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ABSTRACT: It has recently been demonstrated that stress functions form the underlying basis of the slip-line form of the upper 

bound theorem of plasticity.  This insight enables the development of novel hybrid methods combining the benefits of disconti-

nuity layout optimization/meshless methods and finite element approaches. In this paper the approach is illustrated through a 

worked example.  The theoretical relationship between limit equilibrium, and limit analysis upper and lower bound solutions is 

also discussed. 
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1 INTRODUCTION 

Limit analysis is a well-established and highly effective 

means of bounding the ultimate load carrying capacity 

of a mechanical system formed of ideal plastic materials 

and has a wide range of applications in geotechnical sta-

bility analysis, including slope stability, embedded wall, 

gravity wall, reinforced soil, and hybrid problems such 

as soil-masonry interactions.   

In a recent paper (Smith and Gilbert 2022) it was 

demonstrated that stress functions form the underlying 

basis of the slip-line form of the upper bound theorem 

of plasticity. While that paper focused on implications 

for general plasticity theory and examples using cohe-

sive weightless materials, the aim of this paper is to ex-

plore the  resulting insights relevant to geotechnical 

analysis and will cover (i) examples illustrating the use 

of stress functions in problems involving self-weight 

and friction; (ii) the theoretical relationship between 

limit equilibrium, and limit analysis upper bound solu-

tions (iii) the development of novel hybrid methods 

combining the benefits of discontinuity layout optimi-

zation/meshless methods and finite element ap-

proaches;. 

A synopsis of the stress function formulation given 

by Smith and Gilbert is presented initially. For concise-

ness, rotational mechanisms will not be addressed in 

this paper, however the underlying principles are fully 

satisfied in the formulation and are discussed further by 

Smith and Gilbert (2022). 

2 UPPER BOUND THEOREMS 

The conventional kinematic (energy balance) upper 

bound theorem may be stated as follows: 

 

Theorem 1 (Upper Bound - Associative Material). If 

a compatible mechanism of plastic deformation is as-

sumed, then the applied loads determined by equating 

the rate at which external forces do work to the rate of 

internal energy dissipation will either be higher or 

equal to the actual limit load. 

 

In the derivation of the stress function basis of the upper 

bound slip line mechanism analysis, Smith and Gilbert 

(2022) postulated the following alternative (equilibrium 

based) equivalent to Theorem 1: 

 

Theorem 2 (Upper Bound - Associative or Non-Asso-

ciative Material). If an equilibrium stress field is found, 

also in equilibrium with external forces such that the 

maximum possible load sustainable by the system is 

achieved without yield being violated in any part of the 

domain, then the applied load will be an upper bound to 

any collapse load. 

 

This must hold since any additional load would lead 

to stresses that would have to exceed yield in the domain 

to preserve equilibrium and thus an impossible state. 

While this theorem may at first sight resemble the lower 

bound theorem of plasticity, the requirement that a max-

imum load is found (involving an exhaustive search of 

all possible equilibrium stress fields) and the fact that 

no flow rule is stipulated renders it an upper bound in 

general since non-associative collapse mechanisms 

must occur at the same or lower loads to associative col-

lapse mechanisms (Chen, 1975).  

If an associative flow rule is adopted, the application 

of this theorem returns the true plastic solution since the 

theorem also then represents the lower bound theorem 

with the additional requirement that it returns the maxi-

mum possible load.  

https://doi.org/10.53243/NUMGE2023-367
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The key challenge with the use of Theorem 2 is to 

find the equilibrium stress field corresponding to the 

maximised load. This could be addressed using finite 

element formulations that enforce equilibrium every-

where, but it would be challenging to demonstrate that 

the finite element discretisation chosen returned the 

maximum possible load (involving an exhaustive search 

of all possible equilibrium stress fields). However, a 

simplification is possible that allows an upper bound to 

be derived.  This involves relaxation of the criterion that 

yield is not violated anywhere in the domain to ensuring 

it is not violated in only part of the domain. Theorem 2 

can therefore be modified as follows (Smith and Gilbert, 

2022):  

 

Theorem 3 (Upper Bound - Associative or Non-Asso-

ciative Material). If an equilibrium stress field is found, 

also in equilibrium with external forces such that the 

maximum possible load sustainable by the system is 

achieved without yield being violated in only part of the 

domain, then the applied load will be an upper bound to 

any collapse load. 

