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1 INTRODUCTION 
 
Reliability assessment techniques such as the Monte 
Carlo procedure and first order reliability method 
(FORM) allow quantitative assessment of uncertainty 
and subsequent computation of failure probabilities 
(Pf). As such they are useful complementary tools for 
probing whether or not a particular working stress and 
limit state design is acceptable. Numerous authors 
such as Wong (1985), Christian et al. (1994), Ching 
(2011), Li et al. (2016) and De Koker et al. (2018a) 
provide comprehensive documentation of the under-
lying concepts behind Monte Carlo and FORM relia-
bility analysis, as well as practical examples of their 
application in geotechnical design. Generally, the 
Monte Carlo counting procedure is regarded as the 
benchmark of reliability analysis (De Koker et al. 
2018a). However, it has been found to be cumber-
some and inefficient, especially in dealing with prob-
lems associated with non-closed form performance 
solutions. A recent study by De Koker et al. (2018) 
showed that FORM solutions yield results compara-
ble to the robust Monte Carlo method, and for this 
reason, FORM techniques such as the response sur-
face – FORM (RS-FORM) can be accepted as reliable 
alternatives worth promoting reliability based design 
amongst practicing engineers. Despite the significant 
value that reliability design offers, this approach to 
design is highly under-utilised in geotechnical design, 
especially within the southern African context. To a 
large extent this is can be attributed to misconceptions 

that reliability methods require more data than is typ-
ically available and require more time and computa-
tional effort than conventional WSD and LSD. 

This paper provides a demonstration on how the 
response surface - first-order reliability method (RS-
FORM) can be implemented to analyse the stability 
of slopes. The method is built on Low & Tang’s 
(2007) FORM procedure.  

 
 

2 THEORETICAL FRAMEWORK 

2.1 Expanding dispersion ellipsoid theory 

The concept of integrating FORM-based reliability 
with an imaginary expanding ellipsoid in the original 
space of model variables was first adopted by Low & 
Tang in their 1997 paper, and is the basis of Low & 
Tang’s (2007) FORM. A theoretical perspective of 
this concept is provided in this section (see Fig. 1), to 
provide potential users with an understanding of un-
derlying concepts.  

Let parameters X1 and X2 be normal stochastic 
variables affecting the performance function g(X) of 
a particular geotechnical structure. Geometrically, for 
such variables the reliability index is defined as the 
radius of the expanding normal ellipsoid to the touch 
point on the performance function, expressed as a 
multiple of dispersion ellipsoid radius of a with a 
standard deviation of one. The reliability index essen-
tially represents the shortest distance between the 
mean point and the most probable failure point (MPP) 
or design point on the limit state function g(X); the 
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latter point representing the first point of contact be-
tween the expanding dispersion ellipsoid and the 
function g(X) (Low & Phoon 2015). Therefore, the 
MPP denotes the most likely combination of parame-
ters on the performance function g(X) resulting in 
failure, whilst the reliability index is a measure of 
how far this point sits away from the mean-value 
point. This is portrayed graphically in Figure 1. Ac-
cording to Low & Tang (2007), for non-normal vari-
ables the expanding ellipsoid concept stills holds and 
applies in the original coordinate space, except that in 
such situations the non-normal distributions are re-
placed by the so-called equivalent normals. 
 

 
Figure 1. Graphical illustration of reliability index determined in 
of two random variable space based on expanding dispersion 
ellipsoid (modified from Low & Tang 2004). 

 
The reliability index can be expressed by the matrix 
formulation by Hasofer-Lind (1974) below. 

𝛽 = 𝑚𝑖𝑛
𝑋 ∈ 𝐹)*

+,-.,
/, 0

1 [𝑅]-5 *+,-.,/, 0 (1) 

where R = correlation matrix; Xi = value of the 
relevant variables at the design point; si = standard 
deviation of variables; μi = mean value of variables 
and F = parameter domain. The point on the limit state 
function defined by Xi values which minimises b in 
Equation 1 and satisfies the condition that the 
performance function g(x) equals zero is the most 
probable failure point (MPP), i.e. the design point. 

