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ABSTRACT: The successful simulation of the behaviour of expansive soils using FEM strongly depends on the acting hydro-
mechanical processes and their proper consideration. During swelling processes, part of the pore water is bound to the solid.
However, the associated change of volume fractions in the porous medium and its contribution to the overall material behaviour
is not accounted for in most numerical frameworks. A numerical framework based on the theory of porous media and a novel
constitutive model is proposed. The theory of porous media includes a distinct swelling water phase that does not participate in
the flow through the pore space. A bidirectional mass transport enables the transition from free to swelling water during change
in water content. The reduction of the effective pore space is considered at the finite element level. By consistent balancing in
the governing equations, the swelling induced reduction of hydraulic conductivity is directly accounted for. The performance of
the proposed framework is demonstrated by back calculation of laboratory tests on different materials. Its capabilities to simulate

complex loading paths in (un)saturated conditions with a single set of parameters are shown.
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1 INTRODUCTION

For expansive soils, it is widely acknowledged that
swelling processes upon saturation are directly coupled
to the wetting of the material and that a certain amount
of the wetting fluid, mostly water, is attached on differ-
ent structural levels of the expansive clay minerals. The
attachment of water serves as a basic assumption for the
development of many sophisticated constitutive rela-
tionships for the simulation of expansive soil within the
framework of Finite Element (FE) simulations, e.g. for
the hydro-mechanically coupled stress-strain behaviour
(Gens and Alonso, 1992) or the soil water retention be-
haviour (Dieudonne et al., 2016). However, in the bal-
ancing equations of these numerical frameworks, the as-
sociated change of volume fractions in the soil is not
considered.

In general, for FE analysis the soil is idealized as a
continuous medium according to the Theory of Porous
Media (TPM) (de Boer, 1998; Schrefler, 1990). Three
continuous phases, namely the solid, the wetting fluid
(pore water), and the non-wetting fluid (pore air) exist
simultaneously in each material point of the overall
mixture. For the application of the classical three-phase
TPM to expansive soils, the transition from free water
to water bound in the clay structure is neglected in the
governing balance equations.

Extensions of the TPM in soil mechanics have been
successfully carried out by Fuentes Lacouture (2014)

and Machacek (2020), introducing a residual water and
an occluded air phase, respectively. The existence of re-
sidual water in soils is widely accepted and has been
state of the art in the description of soil water retention
behaviour latest since van Genuchten (1980). In the
four-phase TPM, the residual water content can only be
reduced by oven drying, but not by increasing the suc-
tion. In contrast to the free pore water, which flows ac-
cording to Darcy’s law, the residual water remains at-
tached to the solid phase. Extensions of the TPM
including mass transfer mechanisms have already been
applied in various applications of continuum mechan-
ics, e.g. for swelling gels (Sauerwein and Steeb, 2018).
However, they are still rare in soil mechanics.

In this work, an extension of the TPM with residual
water and a separate swelling water phase including a
mass transfer between free pore water and water bound
to the expansive soil during swelling processes is pro-
posed. In combination with a novel mechanical model
for expansive soils (Grandas Tavera et al., 2022), a nu-
merical framework is presented, which can predict the
reduction of effective pore space during swelling pro-
cesses by consistent mass balancing and predict the hy-
dro-mechanically coupled material response of expan-
sive soils. For the case without swelling and a residual
water phase, the extended TPM becomes the classical
three-phase TPM.

The article is structured as follows: In Section 2 the
extended TPM for expansive soils is presented and its
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balance equations are summarised in Section 3. A de-
scription of all constitutive models of the numerical
framework is given in Section 4 and its performance is
shown in Section 5. The work concludes in Section 6.

2 EXTENDED THEORY OF POROUS MEDIA

In addition to the solid skeleton (s), the free pore water
(wf), the pore air (af) and the residual water phase
(wr), a third water phase - the swelling water phase
(ws) - is introduced in the porous expansive medium. It
corresponds to the proportion of water that is bound to
the clay particles by physico-chemical forces and is
therefore also considered immobile with respect to the
solid. Any swelling phenomenon is directly linked to
the existence of swelling water.

