.6 1.0370E+00 0.232 0.616 1.232 1.478 0.02 4.1 

17 Kralupy (Kadlíček et al., 2022) 41.2 1.7560E+00 0.149 0.809 1.1618 1.942 0.23 4.8 

18 Stvanice (Kadlíček et al., 2022) 35.8 8.5300E-01 0.199 0.844 1.689 2.026 0.23 4.9 

19 Hochstetten sand (Khalaj et al., 2021) 33 1.5000E+03 0.28 0.55 0.95 1.05 0.25 1.5 

20 Toyoura sand (Ng et al., 2013) 30 2.6000E+03 0.27 0.61 0.98 1.1 0.14 3 

21 
Firoozkuh sand 

(Mohammadi-Haji & Ardakani, 2020) 
32.7 3.5000E+02 0.24 0.58 0.91 1.1 0.5 1 

22 Hostun sand (Moussa et al., 2020) 32 1.0000E+03 0.29 0.61 0.96 1.09 0.13 2 

23 
Tehran silica sand 

(Namaei-kohal et al., 2022) 
38.4 4.6000E+02 0.26 0.41 0.82 0.98 0.3 1.5 

24 Hochstetten sand (Niemunis & Herle, 1997) 33 1.0000E+03 0.25 0.55 0.95 1.05 0.25 - 

25 Used for model (Niemunis et al., 2005) 32.8 1.5000E+02 0.4 0.575 0.908 1.044 0.12 1 

26 Original model (Yang et al., 2020) 34 3.6000E+03 0.43 0.72 0.934 1.2 0.24 1.2 

27 Karlsruhe sand (H. Stutz et al., 2017) 31 1.0000E+03 0.29 0.61 0.96 1.09 0.13 2 

28 Toyoura sand (H. Stutz et al., 2016) 30 2.6000E+03 0.27 0.61 0.98 1.1 0.25 1 

29 Ticino sand (H. Stutz et al., 2016) 31 1.0000E+03 0.29 0.61 0.96 1.09 0.13 2 

30 Density sand (H. Stutz et al., 2016) 32 7.5000E+02 0.25 0.62 0.97 1.06 0.13 1.5 

31 Toyura sand (H. H. Stutz & Wuttke, 2018) 31 1.0000E+03 0.29 0.61 0.96 1.09 0.13 2 

32 Sandy silt (Tasan & Yilmaz, 2019) 31.5 2.3000E+03 0.30 0.391 0.688 0.791 0.13 1 

33 Castro sand (Tsegaye et al., 2010) 30.5 1.1070E+03 0.26 0.5 0.8 0.97 0.2 2 

34 
Karlsruhe fine sand 

(Wichtmann et al., 2019) 
33.1 4.0000E+03 0.27 0.677 1.054 1.212 0.14 2.5 

35 Kolny sand (Mašín, 2015) 35 4.8000E+02 0.26 0.33 0.87 1.04 0.06 1.47 

36 Kolny sand (Mašín, 2019) 36 1.2000E+02 0.49 0.28 0.74 0.89 0.03 1.41 
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Table 1 lists 36 calibrated sets of basic hypoplastic pa-

rameters for various types of coarse-grained soil. The ta-

ble indicates that each parameter falls within a specific 

range which is mentioned in the conclusion section. 

2.2 Intergranular strain 

The basic hypoplastic models are inadequate in predict-

ing high initial stiffness and ratcheting, which is the ac-

cumulation of strains in stress cycles and stresses in 

strain cycles. The intergranular strain concept is the most 

widely used approach to overcome this limitation. The 

ISA theory provides a useful mathematical platform for 

developing constitutive models to simulate cyclic load-

ing in soils by considering the effect of recent strain his-

tory. The intergranular strain evolution equation is 

elasto-plastic and based on a simple bounding surface 

approach. The concept assumes that reversible defor-

mation of the intergranular strain layer, combined with 

elastic deformation of the grains, accounts for all meas-

ured soil deformation at the beginning of the loading 

process until a certain amount of strain is reached and 

grains start to rearrange. This reversible deformation is 

described by an additional component of the model, 

while the deformation associated with grain rearrange-

ment is irreversible and predicted by the standard hypo-

plastic model. Introducing the intergranular strain adds 

five more parameters to the basic parameters, namely 

mR, mT, βr, R, and χ, which are discussed in detail in the 
following sections (Fuentes et al., 2017; Mašín, 2019; 

Namaei-kohal et al., 2022). 

2.2.1 Stiffness factor (mR) 

The parameter called mR is responsible for controlling 

the strength of the shear modulus at very small strain val-

ues, both during initial loading and when the strain path 

direction is reversed by 180 degrees. The most accurate 

way to determine the value of mR is through shear wave 

propagation experiments, such as bender element tests. 

However, it is also possible to measure the shear modu-

lus using static shear tests, although this method is less 

reliable as it relies on local measurements of sample de-

formation and strain transducers have a limit of accuracy 

(Mašín, 2019). 

2.2.2 Parameter mT 

Determining the value of parameter mT (or ratio mrat = 

mT /mR) through experimentation is challenging. The 

mrat value is equivalent to the ratio of initial shear 

stiffness after a 90-degree change in strain path direction 

(G90) to the initial stiffness (G0), expressed as G90/G0. G90 

cannot be measured through wave propagation 

techniques and requires accurate measurements using 

local strain transducers. However, if such experiments 

are not feasible for a particular soil, a "standard" value 

of mrat is recommended. A default value of 0.7 is 

commonly used for mrat if there is no experimental data 

available for the soil of interest (Mašín, 2019). 

