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ABSTRACT: Although the actual seismic behaviour of earth retaining structures is a com-
plex soil-structure interaction phenomenon, in the engineering practice these systems are
designed with unsophisticated tools. It is then essential to develop design methods that on the
one hand are based on the recent concepts of seismic performance and capacity design, and
on the other hand are simple enough to be readily implementable in real projects. This paper
contributes to the development of a new design strategy: it shows that the gradual mobilisa-
tion of the resistance of the system, from the initial static condition to the development of a
plastic mechanism, can be expressed through a well-defined capacity curve, and that this curve
can be used to predict the seismic performance of the system, in terms of residual displace-
ments and maximum internal forces in the structural members. This has important implica-
tions, because the essential ingredients of the capacity curve can be derived with a simple
analysis of the plastic mechanism, making the proposed approach either directly applicable in
a displacement-based design method, or functional to the development of equivalent force-
based design approaches.

1 INTRODUCTION

The mechanical behaviour of the soil interacting with a structure influences its seismic
response, because it is the soil that transfers the seismic motion to the structure, and because
the soil properties have an obvious effect on the actual deformability of the soil-structure
system. In principle these phenomena could be taken into account by developing a complete
numerical model that include a description of both the structural members and the soil. But
the complexities of a full analysis of the soil-structure interaction make this direct approach
unviable for practical purposes, especially for the case of relatively inexpensive earth-retaining
structures with a simple structural scheme. For these structures, the present paper illustrates
the development and validation of a simpler design method based on a decoupled approach,
treating independently the propagation of the seismic waves and the dynamic response of the
soil-structure system, breaking down a complex problem into two simpler problems.
In particular, the approach presented in this work is devoted to the evaluation of the seismic

performance of retaining structures of the type shown in Figure 1, that under the severe seis-
mic motion associated to an ultimate limit state may accumulate residual displacements,
mostly produced by plastic straining in the soil. For these structural schemes, the seismic
design should be aimed to verify that the post-seismic residual displacement of the retaining
system is compatible with the limit state under consideration, and to check that the internal
forces in the structural members are compatible with their capacity.
Because of the long return period of non-negligible seismic events, the following discussion

assumes that any excess pore water pressure produced in the construction stages is dissipated,
and that the soil interacting with the structure is in a drained condition before the seismic
event. It is also assumed that excess pore water pressures produced by the shear waves propa-
gating through the soil are negligible, as an effect of over-consolidation produced by the exca-
vation. The presence of potentially liquefiable backfills is not considered.
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2 CAPACITY DESIGN FOR AN EMBEDDED RETAINING STRUCTURE

Consider an embedded cantilevered retaining wall supporting an excavation in dry sands, with
an excavation height H = 4 m and an equal embedment depth d = 4 m. Figure 2 shows some
results obtained in a static analysis carried out with the FLAC2D finite-difference code,
assuming that the soil behaves as a non-linearly elastic-perfectly plastic material (hysteretic
damping model in FLAC2D, coupled with a Mohr-Coulomb plasticity criterion). Specifically,
Figure 2.a depicts the normal stresses σH at the soil-wall contact in two different conditions:
(i) after the excavation, in the absence of seismic forces; and (ii) when the seismic forces have
reached their critical value, triggering a plastic mechanism. (Details of the numerical analysis
are given by Callisto & Soccodato, 2010, and Callisto, 2014.)
As a consequence of the sole excavation, most of the soil located behind the wall is in an

active limit state, while only a small portion of the soil in front of the wall, immediately below
the excavation, is in a passive limit condition (Callisto, 2010). Starting from this condition, the
static application of increasing equivalent seismic forces, proportional to the soil weight
through a seismic coefficient kH, produces a gradual increment of the contact stresses, that
culminates with the attainment of a plastic mechanism. Specifically, the plastic mechanism is
activated when the seismic coefficient reaches its critical value kC. If one assumes that the
retaining wall does not attain its structural capacity, then this plastic mechanism is produced

Figure 1. Examples of displacing retaining systems.

Figure 2. Embedded cantilevered retaining wall in a dry coarse-grained soil: (a) distribution of contact

stresses at the end of the excavation and in critical conditions; (b) non-dimensional capacity curve

obtained from a static push-over analysis.
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by the mobilisation of the soil strength only, and consists of a quasi-rigid rotation of the
retaining wall about a point close to its toe.
Figure 2.a shows that, in order to activate the plastic mechanism, the contact stresses σH

need to increase on both sides of the wall, but more markedly at the soil-wall contact located
below the excavation, where a full mobilisation of the soil strength requires the attainment of
passive limit conditions. This increment of contact stresses is an indication that significant
changes in the stress state are being caused in the entire soil volume interacting with the wall.
In turn, these stress changes deform the soil, causing a progressive movement of the retaining
structure towards the excavation. This is visible in Figure 2.b, that plots the relationship, com-
puted in the finite difference analysis, between kH and the horizontal displacement uR of the
wall head, divided by H. For the system of Figure 2, it can be seen that the critical conditions,
or in other words the capacity of the entire retaining system, is attained for a displacement of
the top of the wall equal to about 2.5 % of the excavation height H.

