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1 INTRODUCTION 
 
Most natural materials such as rock and soil contain 
various shapes and magnitude of pores. It is well un-
derstood that the shapes of the pores have a great im-
plication of the material’s behaviour. The develop-
ment of the higher resolution image capturing 
technology allows one of the methods to study the 
pore shapes and their magnitude. The technique re-
veals that the images are very irregular in shapes. The 
complex geometrical shapes of pores cause several 
challenges in developing analytical techniques to 
solve geotechnical problems (Prokopiev & 
Sevostianov 2007).  

Traditionally, most attempts to understand the ef-
fect of pore structures on mechanical properties such 
as the elastic and shear moduli  have assumed that the 
pores can be modelled as being treated ellipsoids 
(Eshelby 1957), or special cases such as spheres 
(Budiansky 1965), elliptical cylinders (Walsh et al. 
1965), circular cylinders (Biot 1956), penny-shaped 
cracks, elliptical cracks, etc. Moreover, the models 
based on ellipsoidal pores have often been used in an 
inverse sense to infer pore geometry i.e. data based on 
the measured modulus. However, such models have 
rarely been used as a direct method to estimate the 
moduli based on the observation of the pore structure.  

The boundary perturbation approach is used to de-
velop approximate solutions to inclusion problems 
with far field shear. Ekneligoda & Zimmerman 
(2007) used similar approach to determine bulk mod-

ulus of materials having corrugated pore. In the pre-
sent work, the solution is extended to second-order in 
e, (where  is a small parameter representing the am-
plitude of the corrugations of the pore), and consider 
both the case of a pore and a rigid inclusion. Then the 
solution is used for the corrugated pore to investigate 
the effect of small-scale roughness on the shear-com-
pliance coefficient H1212 parameter (Prokopiev & 
Sevostianov 2007) and the effective shear modulus of 
a body containing a dilute concentration of such 
pores. 

 
 

2 PROBLEM FORMULATION FOR INFINITE 
REGION CONTAINING A RIGID INCLUSION 

2.1 Problem formulation 

The solution of a two-dimensional isotropic elasticity 
problem can be represented in terms of the Airy stress 
function, F, which satisfies the bi-harmonic equation

. The general solution, neglecting those 
terms that do not correspond to a uniform stress at in-
finity, can be written in polar co-ordinates as (Barber 
1992): 

∅ = 𝐴$𝑟&sin2𝜃 +
∑ ./𝐴0,2𝑟324& + 𝐴5,2𝑟326 cos 𝑛𝜃 +/𝐴0,2𝑟324& + 𝐴5,2𝑟326 sin 𝑛𝜃 :;2<&  (1) 

The stresses and displacements associated with this 
solution derived as follows (Note: Only the stress (trr) 
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and displacement (ur) in radial direction are pre-
sented, stress (tqq) and displacement (uq) in other di-
rections can be derived in similar manner): 

𝜏>> = −2𝐴$sin2𝜃 −
∑

⎣⎢
⎢⎢
⎡C𝐴0,2(𝑛 + 2)(𝑛 − 1)𝑟32+𝐴5,2𝑛(𝑛 + 1)𝑟323& G cos 𝑛𝜃 +
+C𝐴H,2(𝑛 + 2)(𝑛 − 1)𝑟32+𝐴I,2𝑛(𝑛 + 1)𝑟323& G sin 𝑛𝜃⎦⎥

⎥⎥
⎤

;2<&  (2) 

2𝐺𝑢> = −2𝐴$𝑟 sin 2𝜃 +
∑

⎣⎢
⎢⎢
⎡C𝐴0,2(𝑘 + 𝑛 − 1)𝑟324P+𝐴5,2𝑛𝑟323P G cos 𝑛𝜃 +
+C𝐴H,2(𝑘 + 𝑛 − 1)𝑟324P+𝐴I,2𝑛𝑟323P G sin 2𝜃 ⎦⎥

⎥⎥
⎤

;2<&  (3) 

where  are 
constants, and (r,q) are the usual polar co-ordinates. 

