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Assessment of the state parameter used in two-surface
plasticity models
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ABSTRACT: Two-surface plasticity models are very popular for modelling liquefaction-related problems. Central to their for-
mulation is the state parameter, a measure of how far the current soil state is from the critical state. The bounding and dilatancy
surfaces are typically defined as functions of the state parameter, which allows them to evolve and eventually collapse on the
critical surface, at critical state. In this paper, we revisit the definition of the state parameter within the framework of two-surface
plasticity models, using partially drained triaxial compression tests on Hostun sand, under a constant ratio of volumetric to axial
strain. We first demonstrate analytically and numerically how post phase transformation instability points in coupled strain tri-
axial compression tests can be used to isolate the state parameter. We then perform partially drained triaxial tests to experimen-
tally derive a constant state parameter curve, which we use to assess the current state parameter definition. We expect the results
to be of particular interest for modelling the partially drained response of sands.

Keywords: Two-surface plasticity models; constitutive modelling; element testing; state parameter; partial drainage; Hostun sand.

1 INTRODUCTION

Numerical modelling for liquefaction-related problems
is a methodology that has gained much momentum in
the last decade. Advanced constitutive models that cap-
ture the complex behaviour of sand under undrained cy-
clic loading, are typically used in such numerical simu-
lations (e.g., Boulanger and Ziotopoulou, 2015; Prevost,
1985; Taiebat and Dafalias, 2008). Robust constitutive
models are essential to reliably simulate the complex
material behaviour observed in liquefaction-related
phenomena. The SANISAND family of two-surface
plasticity models is the preferred choice for many re-
searchers due to the capability of such models to repli-
cate both monotonic and cyclic behaviour with a unique
set of model constants across all densities and confining
pressures. A simple outline of two-surface plasticity
models is given by Dafalias and Manzari (2004).

The SANISAND formulations incorporate the state
parameter as a way to relate peak stress-ratio and dila-
tancy to critical-state soil mechanics (CSSM). The state
parameter provides an indication of the relative ‘dis-
tance’ of the current soil state from the critical state
(Been and Jeffries, 1985). It is defined as the vertical
distance between the current state and the critical state
(CS) in a void ratio (e)-mean effective stress (p') plot.
This study aims to investigate the reliability of this def-
inition within SANISAND models, with regards to rep-
resenting soil behaviour under partially drained condi-
tions. Partial drainage has been shown to be important
for a range of liquefaction-related phenomena, from the
triggering of liquefaction (Cubrinovski et al., 2019) and

the co-seismic evolution of pore pressures and displace-
ments (Adamidis and Madabhushi, 2018), to post-earth-
quake slope stability (Malvick et al., 2008).

Despite the importance of partial drainage, constitu-
tive models for liquefaction are rarely assessed for their
performance under such conditions. Here, the version of
SANISAND presented by Taiebat and Dafalias (2008)
is implemented to model sand behaviour in triaxial
stress space. A constant state parameter curve is identi-
fied analytically and obtained numerically using the lo-
cus of instability points occurring post phase transfor-
mation in triaxial compression tests, under a constant
ratio of volumetric to axial strain. A constant state pa-
rameter curve is then produced experimentally from
similar, coupled strain triaxial compression tests on
Hostun sand. The numerical and experimental constant
state parameter curves are compared and an updated
definition for the state parameter is proposed.

2 CONSTITUTIVE MODELLING

The SANISAND 2008 model (Taiebat and Dafalias,
2008) has a narrow conical wedge-type yield surface in
triaxial stress space with the wedge bisector or back-
stress ratio denoted by a and a closed cap in the mean
effective stress direction (Figure 1). The rotational hard-
ening, a simulates the evolution of anisotropy under a

varying stress ratio, (= %). The isotropic hardening

rule governed by the end cap captures the accumulation
of plastic strains at high confining pressures under a
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constant stress ratio. The plastic volumetric and shear-
ing strains are represented in two parts: the first part in-
duced by a varying stress-ratio and the second part in-
duced by a constant stress-ratio.