The procedure described above, that analyses the overall static non-linear response, can be
regarded as a push-over analysis of the retaining system, and the curve of Figure 2.b as the cor-
responding capacity curve, expressed in a non-dimensional form. This curve is not influenced
significantly by the stiffness of the structural members, depending mostly by the behaviour
exhibited by the soil interacting with the wall in the gradual mobilisation of its strength. If an
unloading-reloading cycle is performed, the system shows a stiff response with a very small hys-
teresis loop, typically corresponding to an equivalent damping ratio of the order of 1 %.
Figure 3.a shows a comparison between the contact stresses computed statically and those

evaluated dynamically. Specifically, in the dynamic analysis an acceleration time-history of
large amplitude (Tolmezzo record) was applied to the bottom of the same finite-difference
grid, to produce the transient attainment of the capacity of the retaining system (Callisto and
Soccodato, 2010). For this dynamic analysis, the contact stresses depicted in the figure are
those evaluated at the time corresponding to the maximum bending moment in the retaining
wall (t = 5.54 s). The figure shows that the distribution of the contact stresses deriving from
the static analysis of the plastic mechanism are a very close approximation of those obtained
in the dynamic analysis. Also the distribution of the horizontal displacements of the wall u,
computed at the same time instant and shown in the same Figure 3.a, is in a very good agree-
ment with the kinematics of the plastic mechanism found for the static critical condition.

Figure 3. Embedded cantilevered retaining wall in a dry coarse-grained soil: (a) distribution of contact

stresses in critical conditions and during a dynamic analysis, and profile of displacements; (b) correspond-

ing profiles of bending moments; (c) comparison between contact stresses and (d) bending moments in

critical conditions obtained the numerical push-over analysis and with a limit-equilibrium method.
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Figure 3.b shows that also the maximum bending moments in the wall computed dynamic-
ally are very similar to those computed in the equivalent static critical condition. This is par-
ticularly interesting because the internal forces computed in critical conditions do not depend
on the seismic action, but are a function of the capacity of the retaining system only. The
excellent comparison with the results of the dynamic analyses demonstrates that if the seismic
action is intense enough to activate the plastic mechanism, then the internal forces are no longer
dependent on the seismic action, and can be derived directly from the study of the plastic mech-
anism itself. In fact, this result can be regarded in the light of the principles of capacity design: if
the designer favours a plastic mechanism in which the soil is the energy-dissipating element and
the wall is the resisting element, then the internal forces in the wall should be evaluated from the
capacity of the soil, namely from the distribution of the contact stresses under critical condi-
tions. This procedure confers an intrinsic protection to the wall, in the sense that this structural
member is protected from yielding whatever the intensity of the seismic action. The validity of
this procedure was demonstrated by Callisto (2014) with further dynamic analyses, showing
that a substantial increment of the acceleration amplitudes at the base of the numerical model
produces only a small increase in the internal forces computed in the wall.
In most cases, the evaluation of the critical conditions for a retaining structure does not

necessitate a numerical analysis. As an example, Figures 3.c and 3.d show a comparison
between the results of the static finite-difference analysis of the plastic mechanism, and a
limit-equilibrium analysis carried out with a simple iterative procedure. In this latter case, a
rigid rotation of the wall was assumed, and the contact stresses in active and passive limit con-
ditions were computed using limit analysis solutions, employing either the lower-bound solu-
tion found by Lancellotta (2007) or the upper-bound solution developed by Chang (1981).
The analysis searches iteratively the two unknowns (critical seismic coefficient and depth of
the rotation point) that ensure translational and rotational equilibrium when the soil is in a
limit condition. Once the distribution of the contact stresses is found, this is integrated to cal-
culate the internal forces in the wall. Figure 3.c and 3.d show that the limit-equilibrium pro-
cedure yields an excellent match with the results obtained with the numerical analysis: in the
distribution of the contact stress, the depth of the rotation point (signalled by the discontinu-
ities in the stress profiles), the value of kC, and also in the distribution of the bending moments
along the wall. Besides, the use of the lower-bound and the upper-bound solution has a negli-
gible influence on the results, the differences being represented in the figure by the thin shaded
area in the stress and bending moment profiles. This shows that both the critical seismic coef-
ficient kC and the maximum internal forces associated to the plastic mechanism can be found
through simple and robust procedures, allowing a ready implementation of the capacity
design procedure outlined above.
In the perspective of a performance-based design, once the non-dissipating elements (the

wall, in the present case) have been capacity-designed, the performance of the retaining system
should be checked by evaluating the residual displacements produced by the seismic action.
The following section illustrates a simple model that can be used to this purpose.