Jasiuk (1995) showed that the effective shear mod-
ulus of a body containing a single inclusions with far 
field shear can be expressed solely in terms of the co-
efficient , as follows: 

QRSSQ = 1 + (𝑘 + 1)𝐴H,&(𝑘; 𝜏 = 1) U
VWXYZ[\W]X 𝑐 (4) 

where,  is the two-dimensional shear modulus of 
the host material, k is the Muskhelishvili parameter 
of the host material, which equals  for plain 
strain and  for plain stress, n is the 
three-dimensional Poisson ratio of the host material, 
c is area fraction of the inclusions, and  is the co-
efficient of the log term in the Airy stress function for 
the case where the magnitude of the applied shear 
stress is .  

Dundurs (1989), showed that the solution for a 
body containing a rigid inclusion could be trans-
formed into the solution for the case in which the in-
clusion is a cavity, by setting . where k is set 
equal to  in the expression for , but the actual 
value of k of the host material is used when evaluat-
ing the term .  

The above mentioned approaches (Jasiusk 1995, 
Dundurs 1989) are exploited in the present study. Alt-
hough it is ultimately interested in the case of vacuous 
pores, when using the perturbation approach the case 
of a rigid nearly circular inclusion is much easier to 
solve. This is because the boundary condition for the 
rigid inclusion is that the displacement vector must 
vanish around the boundary (welded condition), 
which directly implies that both components of the 
displacement,  and , must vanish along the 
boundary. On the other hand, if the inclusion is a pore, 
the traction vector must vanish on the boundary. But 
the normal and tangential components of the traction 
vector on the actual non-circular boundary are related 
to the stress components in the polar co-ordinate sys-
tem in a very complicated manner (Givoli & Eli-
shakoff 1992). Hence, the solution procedure for a 

rigid inclusion is substantially simpler than that for a 
pore. This simplification will allow us to find the so-
lution to the second-order solution found. 

2.2 General solution for rigid inclusion 

The present method is started by considering a rigid 
circular disc of radius a, in an infinitely large plate 
subjected to a far-field pure shear stress of magnitude 
t. The Airy stress function for this problem is Barber 
(1992), and the associated radial displacement (ur). 
Note: stresses and other displacement also can be de-
rived in similar manner (Eq 5, 6). 

∅ = _3`abc + /`ab/&c6
>b + e3`>b& fg sin 2𝜃 (5) 

𝑢> = `hij &k
&l _𝑟 + am

c>n + (c4P)ab
c> g (6) 

Now consider a nearly circular inclusion that has a 
corrugated boundary described by Equation 7. 

𝑟 = 𝑎(1 + εsin𝑚𝜃) (7) 

where  is a small parameter representing the ampli-
tude of the corrugations, and m is an integer that rep-
resents the number of positive (or negative) bumps on 
the circumference of the circle. As an example, Fig-
ure 1 shows the inclusion shape for  and 

. 
 

 
Figure 1. Nearly-circular corrugated inclusion subjected to far-
field shear stress (t), shown for the case m = 8, e = 0.10. 

 
Following the standard procedure for a regular pertur-
bation problem, it was assumed that the Airy stress 
function, the displacements and the stresses can each 
be expressed as perturbation series in the small pa-
rameter e (van Dyke 1975, Givoli & Elishakoff 
1992), i.e. 

∅ = ∅$(𝑟, 𝜃) + 𝜀∅P(𝑟, 𝜃) + 𝜀&∅&(𝑟, 𝜃) (8) 

Where the superscript n in  denotes the n-th Airy 
function and is not a power exponent. When , 
this solution must reduce to the solution for a circular 
inclusion, in which case it can be stated: 
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∅$(𝑟, 𝜃) = s3`ab>c + tuvmbw x>b + e− `
& 𝑟&fy sin 2𝜃 (9) 

As the far-field boundary conditions are already sat-
isfied by the zeroth-order solution, the  coefficient 
will vanish in all the higher-order Airy functions. The 
remaining coefficients in these functions are found by 
satisfying the boundary conditions at the interface be-
tween the matrix and the inclusion. These boundary 
conditions require that both displacement compo-
nents vanish at the interface. Hence, for the purposes 
of deriving the solution, the stresses need not be con-
sidered any further. 