2.2 MS EXCEL based RS-FORM procedure for 
non-closed form performance solutions 

The RS-FORM procedure is based on the dispersion 
ellipsoid concept presented above, whereby the MPP 
is found by expanding an ellipsoid in parameter space 
from the mean-value point until it touches the limit 
state boundary. For non-closed form performance 
functions, the approximate position of the design 
point on the failure boundary g(x) is found by replac-
ing the limit state surface with a parameterised planar 
“surrogate” performance surface (the so-called re-
sponse surface). This is based on the assumption that 
the failure boundary is linear in the region of the de-
sign point. According to De Koker et al. (2018a), this 

is a reasonable assumption, especially at high reliabil-
ity levels.  

For slopes RS-FORM can be implemented using 
two platforms, i.e. a conventional limit equilibrium 
(LE) or finite element (FE) package for deterministic 
slope stability analysis and a customised FORM 
spreadsheet (such as that developed by Low and 
Tang, 2007) for the subsequent reliability analysis. 
The calculation of the response surface and incorpo-
ration into a slope stability analysis model is outlined 
next (after Bucher & Bourgund 1990, Ji & Low 2012, 
and De Koker et al. 2018). 

2.2.1 Step 1 
Decide which model variables to treat stochastically 
based on their sensitivity with respect to the factor of 
safety (FoS). Once identified, define the statistical pa-
rameters (probability distribution, mean, standard de-
viation) for each variable and quantify the correlation 
coefficient between variables that might be related. 

2.2.2 Step 2 
Define a suitable performance function g(X) for the 
problem. For slope stability analysis a suitable 
performance function is given by: 

𝑔(𝑋) = 𝐹𝑜𝑆 − 1	 (2) 

where FoS is the factor of safety for the critical failure 
surface of the slope. The FoS can be assessed from a 
LE or FE analysis package such as SLOPE/W, SLIDE 
or PLAXIS. 

2.2.3 Step 3 
Evaluate the FoS and subsequently the corresponding 
“true” performance function (Eq. 2) at n+1 points 
(where n = number of stochastic variables 
considered). To ensure that sampling of the n+1 
assessment points is reasonably consistent, a 
systematic sampling method proposed by Bucher & 
Bourgund (1990) may be adopted. This sampling 
procedure results in sampling at µ ± f.s; where f is an 
arbitrary sampling factor typically with values 
between 1 and 2. In order to ensure that such 
evaluation points lie on the conservative side, the n+1 
points are then obtained by varying one variable at a 
time (from its mean) towards the adverse direction, 
depending on whether the variable contributes 
towards resistance or demand. A geometric 
illustration of the n+1 points (P1, P2 & P3), the 
expanding ellipsoid and how a planar surface defined 
by three evaluation points can be used to approximate 
the performance function is shown in Figure 2. 
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Figure 2. Schematic illustration of design point approximation 
by FORM 

 
For non-closed form problems, the “true” 
performance surface must be replaced by an 
approximate, parameterised “surrogate” surface 
g*(X) to be able to predict the position of the MPP. 
Such a surrogate surface can be planar, parabolic or 
any other suitable shape. De Koker et al. (2018) 
however argues that since any FORM procedure is 
based on the fundamental assumption that the failure 
boundary is linear in the region of the design point, a 
planar surface (Eq. 3) can be used to approximate the 
actual surface at the MPP.  

𝑔∗ =	𝑎@ +	∑ 𝑎C𝑋CDC  (3) 

where Xi is the value of the i-th stochastic variable at 
one of the n+1 evaluation points, while a0 and ai are 
unknown constants which must be quantified using 
the sum of least squares or matrix formulation to 
parameterise the approximate surrogate surface 
g*(X). 

For problems with closed form performance 
solutions (e.g. bearing capacity, base sliding, etc) no 
approximate surrogate surface is required as the limit 
state function can be defined explicitly. 

2.2.4 Step 4 
Low & Tang’s (2007) FORM spreadsheet can now be 
populated with the relevant parameters including the 
parameterised “surrogate” surface as a performance 
function. The SOLVER function is subsequently used 
to find a “candidate” design point which must be 
verified by assessing whether the FoS at that point 
equals to 1 and subsequently assessing whether such 
a point lies on the limit state boundary, i.e. g(X) = 0. 