3 PREDICTION OF THE SEISMIC PERFORMANCE

3.1 Non-linear macro-element

From Figure 2 it is evident that the retaining systems under consideration show a certain
deformability, due to the progressive mobilisation of the soil strength. As the relationship
between the equivalent seismic forces and the wall displacements is expressed by the normal-
ised capacity curve of Figure 2.b, it is logical to take this capacity curve as a basis to predict
the dynamic response of the retaining system. This can be done regarding the retaining system
as a single-degree-of-freedom (SDOF) system, with a constitutive behaviour described by the
normalised capacity curve. With this assumption, the equation of motion of the equivalent
SDOF can be written in a non-dimensional form as follows:
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In equation (1), H is the excavation height, g is the gravity acceleration, aBðtÞ is the seismic
input, uRðtÞ is the displacement of the retaining structure (or of the equivalent SDOF), ξ is an
equivalent viscous damping ratio, and D is the non-dimensional stiffness of the equivalent
SDOF. The dot over the symbols denotes temporal derivation.
The stiffness parameter D is defined as the local tangent to the capacity curve of the retain-

ing system, as shown in Figure 2.b, evaluated either on the first loading branch of the curve,
or along an unloading-reloading cycle. Therefore, this tangent stiffness is a function of the
current value of the normalised displacement uR=H, and of its maximum past value reached
upon the last displacement reversal, as in a plasticity hardening model. Equation (2) is a non-
linear differential equation that must be integrated in the time domain: the results shown in
the following were obtained with the unconditionally stable Euler-Gauss integration algo-
rithm (Lorusso 2017).
In a loading cycle that engages the loading branch of the capacity curve, energy dissipation

is produced by the development of irreversible displacements. Therefore, the time-marching
integration algorithm activates the viscous damping component of equation (1) only along the
unloading-reloading portions of the capacity curve. For the type of structure at hand, a value
of 1 % was taken for the damping ratio ξ, resulting from the interpretation of the unloading-
reloading hysteresis loop.
The SDOF model described by equation (1) may be regarded as a macro-element representing

the overall static and dynamic response of the retaining system to a certain class of actions,
namely those produced by inertial forces applied uniformly in space. From the same Equation
(1) it can be appreciated that, in order to reproduce dynamic inertial effect, this macro-element
does not need any added mass, because it is formulated directly as a relationship between a non-
dimensional acceleration and the corresponding non-dimensional displacement. This

Figure 4. Results obtained with the simplified method: (a) input and output acceleration time histories;

(b) time-history of the computed displacements; (c) progressive engagement of the capacity curve.
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relationship accounts implicitly for the dependence of the soil volume interacting with the
retaining structure on the acceleration amplitude (see from instance Richards and Elms 1992),
because this effect is incorporated into the static numerical analysis used in the push-over ana-
lysis or, equivalently, in the limit analysis solutions used to study the critical plastic mechanism.
In the logic of a macro-element analysis, the seismic input aBðtÞ is obtained from a free-field

one-dimensional site response analysis. For the specific case of a cantilevered embedded
retaining wall, several parametric calculations showed that the most accurate results are
obtained analysing a soil column representing the soil below the excavation level, and taking
aBðtÞas the accelerogram at mid-height of the embedded length (Lorusso, 2017).

Figure 4 illustrates the response of the non-linear macro-element representing the retaining
system of Figure 2, subjected to an accelerogram derived from the Tolmezzo record through a
1D site response analysis. Figure 4.a shows the temporal variation of the input acceleration
aBðtÞand of the acceleration €uRðtÞ of the macro-element, indicating also the critical seismic coef-
ficient as a reference. This figure evidences distinctly the amplification of the dynamic response
of the macro-element: while the input time history reaches only in one episode values larger
than kC, the macro-element attains several times the critical acceleration during strong-motion.

The effect of this amplification is clearly visible in the time-history of the displacements
uRðtÞof Figure 4.b, showing marked increments also at time instants when aB=ltkC. But the
attainment of the critical acceleration is not the only phenomenon leading to the accumulation
of displacements, because uR increases also for €uR=ltkC. This additional effect is due to the
development of irreversible displacements also in load cycles with an amplitude smaller than
kC, and can be appreciated in Figure 4.c, that shows the progressive engagement of the cap-
acity curve resulting from the macro-element response.
Figure 4.b also shows the time-history of the wall displacements computed with a FLAC2D

non-linear dynamic analysis of the same retaining system, for comparison. The agreement
between the response of the macro-element and the results of the non-linear dynamic analysis
is very good for the case under examination. The following sections provide further validation
and guidance for the proposed model.