Zero-displacement boundary conditions must be 
applied at the boundary of the inclusion, where 

. But each function  
is expressed naturally in terms of r and q. In order to 
re-express the boundary conditions at  instead 
of , the displacements are first ex-
panded in a Taylor series about the value , with 

 as the small variation in r. Following the 
procedure used by Givoli & Elishakoff (1992) for the 
radial displacement, it can be stated that: 

𝑢>2(𝑟∗, 𝜃) = 𝑢>2(𝑎 + 𝑎𝜀 sin𝑚𝜃 , 𝜃) = 𝑢>2(𝑎, 𝜃) +𝑎𝜀 sin𝑚𝜃 {|}X(>,k){> ~><a +𝑎&𝜀& sin&𝑚𝜃 {b|}X(>,k){>b ~><a +𝑎�𝜀� sin�𝑚𝜃 {n|}X(>,k){>n ~><a (10) 

and similarly, for  can also  be expressed.  
Requiring the no-displacement boundary condi-

tion to be satisfied at all orders of e, the order-e term 
in (10) yields: 

𝑢>P(𝑎, 𝜃) =	`a
&l

(c3P)
c [cos(𝑚 − 2) 𝜃 − cos(𝑚 + 2)𝜃] (11) 

which serves as a boundary condition at  for the 
as-yet unknown function .  

Examination of the general solution for , shows 
that the only terms that yield cos(m+2)q and cos(m-
2) q variation for  are those involving  
and  Hence, the first-order displacement  

) functions must have the form: 

𝑢>P(𝑟, 𝜃) = V�,��b� (c4�3�) ��h(�3&)k
>��n −

V�,��b� (�3&) ��h(�3&)k
>��� + V�,��b� (c4�4P) ��h(�4&)k

>��� −
V�,��b� (�4&) ��h(�4&)k

>��n  (12) 

Similar expression can be derived for the tangential 
displacement.  

Forcing the radial and tangential displacement to 
satisfy the boundary conditions yields: 

𝐴0,�3&P = `a��b
cb  (13) 

𝐴5,�3&P = −𝜏𝑎�3& /cb4�3�6(�3&)cb  (14) 

𝐴0,�4&P = `a��b
c  (15) 

𝐴5,�4&P = − `a��m
c  (16) 

Hence, the first-order radial displacement function is 
expressed as Equation 17. 

𝑢>P(𝑟, 𝜃) = `a��b(c4�3�) ��h(�3&)k
&lcb>��n −

`a�/cb4�3�6 ��h(�3&)k
&lcb>��� + `a��b(c4�4P) ��h(�4&)k

&lc>��� −
`a��m(�4&) ��h(�4&)k

&lc>��n  (17) 

The second, third-order and fourth-order solutions 
can be found by following the same approach as illus-
trated for the first order calculation. In this study the 
calculation is not carried out for the second order so-
lution, but it is pointed out the necessary steps for the 
procedure. It is noted here the pattern that only the 
even-order terms of e in the perturbation solution con-
tain non-zero values of A7,2, and so the expression for 
the effective shear modulus will contain only even 
powers of e. However, the even-order terms cannot 
be computed without having already computed all 
lower-order terms, and so the odd terms must be com-
puted, despite the fact that they do not contribute to 
the shear modulus. The fact that the expression for the 
shear modulus contains only even powers of e could 
have been anticipated by noting that letting  
corresponds to rotating the cavity by one-half of a 
wavelength. This statement can be further explained 
using the H1212 tensor manipulation by Eroshkin & 
Tsukrov (2005). According to them, H1212 is constant 
if the object has any symmetry other than 90 under 
shear load. As our pores has this symmetrical prop-
erty, A7,2 cannot be changed by rotation. Therefore, it 
should have only even terms of e. 

To be specific, it is considered here plane strain, in 
which case . The ex-
pression for the effective shear modulus given by 
equation 4 can then be written in terms of H1212 as 
follows: 

QRSSQ = 1 − 4(1 − 𝑣)𝑑H,&(𝑘 = −1; 𝜏 = 1) U
V�]}R ∅ (18) 

where  is the shear modulus of the host material, 
and the inclusion area fraction c is replaced by the 
usual symbol for porosity (f). H1212 can also be ex-
pressed in the present notation as: 

𝐻P&P& = 1 + &(P3�)
Q

V�(c<3P;`<P)UV�]}R ∅ (19) 

The H1212 parameter provides a convenient means to 
discuss the effect of pores on the shear modulus, as 
shown by equation 19. The analytical expressions for 
the shear compliance parameter H1212 (eq. 19) showed 
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that for plane strain this parameter is proportional to
, and also proportional to the porosity, f. 