YIELD
SURFACE,
f=0

deviator stress, ¢

v

(=}

mean effective stress, p' P’

DILATANCY SURFACE

CRITICAL SURFACE
“““BOUNDING SURFACE

Figure 1. Schematic illustration of model surfaces in triaxial
space

The bounding surface (a?) and the dilatancy surface
(a?) evolve based on the critical surface (a¢) and the
state parameter (1) in a CSSM framework, as shown in

Equations (1-2), where n” and n¢ are model
parameters.

ab = af.eCn"W) (D

a® = a¢. e W) (2

Using the constitutive formulations in triaxial space,
the elastic stiffness matrix (D,) and the elastoplastic
stiffness matrix (D) for monotonic compression tests

and for p’ < p,, are computed and shown in Equations
(3-4).

De=[g sl ©)
p'HK+3GKs —3GKD
p'H+3Gs—DKn p'H+3Gs—DKn

Dep = “)

3Gp'H-3GKDn
p'H+3Gs—DKn

3GKns
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with K the elastic bulk modulus; G the elastic shear
modulus; H the hardening modulus [= h(ab - a),
where h is a positive hardening parameter]; and D the
dilatancy [= sA4 (ad - a), where A, is a dilatancy pa-
rameter and s is a model parameter, taken as +1 for
compression tests].

The model was implemented in triaxial space in
MATLAB, using the forward Euler method and strain-
controlled loading steps. The model parameters used for

Toyoura sand are shown in Table 1 and are those sug-
gested by Taiebat and Dafalias (2008). Default values
were used for the following parameters: m = 0.05a¢,
n =20,V = 1000 and P, = 98.06 kPa.

Table 1. SANISAND model parameters for Toyoura sand

Parameter Symbol Value
Elasticity G, (kPa) 125
K, (kPa) 150
CSL as 1.2

ey 0.934

A 0.019
& 0.7
Dilatancy n¢ 2.1
Ay 04

Kinematic Hardening n? 1.25

hgy 36.96

Ch 0.987

2.1 Undrained monotonic test results

The purpose of this initial calibration was to verify that
the current implementation performs as expected when
compared to published results. Undrained monotonic
tests were simulated for a range of void ratios and initial
effective confining pressures (p’ < p,), following the
experimental and numerical data presented by Taiebat
and Dafalias (2008). Simulations for dense Toyoura
sand are presented in Figure 2 and show good agree-
ment with published results.

2.2 Partially drained monotonic test results

Coupled strain paths were imposed numerically, using
the calibration described above. The coupled strain
paths corresponded to constant ratios of volumetric
strain rate (&,) to axial strain rate (€;). A positive rate
indicates water flow out of the specimen and a negative
rate indicates water flow into the specimen. Indicative
results are shown in Figure 3, for varying coupling ra-
tios, including the undrained condition.

Coupled strain paths were previously simulated for
Direct Simple Shear (DSS) tests by Kamai and Boulan-
ger (2012), using the PM4SAND constitutive model
(Boulanger and Ziotopoulou, 2015), based on a two-sur-
face plasticity framework similar to SANISAND. The
current simulation results qualitatively agree with the
results obtained in the DSS simulations, as well as with
the experimental triaxial tests conducted by Vaid and
Eliadorani (1998).

As seen from Figure 3, at 100 kPa initial confining
pressure, the soil behaves in a dilative manner under un-
drained conditions. For water outflow conditions, strain
hardening is observed. Under an inflow condition, an
initially strain-hardening response turns to strain-sof-
tening at larger strains; a peak in deviator stress is ob-
served as a result. Under undrained conditions, a peak
in deviator stress is also an instability point. Under a
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water inflow condition, instability points have to be de-
termined using Hill’s stability criterion. This process,

e =0.735D =63.7%
in r

O00XA Experimental results from literature
- = = = Numerical results from literature
4000 Current numerical simulation
w 3000
[a
X
T 2000
1000
0 : 1 L i L
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outlined below, is essential in identifying constant state
parameter lines.
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Figure 2. Comparison of experimental data and simulations for undrained triaxial compression tests on isotropically consoli-
dated samples of Toyoura sand (initial void ratio, e;, = 0.735; relative density, D, = 63.7%)
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Figure 3. Simulations for partially drained triaxial tests on isotropically consolidated samples of Toyoura sand for varying strain
ratios €,/ (relative density, D, = 63.7% and initial mean effective stress, p'y, = 100 kPa)

3 INSTABILITY POINTS UNDER COUPLED
STRAIN PATH

Andrade et al. (2013) numerically simulated undrained
compression behaviour and imposed a loss of unique-
ness condition to detect instability. They related the in-
stability to a limiting hardening modulus that is depend-
ent on soil state. A similar approach is undertaken to
predict instability under coupled strain paths.