3.2 Validation of the simplified model

The non-linear macro-element described in the previous section was validated through a com-
parison with the results of the centrifuge test CW1 published by Conti et al. (2012), relative to
a pair of embedded cantilevered walls that retained an excavation in a dry, coarse-grained

Figure 5. Comparison between the results obtained in a centrifuge experiment by Conti et al (2012) and

the prediction of the non-linear macro-element.
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soil. This centrifuge model was subjected to a base excitation consisting of a series of five
quasi-harmonic signals. Figure 5.a shows, at the prototype scale, an idealisation of the time-
history of the actual input signals: The maximum acceleration amplitudes vary from 0.08 g
(signal No. 1) to 2.1 g (signal No. 4). The geometrical layout is identical to that of Figure 2,
but the presence of a facing retaining wall at a distance of about 2H makes the overall
response somewhat stiffer.
Figure 5.b plots (again at the prototype scale) the time-history of the displacements meas-

ured at the top of one of the retaining walls during the seismic excitation in the centrifuge
experiment. This response shows peculiar features: the input signal No. 1 has a maximum
amplitude amax ≈ 0.08 g and causes a residual displacement of about 0.01 m; the input signal
No. 2 has a larger amplitude (amax ≈ 0.18 g), and accordingly produces a further displacement
of 0.016 m; but the input signal No. 3, with an amplitude which is intermediate between those
of the first and the second signal (amax ≈ 0.1 g), produces no displacements at all. A similar
behaviour is observed in the subsequent parts of the time history: signal No. 5 (amax ≈ 0.18 g)
is stronger than signal No. 3, but slightly weaker than the preceding signal No. 4 (amax ≈ 0.21
g) and does not produce any additional displacements.
These experimental results indicate clearly that the retaining system is showing an overall

hardening behaviour, as its dynamic response depends on the past loading history. And
indeed Conti et al. (2012) interpreted this behaviour postulating a progressive increment of
the critical acceleration of the system, but this interpretation was only phenomenological and
could not be used for predictive purposes. On the contrary, the non-linear macro-element
described in the previous section can be used to reproduce directly the results of these
experiments.
For this case, a capacity curve was evaluated with a FLAC2D push-over analysis of a

model that included explicitly the two facing walls, using the information on the soil proper-
ties reported by Conti et al. (2012). In particular, the value of the critical coefficient found for
this case was equal to 0.266. To reproduce the observed behaviour, the input signal for the
non-linear macro-element was obtained multiplying the actions applied at the base, having a
dominant frequency of about 0.8 Hz, by an amplification factor of 1.2 read on the amplifica-
tion curve derived experimentally from the centrifuge experiment (Conti & Viggiani 2012).
This amplified seismic signal was used to excite a macro-element characterised by the capacity
curve found with the static FLAC2D analysis. The results obtained with the non-linear
macro-element are compared in Figure 5.b with the experimental results: it can be observed
that the proposed model is able to reproduce quite closely the results of the centrifuge experi-
ment, both qualitatively, as the model incorporates a plastic hardening constitutive relation-
ship, and quantitatively, since the capacity curve could be readily calibrated on the basis of
the main properties of the retaining system.

4 OTHER TYPES OF RETAINING SYSTEMS

4.1 Anchored retaining structures

With specific reference to embedded retaining walls with grouted, post-tensioned anchors
positioned along one or several levels, Callisto & Del Brocco (2015) showed that an intense

Figure 6. Possible plastic mechanisms for anchored retaining walls.
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seismic event can activate two different mechanisms, as shown in Figure 6. The mechanism of
Figure 6.a is that of a weak anchor: the anchor capacity Tf is activated together with the
strength of the soil, and the mechanism is that of a cantilevered wall, with the addition of
known forces that replicate the capacity of the anchor levels. In particular, the anchor cap-
acity is the minimum among the pull-out resistance, the tendon resistance, the adherence at
the tendon-grout contact, and the resistance of the connection of the anchor level to the
retaining wall. An overstrength criterion should be implemented to favour the most ductile
resisting mechanism for the anchor, that in the following is taken to be the pull-out strength
of the grouted bulb.
An example of a weak-anchor mechanism is shown in Figure 7.a, depicting the displace-

ment vectors obtained with a FLAC2D analysis of a multiply-anchored retaining wall in a
layered soil under critical conditions (Gallese, 2018). Figure 7.b shows the corresponding dis-
tribution of the contact stresses and of the bending moment profile. Also for the present case
the analysis of the plastic mechanism can be carried out with a limit equilibrium analysis (see
section 2), because this system can be regarded as a cantilevered wall with additional forces.
The results of this limit-equilibrium analysis, shown in Figure 7.b for comparison, are in an
excellent agreement with the results of the static finite-difference analysis. As a consequence,
for the case of a weak-anchor mechanism the structural design of the retaining wall, as dis-
cussed in Section 2, can be accomplished with readily available tools.
Studying this weak-anchor plastic mechanism, it can be recognised that as the anchor resist-

ance increases, the critical seismic coefficient kC becomes larger and the point of wall rotation
moves downwards. An important case is that of an anchor resistance for which the critical
mechanism is such that the wall rotates about its toe: from this reference condition, if the
anchor resistance increases further, a global plastic mechanism is triggered, of the type
depicted in Figure 6.b, that incorporates the anchoring system. Callisto & Del Brocco (2015)
showed that an anchored retaining system that mobilises a global plastic mechanism is not
particularly attractive, with respect to both its seismic performance and the development of