Hence, we can define another shear compliance as
. Hence, we call this S as the modified 

shear compliance. For a circular hole, this recovers 
the result that:  

𝑆 = &(P3�)
Q   

This result is consistent with the exact solutions found 
by Ekneligoda & Zimmerman (2007) for a large fam-
ily of pores having n-fold rotational symmetry, but it 
can be seen now that it is completely general.  

Returning to our corrugated pore, the pore area can 
easily be shown to be given by 
Hence, using (19) for , it is found, the solu-
tion to second-order in e: 

𝑆 = &(P3�)
Q

(P4(��3P)�b/&)
(P4�b/&)  (20) 

 
 

3 RESULTS AND DISCUSSION OF H1212 AND 
MODIFIED SHEAR COMPLIANCE (S) OF 
CORRUGATED PORE 
 

It is now compared H1212 predicted by our two-term 
solution with the values obtained by boundary ele-
ment calculations, and with some upper and lower 
bounds that can be derived. The boundary element 
calculations were performed using a code developed 
by Martel & Muller (2000) that is based on the dis-
placement discontinuity method. This code allows to 
analyse the problem of a pore of specified shape in an 
infinite elastic region, with prescribed stresses at in-
finity, and requires discretization only of the pore 
boundary. Typically, about 300 boundary elements 
were needed to obtain a converged solution. 

An upper bound of H1212 parameter can be ob-
tained by stating with the fact that if the actual pore is 
replaced by a pore defined by the smallest possible 
circumscribed circle, which has radius a(1+ ), the 
overall inverse of the bulk shear modulus of the body 
cannot decrease, since removal of solid material can-
not stiffen the body (Gol’dshtein & Entov 1994). 
Considering a large body of area, A containing only 
one pore, it can be stated, that according to equations 
21a and 21b: 

P
Q + V�]}RV 𝑆��>� ≤ P

Q + VYW}Y[�\Y}W�R�Y}WYZRV 𝑆��>��� (21a) 

But , and , and 
so we find that: 

𝑆��>� ≤ (P4�)b
V(P4�b/&)

&(P3�)
Q  (21b) 

Using complex variables, it is found that the dimen-
sionless shear compliance of irregular pore cannot be 
less than (Ekenligoda & Zimmerman 2007). This is 
equivalent to stating that no pore can be stiffer than a 

circular pore. A different lower bound on the shear 
compliance of our irregular pore could be found by 
using an argument based on the largest possible in-
scribed circle, which has radius . But this 
lower bound would be lower than , and so 
is not useful. Hence, the shear compliance of our cor-
rugated pore is bounded as follows: 

&(P3�)
Q ≤ 𝑆 ≤ (P4�)b

(P4�b/&)
&(P3�)

Q  (22) 

As it was stated at the beginning the only small values 
of e, it can be concluded roughly that the normalized 
pore compressibility must lie between 1 and . 

The two-term expressions are plotted in Figure 2 
as functions of e, for the values m = 8. 

 

 
Figure 2. Modified shear compliance as a function of the rough-
ness amplitude, for the case m = 8. 

 
 

4 CONCLUSIONS 
 

The boundary perturbation method has been used to 
determine the displacements and stresses around a 
nearly circular rigid. The solution has been obtained 
up to the 2nd order in e.  

As the influence of roughness on modified shear 
compliance is of second-order, the modified shear 
compliance lies close to the lower bound for very 
small values of e. But as e increases, the modified 
shear compliance moves closer to the upper bound. 
Moreover, the difference between the exact value and 
the upper bound becomes smaller as the number of 
corrugations, m increases. This shows that, particu-
larly as m increases, these small bumps provide no 
stiffness to the pore.  

As expected, the two-term perturbation expression 
agrees closely with the numerical values for a certain 
range of e, and then rapidly becomes unrealistically 
large, exceeding the upper bound. 
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