All constituents of the expansive soil are shown in
Figure 1. By volume averaging in a defined control
volume of the overall mixture dV, for any constituent or
phase a = {s,wf,wr,ws,af} a volume fraction ¢% =
dV®/dV is given, wherein dV* is the occupied volume
of phase a. For all constituents the constraint ), ¢%* =
holds. The volume fractions of several phases can be
combined arbitrarily. Thus, the total water volume
fraction of the five-phase TPM presented here results in
QY = QIWHTWItWS = fW 4 W + WS, For the partial
masses m“ the constraint };, m* = m holds, wherein m
is the total mass of the mixture. The partial density of
each phase «a is given by p% = % p* with p“ being the
intrinsic density (refering to the volume dV%). Conse-
quently, pores in the control space are also presumed as
statistically distributed, which results in the following
definition of the total porosity n and the void ratio e:

n=1—-¢° and e =n/(1—n). @)

Considering the residual water and the swelling water
both attached to the particles and the reduced pore space
available for free water, two effective porosities are in-
troduced:

ne=1_(ps_(pwr=n_(pwr’ )

N

nws =1- @S — (pWT+WS — ne _ (pws‘ (3)
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Likewise, the degree of saturation S", the residual
degree of saturation S¥", and the effective degree of sat-
uration S€ are defined:

SV = q)wf+wr/n and SW' = (pwr/n’ 4)
S¢=(S¥ —-S"")/(1-5"") = (pwf+w5/ne. (5)

The extended TPM automatically transitions to the
classical three-phase TPM, if no swelling occurs
(™* = 0) and no residual water is present (%" = 0).

3 BALANCE EQUATIONS

The governing equations include the balance of mass
for each constituent @ and the balance of linear
momentum of the mixture. For the five-phase porous
medium the residual and swelling water are
kinematically associated with the solid (V" = v%* =
%) and considered as incompressible (KW' = KWS =
K® - ). The mass balances of these phases a =
{s,wr,ws} read:

n=(1-n)v;, and n® = (1—n®) vg,, (6)
GV + " B~ =0, ™

wherein ¢ denotes the mass transfer between free pore
water and the swelling water (regarded as density
production in the TPM, see de Boer, 1998) and U , =
d U/0x denotes the spatial derivative of a scalar
physical field U. Equation (6); and (6), correspond to
the evolution equations for the porosity and effective
porosity, respectively. The mass balances of the free
pore fluids g = {wf,af} are:

oWapW 1 wf owf | . wf v

i ar Torla We F oV wey = =5 (8)
o apaf 1 _af af . af af _ 0 9
X7 ar TxaPx Wx to7 +wey=0. )
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Figure 1: Schematic representation of the expansive soil as a five-phase porous medium: microstructure and volume fractions

in the representative volume element (RVE).
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The balance of linear momentum for the total mixture
reads as:

tot tot s+wr+ws =s wf =wf
P by tox —p Ay —p fax -

p g +% wl = 0. (10)

The last term of Equation (10) corresponds to the
contribution of mass transfer to the linear momentum
due to the different velocities of the free pore water and
swelling water. Similar momentums from mass transfer
were also obtained by e.g. Sauerwein and Steeb (2018).

4 CONSTITUTIVE MODELS

For the numerical implementation of aforementioned
balance equations, the displacement of the solid () and
the pore fluid pressures (p*/,p%) are chosen as the
primary variables. They must be related with the
secondary, hence unknown, variables via suitable
constitutive models. The secondary variables of the
five-phase system are:

e Mass transport ¢V /p¥

e Stress g(toD

e Relative permeability for partial saturation k5°
e Relative permeability due to swelling water k"
e Effective degree of saturation S*¢

Suitable relationships for above variables are

introduced in the following sections.