Figure 7. Example of a multi-anchored retaining system: (a) weak-anchor plastic mechanism; (b) com-

parison between the finite-difference and the limit-equilibrium analysis of the plastic mechanism.
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internal forces in the structural members. With reference to the seismic performance, it can be
shown, with limit-equilibrium methods or with static numerical analyses, that for a global
plastic mechanism the resistance of the anchor levels has a very small influence on the critical
seismic coefficient of the retaining system, because in fact such a mechanism does not engage
the entire anchor resistance. Therefore, if the system exhibits a global mechanism, an increase
in the anchor capacity cannot produce an appreciable improvement of the seismic perform-
ance of the system.
On the other hand, while for a weak-anchor mechanism the maximum internal forces of the

structural members can be readily evaluated (as for the case of Fig. 7), for a global mechanism
these internal forces are largely dependent on the stiffness of the different system components,
namely the soil, the retaining wall, and the anchoring system, and therefore are very difficult
to evaluate. Figure 8 collects some results obtained with equivalent static and with full
dynamic analyses of several anchored retaining walls (Del Brocco & Callisto 2017), plotting
the maximum bending moment in the wall Mmax as a function of the critical seismic coefficient
kC of the retaining system. In particular, it is convenient to divide both quantities by their
respective values obtained in the reference condition, denoted by the suffix ref in the figure,
defined as that obtained with an anchor capacity that marks the transition from a weak-
anchor to a global mechanism. In this normalised plot, the points internal to the 1×1 square
refer to walls that mobilise a weak-anchor mechanism. The figure shows that for these weak-
anchor cases, the maximum bending moment in the wall is generally lower than the value
obtained for the reference mechanism. On the contrary, anchored retaining walls designed to
exhibit a global plastic mechanism experience much larger internal forces, that show a marked
dependency on the relative stiffness of the anchoring system. In other words, while for the
weak-anchor mechanism it is the capacity of the anchoring system that, together with the soil
resistance, provides an intrinsic limitation to the internal forces, for a global plastic mechan-
ism it is not possible to carry out a capacity design for the structural members of the earth
retaining system.

Figure 8. Non-dimensional relationship between bending moments and critical seismic coefficient com-

puted in anchored walls for weak-anchor and global plastic mechanisms (Del Brocco & Callisto, 2017).

247



The capacity curve for the anchored retaining wall of Figure 7, obtained with FLAC2D fol-
lowing the procedure outlined in Section 2, is shown in Figure 9.a. For this case, the horizon-
tal displacement uR that activates the plastic mechanism is equal to about 1.5-2.0 % of the
excavation height H. An additional capacity curve was obtained for the same retaining system
using a simpler procedure, consisting in a modification of the subgrade reaction method com-
monly used for the static design of embedded retaining walls, in which the springs representing
the soil and the anchor levels are assigned a linearly elastic-perfectly plastic behaviour. In the
modified procedure, implemented in the code KOST-D (Gallese, 2018), the push-over analysis
is carried out after the simulation of the excavation, by applying to the post-construction state
of the model a progressive increment of the seismic coefficient kH. For each value of kH, the
contact stresses behind the wall are made to tend to the corresponding active limit state, while
the passive resistance of the soil located in front of the wall is reduced accordingly (Figure 9.
b). The resulting capacity curve obtained with this simplified method are superimposed in
Figure 9.a to that found with the finite-difference model, showing that the two methods pro-
duce similar curves. Additional calculations showed that the value of the elastic modulus used
in the linearly elastic-perfectly plastic approximation of the spring behaviour has only a mar-
ginal influence on the capacity curve, as most of the overall non-linearity exhibited by the
system is in fact produced by the progressive mobilisation of the soil strength, rather than by
the pre-failure non-linearity of the soil behaviour. This modification of the subgrade reaction
method is applicable also to the cantilevered retaining walls discussed in the previous sections,
and can be regarded as a simple tool to evaluate for design purposes the capacity curve of an
embedded retaining wall.

4.2 Gravity retaining walls

Figure 10.a depicts two different gravity retaining walls, namely a thick masonry or unre-
inforced-concrete wall and a cantilever wall. Both schemes were designed to achieve a similar
critical acceleration, under the two different hypotheses that the foundation sliding mechanism
is either weaker or stronger than the foundation bearing capacity mechanism. This two mechan-
isms were obtained assuming a frictional strength at the foundation-soil contact equal to 0.75
φ’ and 0.90 φ’, respectively, were φ’ is the angle of shearing resistance of the foundation soil.