2.2.5 Step 5 
If the candidate design point from Step 4 does not lie 
on the failure boundary (i.e. FoS ≠ 1) the surrogate 
response surface needs to be refined and the process 

repeated from Step 4 until the surrogate response 
surface in the FORM spreadsheet yields a sensible 
design point, i.e. one with a FoS » 1. The surrogate 
response surface can be efficiently iterated by 
replacing one of the nodes on the surrogate surface 
with the recently found design point.  

Once the design point satisfying the performance 
function and associated reliability index b has been 
found, the probability of failure is computed from 
Equation 4 based on the assumption that the output 
variable (i.e. FoS) is normally distributed.  

𝑃F = 1 −Φ(b)	 (4) 

where F represents the cumulative normal 
distribution. 
 
 
3 CASE STUDY  

3.1 Background 

At a particular mining site, the mining process recov-
ers the mined resource from bedrock level underneath 
sandy beaches. This involves beach accretion and 
subsequent construction of extensive sand seawalls 
down to bedrock. Current design practice for the sea-
wall slopes is based on failure surfaces which are 
deep enough (at least 3 m deep) to have significant 
safety and financial implications on the operation, 
and is based on the following criteria:  
- FoS > 1.15 for deep seated failure mechanisms 

encroaching 5 m or more onto the seawall crest; 
- FoS > 1.07 for shallow failures, at least 3 m deep, 

resulting in slips on the slope itself. 
For purposes of illustrating implementation and value 
proposition of RS-FORM only 3 m deep mechanisms 
resulting in failure within the slope were considered. 
Apparent cohesion in the material is completely dis-
regarded under current design practice. Although a 
FoS of 1.07 could be seen by many as too low for ac-
cessible slopes even for temporary situations, the per-
formance of these walls has been proven over approx-
imately 40 year of experience to be satisfactory 
despite the low FoS. However, it was necessary to 
show that the current design and construction practice 
is acceptable from a reliability and risk perspective. 
An extensive geotechnical sampling and ground char-
acterisation campaign was therefore launched to es-
tablish a data base of soil properties which served to 
assess the values and degree of variability in soil 
properties. In addition, piezometers were installed to 
better understand the pore water pressure regimes. 

In this paper one of the seawall slopes analysed as 
part of the study is considered to illustrate how the 
RS-FORM procedure was used to assess the proba-
bility of failure for 3 m deep failure mechanisms re-
sulting in ravelling in the slope itself. For the purpose 
of this study the friction angle f and bulk density gbulk 
were treated stochastically. The third parameter, ap-
parent cohesion, contributed by pore water suction, is 
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difficult to quantify stochastically, but an impression 
of the possible cohesion magnitude was gauged by 
examining the soil water retention curve (SWRC) for 
the sand (discussed in Section 3.2).  

Failure probabilities computed herein can be 
viewed as once-off or lifetime probabilities (i.e. inde-
pendent of time) since soil properties do not change 
significantly within time-frames encompassing the 
life of the seawalls. This is particularly true for tem-
porary structures such as the seawalls investigated.  

A brief summary of the geotechnical setting and 
degree of variability in sub-surface conditions are 
presented first and, thereafter, results of RS-FORM 
are presented.  

3.2 Geotechnical setting 

An oblique view and surveyed cross section of the 
slope investigated is shown in Figure 3. The overall 
slope is approximately 25 m high and has an overall 
slope angle of approximately 34°.  
 

 
Figure 3. a) Plan view of seawall analysed (google earth). b) 
Surveyed seawall cross-section showing steady-state phreatic 
surface, slope angle and height, mining level and approximate 
soil profile. 

3.2.1 Soil Investigation 
Characterisation of the seawall material and sub-
surface conditions was achieved by drilling 24 
boreholes on various seawalls. Core samples of 
different strata at varying depths were taken and 
subjected to various laboratory tests such as 
foundation indicator tests, permeability & density 
testing, consolidated-undrained (CU) triaxial test and 

direct shear testing in order to quantify the properties 
of the soil. In addition, in-situ density tests were 
carried out by means of the sand replacement method. 
Overall, 70 samples were subjected to grading and 
Atterberg limit testing, 63 samples were tested for 
bulk density and 48 samples were subjected to triaxial 
and direct shear strength tests. Collectively, this 
dataset formed the basis for the reliability analysis. 
Because of the size of the data set of stochastic 
variables (bulk density and shear strength), the 
parameters obtained were assumed to be 
representative of the population. 