3.1 Hill’s stability criterion

The loss of uniqueness condition stems from Hill’s sta-
bility criterion, often used to determine instability in a

material. Hill postulated that if the second-order of work
(W) is strictly positive, the material is stable. Andrade
et al. (2013) expressed Hill’s stability criterion for tri-
axial tests in terms of effective stress increments
(p'and q) and strain increments (&, and &;), as in
Equation (5).

W =p".€, + q.€, > 0 for stability (35)

3.2 Limiting hardening modulus

The second-order of work shown in Equation (5) was
obtained for the compression tests simulated here, using
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the imposed strain increments for a selected strain cou-
pling ratio (T = €,/¢,) and the elastoplastic constitu-
tive relations of Equations (3-4). Instability was de-
tected when the second-order of work changed from
positive to negative. Detected instability points are
shown in Figure 4 with star markers.

A limiting hardening modulus (H; ) that determines
the onset of instability is shown in Equations (6-7). It is
calculated for a given strain coupling ratio (T = &,/¢;)

4(a) Strain Increment Ratio (I') = -10%

4(b) Strain Increment Ratio (I') = -10%

and under undrained conditions (I" = 0), it matches that
of Andrade et al. (2013).
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Figure 4. Simulations for partially drained triaxial tests on isotropically consolidated samples of Toyoura sand for T = —10%
(initial mean effective stress, p';, = 100 kPa)
o7 . d _ b 31"
3.3 Instability line Ag.at (en Y _p-n -IIJ) == (10)

The results shown in Figure 4(e) indicate that at the
identified instability points, the limiting hardening mod-
ulus, H; — 0. From Equation (6), it can be deduced that
either the dilatancy parameter, D — sA (with s = +1
for monotonic compression) or 7 = —A. From Figure
4(a) p" — q plot, it can be easily observed that n # —A.
Hence, D — sA. This is confirmed in Figure 4(f), where
the constant value of A is superposed on the plot of di-
latancy D.

Using Equations (1-2, 6-7) and taking s = +1 for
monotonic compression, an expression can be produced
for the identified instability points:

H=h(a?—a)=H,=0
=al=a (8)

From Equation (6), D —sA=0:

= sAd(a'd - a) = sA

= Ag(at—ab) =A

= Ay.af (e"d"l’ — e‘"b"l’) =A 9)

From Equation (7), Equation (9):
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Figure 5. Instability lines or constant ¥ lines for coupled
strain paths under I' = —4%, —6% and —10%

Equation (10) represents the locus of instability
points for a given strain coupling ratio I'. It shows that
for a given strain coupling ratio I', instability points will
lie on a curve of a corresponding state parameter, 1.
Equation (10) is plotted in the e — p’ space in Figure 5
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for three strain coupling ratios I'. A plethora of stress
paths under the same coupling strain ratios are also
plotted, with the instability points derived from
Equation (5) added in star markers. Equation (10) is
shown to accurately represent the locus of instability
points across a range of initial conditions and I" values.

This theoretical exercise demonstrates that for two-
surface plasticity models of the SANISAND family,
Equation (10) represents an ‘instability curve’ for a
given strain coupling ratio I' and corresponds to a
constant state parameter ). An experimental campaign
follows, whose aim was to identify such instability
points for a given I' so as to experimentally derive an
‘instability curve’ as in Equation (10) and thus assess
what a constant state parameter curve should look like.

4 EXPERIMENTAL TESTING

Initially drained and undrained monotonic triaxial tests
were undertaken to locate the critical state line (CSL).
Additionally, partially drained triaxial tests under a
constant strain coupling ratio I' were performed.