4.1 Mass transfer

The mass transfer model for the proposed system
(Machacek et al,, 2022) is based on experimental
observations and follows a simple, phenomenological
approach. The mass transfer has the nature of a density
supply (mass supply per volume element) and can be
directly derived from Equation (10). When no
deformation of the control volume occurs ( Uy, = 0),
the evolution of the volume fraction of swelling water
@"* is consequently the result of the mass transfer.
Taking into account, that the volume fractions of the
phases involved a = {wf,ws} are never allowed to
exceed their own sum:

(pws < (pwf+ws A (pwf < (pwf+ws’ (11)
and defining ¢ = @S /@"W/+WS as the ratio between the
volume fraction of swelling water ¢"* and the sum of
free water and swelling water "%/ *%$ the following
expression is obtained:
wf+ws

-ws_ﬂ_d‘l’

) — +@ (pwf+ws. (12)

pv dt dt

For the evolution d¢/dt in Equation (12) a
constitutive model is proposed. It takes into account that
without deformation of the control volume ( vy, = 0),
any mass transfer is evoked by changes in the effective
degree of saturation, hence dS¢/dt, as a fundamental
condition for swelling processes to take place. For the
evolution of ¢ an attractor ¢™* and a constant cg are
introduced, yielding:

B — ch(@m — ) (13)

Experimental observations from Nitsch et al. (2023)
show a greater reduction of apparent permeability due
to swelling under constant volume conditions (swelling
pressure test) than under free swelling conditions.
Therefore ¢™%* is not constant but depends on the
boundary condition and is proposed as:

PM = o7 — (BT — p7 " )(sgn(m)).  (14)

wherein ¢I*** and @J¥™ are material parameters
obtained from experiments under constant volume
conditions ({sgn(n)) = 0) and free swelling conditions
({sgn(n)) = 1), respectively. Figure 2 presents the
evolution of ¢ for different values of cy.

1.or Constant volume test: ¢ = ¢J'#* = 0.9
0.8 *"""""‘:":i"""ir-'* -
ar Free Swelling test:
$Max = i = 0.8
0.6r
A=
04r i .
.: / Cp = 1
0.2+/ — =3
/ — ¢ =10

L

%80 02z 04 06 08 10
Effective degree of saturation S¢

Figure 2: Evolution of ¢ for constant volume tests (dotted line)
and free swelling test (solid line) for different values of c,,.

4.2 Mechanical model

For the evolution of stress of the expansive material, the
hypoplastic model for expansive soils (Grandas Tavera
et al.,, 2022) is used. Notice that in theory any
mechanical model can be coupled with the mass transfer
model. The mechanical model is fomulated in terms of
net stress o = o' —p% and effective degree of
saturation S°.
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The latter is chosen instead of the commonly used
suction s as this work generally follows the approach
that swelling is a direct consequence of the inflow of
water, i.e. the change in water content of the material.
By choosing the net stress as the primary stress variable,
the suction (or its rate) is not required as a constitutive
variable. However, it is always available via the
hydraulic model, see Section 4.4.

The constitutive mechanical model was developed
based on several experimental campaigns for materials
with different swelling capacities due to their different
mineralogical composition with smectite contents
between Swt-% and 62wt-% (Lang, 2019; Nitsch et al.,
2023; Nowamooz and Maisouri, 2008). The main
considerations derived from the results of oedometric
swelling and compression tests on compacted
specimens are briefly presented:

e Existence of a normal compression curve (NCC),
which is reached after monotonic loading beyond
the current preloading state (o4|e;z). The NCC
acts as an attractor for long monotonic
compression. It describes the relation between the
current void ratio e and the equivalent stress o,
according to Bauer’s equation (Bauer, 1996):

0.(0) = hy[-In ()] ", ()

wherein hg, ey and n are material parameters.

e The elastic stiffness reduces with saturation from
its initial state k. to the fully saturated state k,,
(k = f(5¢)), whereas the slope of the first
compression line A does not depend on saturation.

e A linear coupling between swelling deformation
and changes in saturation upon wetting exists.

e The magnitude of swelling pressure a,,,, never
exceeds the preloading/compaction stress. After
saturation, the equilibrium states of all swelling
tests end up left to the NCC in the e — ¢ — plot.