Numerical models for these four cases were developed in FLAC2D (Bruni, 2019), carrying
out a static push-over analysis for each case. The resulting capacity curves are plotted in
Figure 10.b, showing that the initial part of the capacity curves is similar for the all cases, up
to a seismic coefficient equal to 80-85 % of its critical value. In this first portion, the deviation
of the capacity curve from a linear behaviour is less significant than in the previous case stud-
ies of embedded retaining walls. The different plastic mechanisms are attained for an horizon-
tal displacement of the wall of the order 0.6 % of the retained height, which is about one third

Figure 9. (a) capacity curves computed for the anchored retaining system of Figure 7: (b) use of the

subgrade reaction method to carry out the push-over analysis of an embedded retaining wall.
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of those found for the previous cases of embedded retaining walls. Also, for a given wall type
the differences associated with the different plastic mechanism are indeed very small. This
happens because, as the static equivalent inertial forces increase, the corresponding eccentri-
city and inclination of the resultant force applied to the foundation produce a very shallow
bearing capacity mechanism, that is not too different form a sliding mechanism.
The finite difference models developed for the push-over analysis of the gravity retaining

walls were also used to carry out full dynamic analyses using diverse accelerograms as a seis-
mic input. This allowed to test the predictive capability of the simplified model described in
3.1 also for this category of retaining systems, using the capacity curves of Figure 10.b to char-
acterise the non-linear macro-element. The results of this comparison are discussed in the fol-
lowing section, together with the results obtained for the embedded retaining walls.

5 OVERALL PERFORMANCE OF THE SIMPLIFED APPROACH

In order to produce a consistent evaluation of the predictive capability of the simplified
model, it is useful to describe the capacity curve obtained from a push-over analysis using a
hyperbolic expression written in the following form:

kH ¼
D0 s

1þ s α D0

kC

ð2Þ

where s ¼ uR=His the normalised wall displacement, D0 is the non-dimensional initial stiff-
ness of the capacity curve, and α < 1 is the ratio of kC to the actual asymptote of the hyper-
bolic function, as shown in Figure 11. It is also assumed that the unloading-reloading
relationship is linear, and has a stiffness equal to β D0, where β is a further non-dimensional
model parameter.
For design purposes, equation (2) may be rewritten as:

kH ¼
s kC

s αþ sF 1� αð Þ
ð3Þ

Figure 10. (a) schemes of gravity retaining walls, and (b) corresponding non-dimensional capacity curves.
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where the initial stiffness D0 is replaced by sF, which has a clearer physical meaning being
the non-dimensional displacement for which the plastic mechanism is activated (see
Figure 11). For a large number of case studies, this hyperbolic expression was used to interpol-
ate the capacity curves in order to characterise the non-linear macro-element described in 3.1,
that was then used to back-calculate the residual displacements obtained in full dynamic ana-
lyses. As outlined in Section 3, both the static procedure for the push-over analysis and the
full dynamic analyses adopted the same constitutive model. In the dynamic analyses the final
displacement is a direct result of the numerical computation. In the use of the simplified
model, the analysis procedure is decoupled: in a first stage a one-dimensional site response
analysis (using the same FLAC2D code and the same constitutive assumption of the full
dynamic analysis) was carried out to evaluate the input seismic signal aBðtÞ, that was then
applied as an input to the non-linear macro-element. Parametric studies carried out by
Lorusso (2017), Gallese (2018) and Bruni (2018) showed that, while for cantilevered embedded
retaining wall the best choice for the seismic input is the accelerogram computed below the
excavation level (see 3.1), for embedded walls with a lower d/H ratio (like the anchored retain-
ing walls) and for gravity walls it is convenient to analyse the one-dimensional response of a
soil column representing the soil located behind the wall, taking aBðtÞ as the accelerogram
computed at mid-height of the entire retaining wall.
Figure 12 shows for all the analysed cases a systematic comparison between the normalised

residual displacements computed with a full dynamic analysis and those evaluated with the sim-
plified method. The shaded area indicates where the macro-element predictions fall between one
half and twice the results of the full dynamic calculations. As a general comment, for all the
types of retaining systems examined in the present study the predictive capability of the simpli-
fied model may be deemed reasonably good, considering that a complex soil-structure inter-
action problem is being reduced to a single-degree-of-freedom equivalent system.
A detailed inspection of the results evidenced that the cases in which the agreement is less

satisfactory are characterised by specific phenomena of dynamic amplification. In particular,
for the cases of twin facing cantilevered retaining walls with a close spacing, denoted by an
open circle in Figure 12, the agreement appears less satisfactory. It was shown (Lorusso, 2017)
that this discrepancy may be in part ascribed to two-dimensional amplification effects, that
are more pronounced for the retaining system with two facing walls, and that cannot be
incorporated in the decoupled procedure adopted for the macro-element simulations.
While the maximum displacements computed for the embedded retaining walls reach 10-15