4.1 Testing equipment

The experiments were performed using a GDS ad-
vanced dynamic triaxial testing system at the Universi-
ty of Oxford. The tests presented here were conducted
under strain-controlled monotonic compression. The
back-pressure controller was used to control volume
flow into and out of the specimen.

4.2 Testing material and testing protocol

All tests were performed on Hostun HN31 sand. De-
tailed sand properties can be found in Adamidis and An-
astasopoulos (2022). Specimens were cylindrical,
70mm in diameter and 140mm in height. Water (wet)
pluviation was used for sample preparation. The testing
protocol was based on ASTM D4767-11 for undrained
tests and ASTM D7181-11 for drained tests. The B-val-
ues for all tests were between 95% to 98%.

The specimens were isotropically consolidated to the
required mean effective stress at a rate of 33 kPa/hr. The
shearing stage was commenced the next day with im-
posed axial displacement rates of 6mm/hr for undrained
tests and 3mm/hr for drained tests. The partially drained
triaxial tests were conducted by imposing an axial dis-
placement rate of 6mm/hr and an inflow volumetric
strain rate of 10% of the axial strain rate. Membrane
correction and barrelling were considered, assuming a
parabolic deformed shape. Membrane penetration ef-
fects were negligible.

4.3 Critical state line determination

The conducted monotonic compression tests are shown
in Figure 6 with red lines. The proposed expression for

the CSL (Equation 11) is shown in purple in Figure 6
and was also based on tests conducted by the second au-
thor (OA) in ETH Zurich (see Adamidis and Anasta-
sopoulos, 2022 for information on experimental meth-
ods) and on published results by Azeiteiro et al. (2017)
and Konrad (1993).

(émax—€min)R
YD) (h

€cs = Cmax

with e.; the void ratio at critical state; e, the
maximum void ratio (= 1.049); e, the minimum
void ratio (= 0.671); R = 1.2 and Q = 8.8.
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Figure 6. Critical state line for Hostun sand
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Figure 7. Partially drained monotonic triaxial tests under
€,/&, = —10% and corresponding instability line
4.4 Partially drained test results

The results of the monotonic triaxial compression tests
performed under a constant ratio of volumetric strain
rate to axial strain rate, €,/¢; = —10% are plottedine —
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p' space in Figure 7. The instability points were calcu-
lated using Equation (5).

4.5 Instability curve

The current definition of the state parameter 1), shown
with a green line in Figure 7, does not match well the
locus of the experimentally derived instability points.
An updated state parameter 1, is proposed instead for
Hostun sand, described in Equation (12).

¥ = (e — ee) L22) (12)

where e is the void ratio at critical state; a = 800 and
b=104.

For a constant updated state parameter i, the verti-
cal distance from the CSL in e — p’ space is reduced as
p' increases. For the coupled strain ratio, &,/& =
—10% the value for the constant updated state parame-
ter that matches the locus of instability points is Pp =
—0.1. This exercise has indicated that the current defi-
nition of the state parameter within two-surface plastic-
ity models might need to be updated, especially when it
comes to capturing the behaviour of soils under partially
drained conditions.

5 CONCLUSION

This paper represents an effort to isolate and assess the
state parameter used in two-surface plasticity models.
The method is inspired by loading under partially
drained, or rather, non-undrained conditions. Drainage,
especially when resulting in volumetric expansion, can
lead to liquefaction triggering even for soils that are sta-
ble under undrained loading. This can greatly impact the
behaviour of sands, for instance due to upwards dissi-
pating pore water during and after an earthquake.

Monotonic triaxial compression paths, where the vol-
umetric strain rate is coupled to the axial strain rate were
numerically modelled using the SANISAND 2008 con-
stitutive model. Post phase transformation instability
points were then located using Hill’s stability criterion.
It was shown that the locus of all such points for a given
rate of strain coupling lie on a constant state parameter
line. Monotonic triaxial compression tests with coupled
volumetric and axial strains were then experimentally
conducted on Hostun sand, to obtain what according to
the used constitutive model should be a constant state
parameter line. The experimental results suggested that
an update in the definition of the state parameter is re-
quired to replicate the observed behaviour. The updated
definition of the state parameter is expected to improve
the performance of two-surface plasticity constitutive
models under conditions of partial drainage.
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