 

This will in general generate a less optimal upper 

bound than Theorem 2. However, it turns out that a 

stress function based formulation and the consideration 

of forces and yield along lines can conveniently be used 

with Theorem 3 to automatically generate upper bound 

solutions in the form of a slip-line mechanism equilib-

rium analysis.  The key features of the formulation are 

derived in the next section.  

3 STRESS FUNCTION FORMULATION 

3.1 Stress function definition 

The equations of equilibrium in two dimensions with 

body forces 𝐹𝑥 and 𝐹𝑦 acting in the +ve axes direction 

are given by: 

 ∂σ𝑥𝜕𝑥 + ∂τ𝑥𝑦𝜕𝑦 + 𝐹𝑥 = 0 (1) 

 

and 

 𝜕𝜎𝑦𝜕𝑦 + 𝜕𝜏𝑥𝑦𝜕𝑥 + 𝐹𝑦 = 0  (2) 

 𝜏𝑥𝑦 = 𝜏𝑦𝑥   (3) 

 

Adopting the sign convention in Figure 1, where ten-

sion, anti-clockwise (𝜏𝑥𝑦) shear stresses, and clockwise 

(𝜏𝑦𝑥) shear stresses are all taken as positive, a stress 

function 𝛷, is defined such that: 

 𝜎𝑥 = 𝛺 + 𝜕2𝛷𝜕𝑦2 (4) 

 𝜎𝑦 = 𝛺 + 𝜕2𝛷𝜕𝑥2 (5) 

 𝜏𝑥𝑦 = 𝜏𝑦𝑥 = − 𝜕2𝛷𝜕𝑥𝜕𝑦 (6) 

 

where the body forces are determined by the potential 

function 𝛺 as: 

 𝐹𝑥 = − 𝜕𝛺𝜕𝑥  (7) 

 𝐹𝑦 = − 𝜕𝛺𝜕𝑦 (8) 

 

It is found that the equations of equilibrium are identi-

cally satisfied for all values of 𝛷 and 𝛺. It is convenient 

for later derivations to define functions 𝑢, and 𝑣 as 

follows: 

 𝑢 = 𝜕𝛷/𝜕𝑦 (9) 𝑣 = −𝜕𝛷/𝜕𝑥 (10) 

 

The stress function itself can be an arbitrary function, 

but for practical purposes is chosen to generate stress 

fields that satisfy boundary and yield conditions as ap-

propriate. The potential function is determined by the 

nature of the body forces e.g., gravity. 

 

 
Figure 1. Conventional sign convention (tension positive). 

3.2 Derivation of forces along a line 

A stress function may be integrated along a straight line 

connecting any two points to give the shear force S, nor-

mal force N, and moment M acting on the line (Smith 

and Gilbert, 2022): 

 𝑆 = −α(𝑢𝑏 − 𝑢𝑎) − β(𝑣𝑏 − 𝑣𝑎) (11) 

 𝑁 = β(𝑢𝑏 − 𝑢𝑎) − α(𝑣𝑏 − 𝑣𝑎) + ∫ 𝛺𝑏𝑎 . 𝑑𝑙 (12) 

 𝑀 = −0.5𝛼𝑙(𝑣𝑎 + 𝑣𝑏) + 0.5𝛽𝑙(𝑢𝑎 + 𝑢𝑏) + 𝛷𝑎 −𝛷𝑏 + ∫ 𝛺(𝑙 − 𝑙𝑚)𝑏𝑎 . 𝑑𝑙 (13) 
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where 𝑢𝑎, 𝑢𝑏, 𝑣𝑎, 𝑣𝑏, 𝛷𝑎, 𝛷𝑏 are the values of 𝑢, 𝑣 and 𝛷 

at nodes 𝑎 and 𝑏, l is length along a line,  and  are the 

direction cosines of the line and lm is the length to the 

midpoint and where the forces and moments follow the 

sign convention shown in Figure 2.  

 

 
Figure 2. Forces along a discontinuity. 

 

Moments, shear and normal forces may thus be derived 

from a knowledge of 𝛷 and 𝑢 and 𝑣 at the end points of 

a line and an integral of the body force function 𝛺 only. 

3.3 Body forces 

For conventional (non-seismic) geotechnical problems, 

the potential function represents gravity and is defined 

as:  

 Ω = 𝛾𝑦                   (14) 

 

The body force function affects only N and M. Hence: 

 𝑁 = 𝛽(𝑢𝑏 − 𝑢𝑎) − 𝛼(𝑣𝑏 − 𝑣𝑎) + γ𝑙𝑦𝑚 (15) 

 𝑀 = −0.5𝛼𝑙(𝑣𝑎 + 𝑣𝑏) + 0.5𝛽𝑙(𝑢𝑎 + 𝑢𝑏) + 𝛷𝑎 −𝛷𝑏 + γβ𝑙2/12  (16) 

 

where l is the length of the line and ym is the y-coor-

dinate of the mid-point of the line. 