The loading branch in the nearly dry state is
perceived as a bounding state o (e) (states beyond this
boundary cannot be reached). In a e — o — plot, this line
is affine to the loading branch for saturated conditions,
which conicides with the NCC o,(e). Both lines are
further affine to a line connecting the equilibrium values
of swelling tests after wetting oy, (¢). The affinity of the
lines to each other is always proportional in their ratio
R = oz /0, = 0,/0,, see Figure 3. The state is fully
described by the net stress o, the effective degree of
saturation S¢, the void ratio e, the preloading stress gy
and its corresponding preloading void ratio e;.

The swelling effects are described by a saturation
driven strain rate é" (Equation (17)), which is one
portion of the total strain rate € = ¢" + é¥. Using this

decomposition, the following hypoplastic equation to

relate the rate of the net stress with the remaining strain

rate €" is proposed:
=2

6==(e"—Y OCR™|em

K

), (16)

with the degree of nonlinearity Y = (1 — k)/k and the
overconsolidation ratio OCR = og/o. With this
equation it is possible to simulate loading and unloading
processes for normal and overconsolidated samples and
to predict the swelling strain/pressure upon saturation
without the distinction between plastic and elastic
strains. The evolution of swelling pressure is merely a
reaction of the following swelling mechanism to the
mechanical boundary conditions:

e = —b-"[(e, — €) (S (S°) + (s — &) (1 —
592 (59, (17)

where e, and e;~e; correspond to the void ratio at full
saturation (w-line in Figure 3) and shrinkage limit / dry
state (B-line in Figure 3) respectively. The material
parameter bis responsible for the magnitude of
swelling. Note that for b = 0 no swelling occurs and € =
€" holds.

Figure 3: Illustration of the three characteristic lines: NCC,
B-line and w-line (Grandas Tavera et al., 2022).

In addition to the evolution of stress and the evolution
of the void ratio é = —(1 + e) &, further evolution
equations for the preloading state are required:

-m
éa=—(1+e) () e (18)
. _ 04 E -m -h
O-d_/'l(ed)(a) e" +

oelc)=0a [ _.w S n

e [ e s+ Se ] (19)

In Equation (19), the material parameter ¢ regulates
the degradation of the preloading state due to satura-
tion. In total, seven material parameters are needed for
the mechanical hypoplastic model (in 1D).
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The interested reader is kindly referred to Grandas
Tavera et al. (2022) for further details about the
parameter calibration, complete derivation of the above
mentioned equations and extended discussion of the
model for different materials.

4.3 Relative permeability

The reduction of hydraulic conductivity due to swelling
in expansive soils is well recognised (see amongst many
others Favero et al. (2016) or Nitsch et al. (2023)) and
is directly associated with the reduction of the porosity.
By introducing the separate phase of swelling water in
the five-phase TPM of this work, the derived effective
porosities, see Equations (3) and (4), can be directly
applied. The reduction of the permeability K follows the
concept of relative permeability:

K = k"SK?, (20)

wherein a suitable model for the relative permeability
kYS scales the permeability in the saturated, but not
swollen state K°. Here, the proportionality between the
pore space and the hydraulic conductivity of a saturated
soil as proposed by Kozeny/Carman (Kozeny, 1927;
Carman, 1939) is adopted. For an expansive porous
medium, the porosity n*$ = n® — " reduces due to
the presence of swelling water and is related to the
effective porosity n® considering only the residual water
phase. It reads as:

kW.S‘ _ (l_ne)Z (nw3)3
- (n€)3 (1—-nws)2’

21

Note that Equation (21) automatically results in
kY = 1 in case no swelling occurs (¢"* = 0).