% of the excavation height H, the maximum displacements computed for the gravity walls
(using the same seismic inputs) are not larger than 3 % of the retained height. In the light of
the present simplified method, the better performance of the gravity retaining systems is seen
to be produced by the following two concurrent factors:

• a comparison between the capacity curves of Figures 2.b, 9.a and 10.b shows clearly that
the overall response of the gravity retaining systems is stiffer than that of the embedded

Figure 11. Hyperbolic approximation of a capacity curve, with an indication of the model parameters.
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schemes, as it reaches the critical conditions for a much smaller horizontal displacement.
This was seen to correspond to natural vibration periods often smaller than 0.5 s that, for
the range of frequencies of most seismic actions, are less prone to be amplified by the seis-
mic motion;

• a series of free-vibration analyses carried out on the numerical models of the gravity retain-
ing systems showed that the energy dissipation in unloading-reloading is larger than that
found for the embedded retaining walls, with an equivalent viscous damping ratio of about
4-5 %. This is probably due to a more marked radiation damping characterising these sys-
tems, that is known to be frequency-dependant (Veletsos and Nair 1975). In fact, to repro-
duce the behaviour obtained in the dynamic numerical analyses it was necessary to
introduce a damping ratio ξ = 5% in the integration of equation (1) along the unloading-
reloading branch of its constitutive law.

Also shown in Figure 12 are the results of a number of calculations in which the retaining
systems were regarded as rigid-perfectly plastic, following a Newmark (1965) approach. It can
be seen that this method, that neglects completely the dynamic amplification exhibited by the
retaining system, produces a substantial underestimation of the final displacements, that are
smaller than 10 % of those computed with the full dynamic analysis.
To facilitate the evaluation of a capacity curve for design purposes, Table 1 provides, with

reference to the hyperbolic expression (3), the parameter values that were seen to produce a
better match between the dynamic computation and the results of the non-linear macro-element.
The parameter β, which is a unloading-reloading stiffness multiplier, was seen to play a role in
matching the dynamic response of the system. The reference value for β is unity, making the
unloading-reloading stiffness equal to the initial tangent stiffness of the capacity curve. In some
occasions, however, the capacity curve showed a marked non linearity in the first loading
stages, that was seen to be underestimated by the hyperbolic interpolation. This problem was

Figure 12. Comprehensive representation of the predictive capabilities of the non-linear macro-element.

Table 1. Typical parameters for the capacity curve of equation (3) and Figure 11.

Type of retaining system
sF
(%) α β

ξ
(%)

Embedded - cantilevered 1.5 – 2.0 0.8 – 0.9 1.0 – 1.5 1.0

Embedded - anchored 1.0 – 1.5 0.8 1.5 – 2.0 1.0

Gravity 0.5 – 0.8 0.7 1.0 5.0
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dealt with by introducing a somewhat artificial increment of β (see Table 1), but this is in fact an
indication that a different non-linear function, characterised by additional parameters, could be
better suited to interpolate the capacity curves.

6 RESPONSE OF A NON-DISPLACING RETAINING SYSTEM

On a first sight a retaining structure founded on piles may not seem to fall into the category of
displacing retaining systems. However, a structure of this type may show residual displace-
ments as a result of pile yielding (in bending) together with the surrounding soil. This possibil-
ity was explored by Callisto & Rampello (2013), that assumed a rigid-perfectly plastic overall
behaviour for retaining walls and bridge abutments founded on piles, and computed the
residual displacements with a non-dimensional analysis based on the Newmark (1965)
approach.
A more satisfactory description for one of these retaining structures founded on piles was

obtained building a simplified three-dimensional numerical model of a 14 m-height bridge
abutment in FLAC3D, and developing a plane-strain 2D model that could be considered
equivalent to the 3D model (Figure 13), in the sense that it exhibited the same capacity curve
in a push-over analysis (Mingrone 2018). For the present case, the critical seismic coefficient
was equal to 0.225, and the displacement corresponding to critical conditions sF was equal to
about 2 % of the wall height. Once the equivalence between the two models was found, the
more manageable 2D model was used to carry out a non-linear dynamic analysis using the
Tolmezzo record as a seismic input. In the dynamic analysis, the soil was described through
the hysteretic damping model. The piles were characterised by a linearly elastic-perfectly plas-
tic relationship between bending moments and curvatures, with a yield bending moment
depending on the axial force acting in the pile. Figure 14 shows the force paths computed in
the dynamic analysis at the top of the leading and the trailing pile rows during the seismic
motion, together with the axial force-bending moment strength domains. It can be seen that
after the construction of the retaining system the top of the leading pile is quite close to the
yield condition; during the seismic motion it yields repeatedly, while at the end of the earth-
quake its state plots well inside the strength domain. Conversely, the trailing pile is initially
subjected to a very small bending moment, and during the earthquake it attains only occasion-
ally the yield condition.
The time-history of the displacements of the wall computed in the dynamic analysis is

shown in Figure 15, where it can be seen that the wall reaches a final displacement of about
0.06 m, corresponding to 0.4 % of the retained height. The same figure also shows the
response of the non-linear macro-element calibrated using the capacity curve of the bridge
abutment. Once again, the simplified model is able to reproduce with reasonable accuracy the
behaviour exhibited by this complex soil-structure interaction problem. From the mobilisation