3.4 Checking yield violation on a line 

In this paper, the conventional Mohr-Coulomb yield 

function will be adopted: 

 𝜏 ≤ 𝑐′ + 𝜎′ tan 𝜙′                (17) 

 

where  is the shear stress, c the effective cohesion in-

tercept, σ the normal effective stress and  the drained 

angle of shearing resistance of the soil.  

This may be expressed in an average sense as: 

 𝑆 ≤ 𝑐′𝐿 + 𝑁′ tan 𝜙′                (18) 

 

If yield is not violated in an average sense, then two 

scenarios are possible for a convex yield surface: (i) it 

is not violated anywhere along the line, or (ii) it is vio-

lated along part of the line and not violated on other 

parts.  In either case the constraint that yield has not 

been violated in part of the domain is satisfied, and there 

is no requirement to calculate the actual normal and 

shear stresses  

3.5 Stress function formulation of upper bound 

Consider that a stress function based stress field is 

sought that satisfies Theorem 3. A stress function may 

always be fitted to (legitimate) boundary conditions, 

implicitly satisfying orthogonal and moment equilib-

rium, thus satisfying the first requirement of the Theo-

rem. 

To fully satisfy Theorem 3, it is necessary to show 

that yield is not violated in part of the domain and that 

the load is maximised through an exhaustive search of 

all possible stress fields.  This can be achieved by 

demonstrating that yield is not violated in an average 

sense along a series of connected lines in the domain 

(these will generally correspond to slip-lines in a slip-

line mechanism).  

As shown earlier, a stress function upper bound solu-

tion for a slip-line mechanism may be found by finding 

the values of the stress function and its first derivatives 

at the end points of the lines only (for translational 

mechanisms it is not necessary to find 𝛷 itself).  
Since the functions are defined only at points, no a-

priori assumption about the nature of the stress field be-

tween these points has been made. Hence maximisation 

of the live load through free choice of stress function 

values at these (finite number of) points will always sat-

isfy the requirement that an exhaustive search has been 

carried out of all possible equilibrium stress fields. This 

satisfies Theorem 3. It now follows, therefore, that it is 

possible to recast Theorem 3 into the following form: 

 

Theorem 4. An upper bound solution based on slip-

lines connecting pairs of nodes in a domain may be es-

tablished by defining stress function parameters 𝛷, 𝑢, 𝑣 

at these nodes, in equilibrium with external forces and 

maximising the live load while demonstrating that yield, 

defined by a convex surface, and determined using the 

slip-line end point nodal stress function values, is not 

violated in an average sense for each slip-line. 

4 EXAMPLE  

Consider the simple three wedge analysis of a bearing 

capacity problem shown in Figure 3, where the soil has 

an angle of shearing resistance 30º and unit weight 1.0. 

Such a problem can be solved by a conventional three 

wedge equilibrium analysis, though as will be seen later 

this may not be rigorous. Alternatively, it could be 

solved using the stress function based analysis de-
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scribed in the previous sections coupled with a numeri-

cal optimization procedure. Given the direction cosines 

and body force parameters listed in Table 1, optimiza-

tion gives the resulting stress function values shown in 

Figure 4.  

   

 

 
Figure 3. Simple three wedge bearing capacity solution in a 

frictional soil with unit self weight where L = 1 and D = 3. 

 

 

 
 

Figure 4. Stress function values (u,v) for upper bound solu-

tion of simple three wedge bearing capacity problem. 

 

 
Table 1. Direction cosines and body force parameter on dis-

continuities 

Disconti-

nuity 
  𝛄𝒍𝒚𝒎 

oa -1.0 0.0 0.0 

ob 0.0 -1.0 -1.5 

oc 0.5 -0.87 -1.73 

od 1.0 0.0 0 

bc 1.0 0.0 -1.73 

ab 0.5 -0.87 -1.5 

cd 0.87 0.5 -3.0 

    

Applying the values in Figure 4 and Table 1 to equa-

tions (11) and (15) gives the forces listed in Table 2. It 

may be verified that these give rise to an equilibrium set 

of forces on the three wedges A, B and C. 