4.4 Soil water retention curve

The soil water retention curve (SWRC) interrelates the
rates of the (effective) degree of saturation S with the
suction s of a material and — depending on the chosen
model — the volumetric deformation €,. A simple but
commonly used approach is the van Genuchten model
(van Genuchten, 1980):

1__
se = ;> : (22)
<1+(“y—w)

wherein y" is the specific weight of water and a and
n are material parameters.

5 SIMULATION EXAMPLES

The proposed numerical framework based on the
extended TPM is applied in its 1D version to simulate
the material behaviour of reconstituted Opalinus clay

shale from Nitsch et al., 2023. The performance of the
framework including constitutive models for the mass
transfer, mechancial behaviour and relative
permeability is demonstrated by back-calculations of
oedometric  swelling tests with  permeability
measurements and subsequent monotonic loading and
unloading for different boundary conditions during
saturation, see Figure 4(a) and Figure 4(c). These
correspond to (1) unconfined swelling test (free
swelling), (2) constant volume test (swelling pressure)
and (3) mixed conditions: constant volume test followed
by unloading. A reference test was performed under
(nearly) dry conditions. The model parameters are
shown in Table 1. The initial conditions of the state
variables correspond to o040 = 10.535MPa, ;o =
0.359, 0y, = 0.03 /0.18 MPa and ey, = 0.380. The
initial degree of saturation is S = S™ = 0.13.

Table 1. Parameters of the mechanical model (Grandas
Tavera et al., 2022) and the mass transfer model (Machacek

et al, 2022).
Parameter Value
ey 0.58
hy 9.0 MPa
n 0.4
Kref 3.792-1073
Ky, 3.792-1073
c 4.5
b 55
C¢ 10
P 0.89
qb""'" 0.83

The results of the back-calculations of the experiment
data depicted in Figure 4(a) are shown in Figure 4(b) by
means of the evolution of void ratio versus stress. The
mechanical response in the dry state, during saturation,
and in the saturated state is well captured by the model.
The affinity between the loading branches in the dry
state and the saturated state (corresponding to the B-line
and NCC respectively), and the pronounced reduction
of elastic stiffness due to saturation become clear. Fur-
thermore, the magnitude of both swelling phenomena,
hence the swelling strain (free swelling test) and swell-
ing pressure (constant volume test) are very well met.

The prediction of the apparent permeability in the sat-
urated state and the results of the referred permeability
measurements are shown in Figure 4(c). The reduction
of the permeability starting from the reference value in
the dry state (black star, measured by air flow) with in-
creasing saturation becomes apparent (Nitsch et al.,
2023). The aforementioned more pronounced decrease
of the apparent permeability (see Section 4.1) for con-
stant volume conditions is achieved by the proposed
mass transfer and permeability models.
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(a) Experiment (b) Simulation (c) Experiments
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Figure 4: Void ratio vs. stress for different loading paths under oedometric conditions for the experiments (a) and simulations
(b) and apparent permeability vs. void ratio for the experiments (symbols) and the simulations (lines).

Apart from saturation under mixed conditions, where
the permeability decrease is slightly overestimated, the
results from experiments and simulations agree in an ex-
cellent manner.

6 CONCLUSION

An extension of the Theory of Porous Media introducing
an independent swelling water phase for expansive soils
was proposed. The swelling water is defined as attached
to the solid and exchanges mass with the free water,
which moves freely through the pore space. In this way,
an effective porosity is defined, which in combination
with a constitutive model for relative permeability, au-
tomatically accounts for the swelling induced reduction
of hydraulic conductivity without additional parameters.
In combination with a hypoplastic model for expansive
soils, a numerical framework was presented, which is
able to simulate complex loading paths in (un)saturated
conditions with a single set of parameters.
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