Figure 13. Three- dimensional (a) and plane strain (b) finite difference models of a bridge abutment

founded on piles.
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of the capacity curve shown in Figure 15, it is evident that for the present case the seismic
input was not strong enough to cause the full mobilisation of the plastic mechanism, that
would have implied the development of a pair of plastic hinges for each pile (as assumed by
Callisto and Rampello 2013). Yet, also for a structure that remains distant from the attain-
ment of the critical conditions, the critical seismic coefficient kC is a useful reference to con-
struct the capacity curve, that allows the simplified model to reproduce the main features of
the dynamic response of the system.

7 DISCUSSION AND CONCLUSIONS

The displacing earth retaining structures studied in this paper are deformable systems that show
a distinct dynamic response. In most cases, however, the deformability of a given retaining
system is not significantly influenced by the stiffness of the structural members (Callisto & Soc-
codato 2010): their response is mainly controlled by the deformation of the soil that occurs in
the transition from the initial conditions that precede the earthquake to the activation of a plas-
tic mechanism. Although the stiffness of the soil is important, the factors that most notably
affect the overall response of the system are the type of mechanism that is bound to be activated
by the seismic forces, and the distance of the initial conditions from the plastic mechanism.
The above results showed that the overall response of the systems at hand can be success-

fully described by a capacity curve, and that this capacity curve can be approximated using a
truncated hyperbolic function characterised by three parameters, as per equation (3): kC, α,
and sF. The critical seismic coefficient kC quantifies the amount of seismic forces that need to
be added to the system to reach the critical conditions, or in other words, the distance from
the activation of a plastic mechanism: it is a very robust indicator, that for a given geometry
depends only on the strength properties of the ductile elements (namely, the soil and possibly
the anchors, or the foundation piles) and in most cases can be evaluated using a simple limit-
equilibrium analysis. The normalised displacement corresponding to critical conditions sF,

Figure 14. Force paths followed by the topo section of two foundation piles during a seismic event.

Figure 15. Comparison between the displacements computed in the dynamic analysis and the prediction

of the non-linear macro-element.
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together with the parameter α that defines the truncation of the hyperbolic function, can be
associated to the particular plastic mechanism attained by the retaining system. Therefore, for
different types of retaining structures, these two parameters may be assigned tentative typical
values, as reported in Table 1.
The ability of the proposed simplified method to reproduce the dynamic response of earth

retaining systems is related to the possibility to approximate their response to that of a system
with a single degree of freedom, and to the absence of significant two- or three-dimensional
amplification effects. Frequency-sweep analyses of the finite-difference models showed that the
dynamic response of the structures dealt with in this paper (Figure 1), often characterised by a
limited height, is dominated by their first vibration mode. However, deep anchored structures,
or complex geometries, like that of two facing walls, may produce a multi-modal response and
some 2D amplification effect that limit the predictive potential of the simplified approach.
Having established, with the above restrictions, the capability of the non-linear macro-elem-

ent to predict the dynamic response of the retaining system, an ideal design process should
include the following steps:

• choose the preferred plastic mechanism: usually, structural members would be taken as
non-ductile elements, while the soil and the anchors (in their most ductile resisting part), or
the foundation piles, would be selected as energy-dissipating elements;

• evaluate the capacity curve of the retaining system: in the simplest case this implies the
direct evaluation of the critical seismic coefficient kC using a limit-equilibrium calculation,
and a selection of typical values of sF and α;

• evaluate the free-field seismic motion from the results of a 1D site response analysis;
• integrate the non-linear macro-element (equation 1) characterised with the capacity curve

and subjected to the free-field seismic motion;
• check the seismic performance comparing the computed final displacements (seismic

demand) with those compatible with the limit state under consideration (seismic capacity);
• if the macro-element calculation indicates that kC is attained during the seismic motion:

evaluate the internal forces in the non-dissipating structural members from the study of the
plastic mechanism;

• if conversely the maximum seismic coefficient kH,max evaluated by the macro-element ana-
lysis is smaller than kC: use kH,max to evaluate the internal forces in the structural members.

Clearly, the above design sequence could be followed only for important structures, for
which the seismic actions are described by acceleration time-histories deriving from site-
specific ground response analyses. For the design of more ordinary retaining systems, the pre-
dictive capability of the simplified model described in this paper could be employed, in a
prospective development, to carry out a parametric computation of residual displacements, to
produce an equivalence between the displacement-based design outlined above and a more
common force-based design approach.
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