To give an example, the forces on discontinuity cd  

are computed from the stress function values as follows: 

 𝑆 = −0.87(0.0 − 4.5) − 0.5(0.0 − (−0.87)) =  3.46
 (19) 

 𝑁 = 0.5(0.0 − 4.5) − 0.87(0.0 − (−0.87)) − 3.0 =−6.0 (20) 

 
 

Table 2. Normal and shear forces on discontinuities 

 
Discontinuity N S 

oa -21.65 0 

ob -9.75 -5.63 

oc -5.2 -3 

od 0 0 

bc -6.5 3.75 

ab -16.89 9.75 

cd -6 3.46 

5 UPPER BOUND AND LIMIT 

EQUILIBRIUM ANALYSIS  

5.1 Relation of Limit Equilibrium to Limit 

Analysis  

While the kinematic form of the Upper Bound theorem 

(Theorem 1) is most often covered in textbooks (e.g., 

Johnson and Mellor 1962, Chakrabarty 2006) and is 

sometimes viewed as the ‘pure’ upper bound form, the 
equilibrium (equilibrium of forces) form of the upper 

bound theorem (sometimes referred to as a ‘limit equi-
librium’ or LE form) is sometimes considered as a 

‘lesser’ form. Michalowski (1989) asserts that the ‘limit 

equilibrium’ form is not equivalent to the energy based 

kinematic form of the upper bound theorem, and that the 

latter requires an associative flow rule, while the former 

does not.  

While a conventional equilibrium of blocks analysis 

does not require any explicit requirement of an associa-

tive flow rule, neither does it conventionally require 

maximisation of the load which is where the key dis-

tinction arises.  

In a rigid block analysis, yield is normally assumed 

on each slip-line, which implicitly requires that slip may 

occur along that slip-line in a kinematic sense. The kin-

ematic direction of this slip will dictate the direction of 

the shear force to be employed in the equilibrium anal-

ysis.  This direction may vary between the adoption of 

an associative and non-associative flow rule. However, 

an associative analysis will lead to shear directions that 

maximise the load or equivalently, the choice of the 

shear directions that maximises the load implies an as-

sociative flow rule.  

Even if a kinematic analysis is not carried out to 

determine shear direction, the optimal direction is 

usually intuitive. However in some cases this is not the 

case as illustrated by Smith and Gilbert (2022) using a 

Mononobe-Okabe example analysis.   
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The key points in the above discussion may be sum-

marised as follows: 

 

1. LE is the same as upper bound LA if the load 

is maximised. 

2. A full equilibrium stress state may always be 

fitted to the analysis, i.e., the scenario is al-

ways in orthogonal and moment equilibrium. 

3. The stress state may be in yield at locations 

away from the slip-lines. 

Hence orthogonal and moment equilibrium can always 

be implicitly satisfied in Limit Equilibrium approaches. 

Thus while an analysis that employs e.g. only transla-

tional failure may explicitly consider only orthogonal 

equilibrium, moment equilibrium may be considered 

implicit. Thus such an analysis is one where  rotational 

failure is not considered rather than one where no mo-

ment equilibrium exists. Thus a corollary to Theorem 4 

may be written as follows (Smith and Gilbert, 2022): 

 

Corollary 1 (to Theorem 4). An upper bound solution 

based on a rigid-block equilibrium analysis and in equi-

librium with external forces will implicitly satisfy all 

equilibrium requirements throughout the domain. It is 

not necessary to check equilibrium is satisfied, but equi-

librium equations may be used to determine forces and 

moments acting in the system in order to apply yield 

constraints in part of the domain. 

5.2 Ensuring maximisation in analysis  

It is seen that for an LE analysis to be regarded as an 

upper bound LA analysis requires maximisation of the 

load. To summarise, this may be achieved by one of the 

following:  

1. Undertake a kinematic analysis of the rigid-

block mechanism adopting an associative flow 

rule. Utilise the resulting displacements to infer 

the shear directions in the equilibrium analysis. 

2. Try all permutation of shear force directions 

and select the set that delivers the maximum 

load. This may be onerous by hand, but most 

will be obvious.   

3. Solve the underlying stress function based 

problem using numerical optimization where 

the objective function is to maximise the load. 

 

Maximisation may be difficult to ensure in hand calcu-

lations which is why the ‘LE’ approach may be consid-
ered inferior to a kinematic LA upper bound analysis. In 

the latter case it is not essential that an optimal mini-

mum energy solution is found to determine an upper 

bound - a higher value will still be an upper bound. 