3.2.2 Soil profile 
The seawall soil profile comprises accreted poorly 
graded sand (SP) in the top 8 - 10 m, underlain by an 
up to 15 m thicker layer of poorly graded sand with 
silt (SP-SM) and silty sand (SM). This package of soil 
lays on competent impermeable schist bedrock at ap-
proximately 18 - 20 m below mean sea level at the 
slope considered here. 

3.2.3 Soil properties 
Bulk densities (gbulk) were found to fall within a range 
between 16 and 22 kN/m3 with majority of values 
clustered around 17 and 18 kN/m3, with a mean (µ) 
of 17.33 kN/m3 and standard deviation (s) of 
1.25 kN/m3. The low coefficient of variation (CoV) 
(7.2 %) suggests a low degree of variability in the in 
situ bulk density of the seawall material.  

Shearbox and CU triaxial tests revealed a critical-
state effective friction angle (f’cr) ranging from 31° to 
38°, with a mean of 34.8° and standard deviation of 
1.82°. Compared to literature (Phoon & Kulhawy 
1999), the CoV value of 5.23 % is somewhat lower 
than expected values (7 - 20 %), which is indicative 
of low variability / uncertainty in the shear strength 
parameters of this material. 

The data revealed that both bulk density and criti-
cal-state friction angle are reasonably normally dis-
tributed. 

Drying soil-water retention curves (SWRC) deter-
mined using the tensiometers method revealed that 
there could exist significant suction (up to 8 - 10kPa) 
in material above the phreatic surface (see Fig. 4). 
This necessitated sub-division of the seawall into a 
saturated cohesionless layer below the phreatic sur-
face and an unsaturated layer with cohesion as shown 
in Figure 3b above the phreatic surface.  
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Figure 4. Soil water retention curves for the marine sand forming 
the seawalls.  

3.2.4 Pore water pressure regimes (pwp) 
Two vibrating wire piezometers (VWP) in the 
embankment at the positions shown in Figure 3 
allowed the pore water pressure (pwp) regime to be 
estimated. These piezometers provided a means for 
near real time monitoring of pwp, as well as a 
continuous record of changes in pwp in the seawall 
over time. For slope stability analyses it was assumed 
that the landward pond had been completely 
dewatered and that seepage through the seawall had 
reached a steady-state. Based on these assumptions 
the steady-state phreatic surface was calculated from 
a finite element (FE) analysis assuming a seaward 
water level at sea level, a landward water level at the 
mine floor and an impervious bedrock boundary. The 
steady-state phreatic surface from the seepage 
analysis was then calibrated at individual VWP 
positions, assuming hydrostatic conditions. 

3.3 Reliability Analysis 

A limit equilibrium slope stability analysis of the sea-
wall slope was carried out was using the Morgen-
stern-Price method, subject to the condition that only 
slips with a minimum depth of 3m were considered. 
From a general slope stability standpoint, it was found 
that failure of this slope is primarily confined to the 
upper (2) and lower (3) sections of the slope. The up-
per slope failure mode (2) was adopted here to 
demonstrate implementation of RS-FORM. 
 

 
Figure 5. Failure mechanisms probed for failure probability. 
VWP = vibrating wire piezometer 

 
As mentioned previously, cohesion is disregarded in 
the seawall slope designs. However, it is important to 
realise that cohesion, if present, would contribute 

significantly to raise factors of safety. In order to 
determine actual probabilities of slope failure (Pf ) it 
was necessary to consider the influence of apparent 
cohesion provided by pore water suction. This was 
achieved by firstly determining the Pf under 
conditions of zero cohesion and then raising the 
amount of cohesion considered in increments of 
2 kPa to a maximum of 8 kPa, following the SWRC 
(Fig. 4). A benchmark Pf value of 10-2 was adopted 
for the seawall stability evaluation by the authors in 
cognisance of the allowable Pf of 5 x 10-2 suggested 
by Wesseloo & Read (2009) and Adams (2015) for 
open pit slopes in rock. Based on the cohesion value 
required to reach this Pf or better, a judgement call 
could then be made on whether the stability of a 
particular seawall was satisfactory. 