2.2.3 Elastic strain amplitude, Intergranular strain 

hardening parameter and exponent 

The intergranular strain concept model uses three param-

eters: R, βr, and χ, each having a unique physical mean-
ing. R defines the elastic range size in the strain space, 

βr controls the intergranular strain tensor's rate of evolu-
tion, and χ governs the interpolation between the reversi-
ble elastic and nonlinear hypoplastic response. Despite 

their different meanings, these parameters collectively 

control the stiffness degradation rate with increasing 

strain, affecting the model predictions. Typically, cali-

bration of these parameters involves triaxial shear exper-

iments with local measurements of deformation to obtain 

shear modulus versus shear strain curves. An increase in 

R is equivalent to a decrease in βr, and they control the 
horizontal position of the stiffness degradation curve 

within the G versus ln εs diagram. In contrast, χ controls 
the rate of stiffness decrease with strain, and a higher 

value of χ results in a larger quasi-elastic range size and 

a faster subsequent rate of stiffness decrease. The cali-

bration of parameter χ requires a trial-and-error proce-

dure to fit the experimental data (Mašín, 2019). 
 

Table 2. Intergranular strain parameters of different types of 

soil 

 mR mT R βr χ 

Hochstetten sand 

(Niemunis & Herle, 1997) 
5 2 1 0.5 6 

Karlsruhe sand 

(Mašín, 2019) 6 3.5 1 0.2 6 

Komorany sand 

(Mašín, 2019) 3.4 1.7 2 0.12 0.7 

Toyoura sand 

(Ng et al., 2013) 
8 4 0.2 0.1 1 

Firoozkuh (Mohammadi-

Haji & Ardakani, 2020) 
5 2 1 0.5 3 

Tehran silica sand 

(Namaei-kohal et al., 2022) 
3.5 1.5 0.7 0.7 0.8 

Used for model  

(Niemunis et al., 2005) 
6.5 3 1 0.1 6 

Karlsruhe fine sand 

(Poblete et al., 2016) 
5 3.5 1.4 0.35 7 

Sandy silt 

(Tasan & Yilmaz, 2019) 
4.4 2.2 1 0.2 6 

Karlsruhe fine sand 

(Wichtmann et al., 2019) 
2.2 1.1 1 0.1 5.5 

 

Table 2 presents various sets of intergranular strain 

parameters for different types of coarse-grained soil. A 

range can be established for each parameter, which is 

specified in the conclusion section. 
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3 DISCUSSION  

Table 1 lists different basic parameter sets. Plotting these 

values on a graph of ec0 versus ed0 (with a dot for each 

set) yields Figure 3, which has a trendline with a slope 

of approximately 0.58. This slope can be used to esti-

mate ed0 when its value is unknown. As the value relies 

on prior studies and appears to align with a previously 

established empirical formula, it is important to verify 

whether earlier researchers utilized the same formula or 

opted for a different methodology. If they indeed used 

the same formula, it follows that correlation will also 

match the previous findings, since the graph is based on 

their data. 

 
Figure 3. Relation between critical void ratio and minimum 

void ratio at zero pressure 

 

Previous studies suggest using 1.2*eco for spherical 

grain shapes and 1.3*eco for cube grain shapes instead of 

eio. Plotting dots for each set of eco and eio (according to 

Table 1) on a graph results in Figure 4, which shows that 

in most cases, the marked dots are below the empirical 

formula. The trendline has a slope that indicates 

ei0=1.18*ec0. As exact values for maximum void ratio are 

difficult to obtain, the empirical formula can be used to 

estimate it, with a slightly lower value than previously 

thought. 

 
Figure 4. Finding maximum void ratio at zero pressure using 

empirical formula 

 

Figure 5 shows the relationship between mR and mT, 

based on the values in Table 2. Previous studies assumed 

mT=0.7*mR, but this review suggests modifying this to 

mT=0.5*mR. 

 
Figure 5. relation between mT and mR 

 

4 CONCLUSIONS 

The importance of knowing the material parameters in 

constitutive models for soil behavior cannot be 

overstated, even if the model itself is perfect. Calibration 

of these parameters is necessary for successful 

application of the model. To calibrate the hypoplastic 

parameters, undrained triaxial, oedometric compression, 

and drained triaxial tests can be used. Cyclic triaxial 

testing is necessary to calibrate intergranular strain 

parameters, but some parameters can be obtained using 

empirical formulas. This review suggests modifying the 

empirical formula mT=0.7*mR to mT=0.5*mR, and 

provides values for maximum and minimum void ratio 

at zero pressure (1.18*ec0 and 0.58*ec0, respectively). 

Table 3 presents the defined range for each parameter. 

 
Table 3. An approximate range of parameters 

Parameters Minimum Maximum 

φc (  ̊) 28.6 42.6 

hs (MPa) 0.853 32000 

n 0.149 0.56 

ed0 0.17 0.844 

ec0 0.4 1.689 

ei0 0.48 2.026 

α 0.02 0.5 

β 1 6.3 

mR 2.2 8 

mT 1.1 4 

R 0.2 2 

βr 0.1 0.7 

χ 0.7 7 
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