However with the advent of numerical implementations 

the distinction is less significant. 

6 APPLICATION IN NUMERICAL 

ANALYSIS 

6.1 Discontinuity Layout Optimization  

The stress function basis of the upper bound detailed in 

this paper, forms the underlying basis of the equilibrium 

formulation of the Discontinuity Layout Optimization 

method, DLO (Smith and Gilbert, 2007). This method 

provides automatic optimised slip-line mechanism solu-

tions for any problem geometry and loading as illus-

trated for example in Figure 5.  

DLO employs linear programming with the objective 

function to maximise the load, while selecting values of 

, u and v at every node that do not cause yield violation 

on any line connecting and two nodes.  

While the discussion in the previous sections has 

been based on the analysis of a predetermined slip-line 

mechanism or set of rigid blocks, DLO starts from a dis-

tribution of nodes across the domain and is able to con-

sider all possible slip-lines that connect any node to any 

other node. It is thus able to automatically determine the 

optimal mechanism that can be constructed from a sub-

set of all possible nodal connections. A resulting addi-

tional advantage of DLO is that it is able to handle fan 

zones and singularities in the solution inherently (as 

shown in Figure 5 at the upper right hand corner of the 

wall) with no special programming, something that is 

challenging for FE limit analysis methods that model 

stress fields directly rather than via a stress function. 

 
 
Figure 5. DLO solution of the passive pressure analysis of a 

rough wall. 

6.2 FE and hybrid methods 

Finite element limit analysis (FELA) is a well-estab-

lished approach for computing both upper and lower 

bounds (e.g. Lysmer 1970; Sloan 1989; Mak-

rodimopoulos & Martin 2006). However the method  

can be sensitive to the geometry of the original finite 

element mesh, particularly in the region of stress or ve-

locity singularities. While it is possible to tailor a mesh 

given advance knowledge of the mode of response of 

the problem being studied, this is clearly unsatisfactory. 

Adaptive mesh refinement schemes can potentially 

overcome this problem. Alternatively a solution derived 

using DLO such as illustrated in Figure 5 can be used to 
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define a closely optimal mesh. This can then either di-

rectly be used by a FELA approach or the stress function 

field determined by the DLO analysis at the nodes could 

directly be used as the nodal values within the FE mesh.  

Finding a suitable function for each element would then 

potentially allow lower bound solutions to be generated 

from the upper bound solution that would be valid for a 

slightly increased yield function.  

6.3 Meshless methods 

Meshless methods can be employed in plastic analysis 

and have been formulated using stress functions (Canh 

et al., 2016). A stress function meshless approach will 

guarantee equilibrium is continuous everywhere, how-

ever localised field fitting means that the yield checking 

may be over constrained in overlapping local domains 

and thus may not give rise to an upper bound. 

 However, once a solution is obtained using a stress 

function basis, then it can be interpreted using the DLO 

approach and either be proved to be an upper bound for 

the specified yield function or for a slightly increased 

yield function. Alternatively, a combination of meshless 

and DLO style yield checking may generate faster con-

verging solution. DLO checks for yield in many discrete 

directions and over many discrete length scales, while 

meshless methods cover continuous directions over 

continuous local length scales. 

7 CONCLUSIONS 

It has been shown that it is possible to formulate the 

equilibrium form of an upper bound rigid-block plane 

strain problem in terms of stress function parameters at 

the nodes connecting sliding interfaces.  

These parameters may be used to calculate shear 

forces S, normal forces N, and moments M, acting on 

straight lines connecting any node pair. Use of a stress 

function formulation ensures that equilibrium is implic-

itly guaranteed throughout the domain.  

The forces S and N and moments M in turn can be  

used to check yield in an average sense along a straight 

line connecting any node pair.  

If stress function values at nodes are chosen to max-

imise the live load without violating yield along the slip-

lines then it can be shown that this will be an upper 

bound to both associative and non-associative prob-

lems.   

This forms the basis of the equilibrium form of the 

Discontinuity Layout Optimization procedure. It also 

provides insights into conventional limit equilibrium 

rigid block equilibrium analysis. For a correct solution, 

maximisation of the load must be carried for any analy-

sis to be a valid upper bound. The maximisation process 

typically relates to an assumption of yield and choice of 

direction of shear force on any rigid block boundary. 

The stress function formulation also opens up oppor-

tunities to develop hybrid DLO, meshless and FE stress 

function based methods all of which utilise stress re-

lated variables at nodes and can thus draw on the ad-

vantages of each method. 
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