An appropriate response surface was first 
calculated and then entered into the FORM analysis. 
This was carried out as follows. Firstly, three 
evaluation points, P1 to P3 representing combinations 
of f and g parameters, were chosen and the 
performance function values g(X) at each of these 
points were calculated. The surrogate performance 
function g*(X) was subsequently set up by fitting 
planar equation through the three points mentioned. 
This defined the values of the coefficients a0, a1 and 
a2 defining the planar equation (see Eq. 3). Thereafter, 
Low and Tang’s FORM sheet was populated for all 
parameters, and the candidate design point (denoted 
by the Xi* values) for the response plane defined by 
the three assessment points was calculated by 
engaging the SOLVER function to minimize the 
reliability index by varying the Xi values, subject to 
the constrain that g*(X) = 0. The response surface 
generated, together with the associated candidate 
design point, were then verified by assessing the FoS 
in the candidate design point to check that it is close 
to 1. If the latter condition was satisfied, the computed 
design point was deemed acceptable and the 
reliability index obtained was accepted as being 
representative of the conditions defined. Conversely, 
if the FoS at the candidate design point was not near 
1, a new combination of assessment points had to be 
selected and the entire process repeated. Hence, the 
process becomes an iterative exercise which ceases as 
soon as the FoS at the candidate design point 
approaches a value of 1. For the slope probed here a 
suitable response surface was obtained within two to 
three iterations, which made the analyses fast and 
efficient.  

It is acknowledged that although reliability 
analysis generally requires that correlation between 
the stochastic variables be defined, such correlation 
was assumed to be zero in this case because the 
correlation coefficient between the two stochastic 
variables could not be quantified with confidence due 
to the limited number of samples tested for both shear 
strength parameters and density. 
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Figure 6 summarises the reliability analyses results 
for the slope at 0kPa, 2kPa and 4kPa cohesion. 

 

 
Figure 6. FoS @ mean and RS-FORM Pf for upper slope 

 
It is evident that at 0 kPa cohesion this slope carries a 
significant risk of failure as indicated by the high Pf 
of 0.13. This suggests that at cohesion of 0 kPa the 
FoS of 1.07 obtained should be interpreted as 
indicating borderline level of stability, which is 
unacceptable in terms of the selected 10-2 Pf limit. 
However, Figure 6 also reveals that upon 
incorporating 2 kPa cohesion, a rapid decline (of 
approximately 91 %) in failure probability occurs, 
and at 4 kPa cohesion, the Pf value drops even further 
to an acceptable value of 0.007 and a FoS of 1.18.  

Lastly, the results indicate that Pf is substantially 
more sensitive to variations in cohesion than FoS as 
incorporating 4 kPa cohesion lowered the Pf by about 
91 % whilst the FoS only increased by 9 %. 

 
 

4 DISCUSSION AND CONCLUSIONS 
 
The results of this study revealed that the reliability 
index b associated with the stability of a slope and the 
most likely combination of parameter values at failure 
can be determined within two or three iterations using 
FORM and planar surrogate performance functions. 
The RS-FORM technique is an efficient tool which 
geotechnical practitioners can use to assess whether 
or not a particular slope design or existing slope is 
acceptable.  

The RS-FORM technique offers considerable 
value in assessing the adequacy of FoS associated 
with a given slope. Slopes are typically designed to a 
FoS significantly higher than unity. However, the 
slope presented in the case study and that of many 
others from the area, have shown satisfactory 
performance over many years despite being designed 
for a FoS ³ 1.07 for shallow seated failures 
considered in this paper. The same slopes are also 
designed to satisfy a FoS ³ 1.15 for deep seated 
failure surfaces, and either of these criteria must be 
satisfied. Current design practice disregards 
cohesion. Assessing the reliability of the slope as a 
function of cohesion demonstrated that by raising the 

amount of cohesion to half the likely value, the 
probability of failure rapidly reduces to acceptable 
levels. Comparing the amount of cohesion required to 
achieve an acceptable probability of failure to the 
magnitude of suction that is likely to be present in the 
slope (by examining the SWRC) explains the sound 
performance of the slopes. The study demonstrated 
how reliability analyses could be used to justify 
adoption of lower FoS in situations where the range 
of material properties controlling stability is narrow 
and well known. RS-FORM is a powerful tool 
towards this end.  
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