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ABSTRACT: The residual shear strength of liquefied soil is a key parameter in evaluating lique-
faction flow failures. Results from a series of dynamic centrifuge experiments where the shear
strength of liquefied soil was inferred by measuring the force required to pull a thin metal plate
(coupon) horizontally through the liquefied soil are assessed here using a computational fluid
dynamics (CFD) based model. Viscosity is a key parameter for the Newtonian fluid constitutive
model used in the simulations, and apparent viscosities of liquefied soil in the range of about
5,800 – 13,300 Pa·s were obtained when the CFD model was calibrated against coupons pulled
through liquefied soil in dynamic centrifuge tests. These computational values agree reasonably
with apparent viscosities of liquefied soil reported in the literature when the Reynold’s numbers
exceeded 1.0. Importantly, the CFD simulations illustrated that in cases where Reynold’s numbers
are < 1.0, apparent viscosities of liquefied soil back-calculated using simplistic closed-form solu-
tions commonly applied in geotechnical literature are several orders of magnitude too large; and
therefore, such closed-form solutions should not be used for these cases.

1 INTRODUCTION

Countless hydraulic fill dams, tailings dams, levees, and other natural and manmade slopes
and other earth structures contain or are founded on loose, saturated granular soils, rendering
them vulnerable to liquefaction flow failures during earthquakes. Although flow failures are
uncommon, the potentially catastrophic consequences of these failures dramatically elevate
the associated risk. Analytically modeling soil behavior during flow failures, especially in
numerical schemes, is not a straightforward task. Because saturated, contractive soils undergo
significant softening and large strains during liquefaction and flow, currently available soil
mechanics-based constitutive models are unable to reliably capture this behavior. Therefore,
new approaches are needed. This paper explores applying computational fluid dynamics
(CFD) analysis for modeling the behavior of liquefied soils. An important parameter for mod-
eling liquefied soil as a fluid is its apparent viscosity. Towhata et al. (1999) estimated the
apparent viscosity of liquefied sand by measuring the drag force on a cylindrical pipe while
pulling it through liquefied sand in 1g tests. Similarly, de Alba and Ballestero (2005, 2006)
measured the drag forces on a sphere and a thin plate falling through liquefied sand in modi-
fied triaxial specimens to infer the apparent viscosity of liquefied soils. Dewoolkar et al.
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(2015) inferred the shear strength of liquefied sand by measuring the drag forces on a thin
plate (coupon) pulled through the liquefied sand in flight in a centrifuge model.
In this study, the authors analyzed the Dewoolkar et al. (2015) coupon-pull centrifuge

experiments using CFD, modeling the liquefied soil as a Newtonian fluid. Further, the authors
calculated the apparent viscosities of liquefied sand from the CFD results and compared the
same back-calculated from experiments reported in the literature.

2 LITERATURE REVIEW

A rheological approach has been employed by numerous researchers to quantify the residual
strength of liquefied soils interpreted from small-scale 1g and centrifuge physical models as
well as triaxial tests. In many of these tests, embedded objects (e.g., sphere, flat plate, and
cylinder) were pulled through the soil after inducing liquefaction. Common considerations
were that liquefaction should be maintained during the movement of the object and the object
should move far enough to mobilize large strains in the liquefied soil.
Towhata et al. (1999) measured drag force on an embedded cylinder pulled laterally

through a 1g model of saturated sand that was liquefied by shaking. Free-field pore pressure
transducers located in the model soil confirmed that the soil remained liquefied during the
movement of the cylinder. This study showed that the drag force measured while the excess
pore pressure remained high increased with the velocity of cylinder movement. Given the low
Reynolds number (Re) of the flow, Towhata et al. (1999) used the following equation based
on the Stokes’s drag law to estimate the apparent viscosity of the liquefied soil:

Dcylinder ¼
4πμVL

2:002� lnðρVd=μÞ
ð1Þ

where Dcylinder = drag force, μ = apparent viscosity, V = cylinder velocity, L = cylinder
length, ρ = soil density, and d = cylinder diameter. Equation 1 yielded apparent viscosities of
100 to 2,600 Pa·s for the liquefied sand. Towhata et al. (1999) also reported apparent viscos-
ities inferred from other similar studies, which are summarized in Table 1.
Hwang et al. (2006) measured drag forces on a sphere sinking in liquefied soil and by pull-

ing a cylinder through liquefied soil. Initial relative densities of the soils ranged from 34 to
64%. Liquefaction was induced by impact and upward seepage, respectively. To estimate
apparent viscosity, Hwang et al. (2006) used Equation (1) for the cylinder test and the follow-
ing equation based on Stokes’s drag law for the sphere tests (White 1979):

Dsphere ¼ 3πμdV ð2Þ

where d = sphere diameter, V = sphere velocity. The apparent viscosities ranged from 6,340
to 11,610 Pa·s in the sphere tests and 1,100 to 5,000 Pa·s in the cylinder tests are significantly
larger than those estimated by Towhata et al. (1999). In addition, the apparent viscosities at
different pulling speeds of the cylinder showed a shear thinning behavior, i.e., apparent viscos-
ity decreased with increasing pulling speed. As a result, Hwang et al. (2006) concluded that
liquefied soil behaves like non-Newtonian fluid.
de Alba and Ballestero (2005, 2006) recognized some of the limitations of small-scale 1g model

tests (unrealistically low stress levels and difficulty in maintaining undrained conditions) and
experimented with a 1.27 cm diameter sphere and a 2.54 cm x 2.54 cm x 0.16 cm flat plate
(coupon) displacing axially, pulled by a deadweight, through triaxial specimens (7.1 cm in diam-
eter and 24 cm in height) of saturated sand, after inducing liquefaction by cyclic loading. These
tests were conducted under equal all-around consolidation stresses of 70 and 140 kPa – signifi-
cantly greater than those in small-scale 1g physical models. Undrained conditions were maintained
during their tests. Test results indicated that liquefied soils exhibit a viscous behavior where the
drag force on the sphere or coupon increased and the apparent viscosity decreased as the velocity
increased, and similar to Hwang et al. (2006), they concluded that liquefied soil may be regarded
as a non-Newtonian fluid. Considering the Reynolds number mobilized during their tests, de
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Table 1. Summary of apparent viscosities of liquefied soils estimated from 1g physical model tests, triaxial tests and case studies reported in the literature

Reference Test type Method of liquefaction
Velocity Dr Apparent Viscosity

(cm/s) (%) (Pa·s)

de Alba and Ballestero (2005) Triaxial cell, pulling coupon Cyclic loading up to 160 (-30)-30 40-1,500

de Alba and Ballestero (2006) Triaxial cell, pulling sphere Cyclic loading up to 110 30 30-140

Towhata et al. (1999) 1-g, pulling cylinder Shaking 0.3-1.9 (-20)-30 510-2,600

1-g, pulling cylinder (-30)-(-20) 130-660

Hwang et al. (2006) 1-g, sinking sphere Impact 2.5-5 34-64 6,340-11,610

1-g, pulling cylinder Upward seepage 2.03-8.61 34 1100-5,000

The following data reported by Towhata et al. (1999) are iterated here:

Miyajima et al. (1994a) 1-g, sinking sphere Shaking - - 70-400

Miyajima et al. (1994b) 1-g, pulling sphere Boiling - -

Miyajima et al. (1995) 1-g, sinking sphere Shaking 1-5.2 - 108

Ohtomo et al. (1993) 1-g, pulling sphere Boiling - 50 1000

Sato et al. (1994a) 1-g, pulling sphere Shaking 1-6 10-50 up to 5,000

1-g, pulling cylinder Shaking 1-5 25-45 up to 8,000

Sato et al. (1994b) 50-g, flow of slope Shaking - 25-30 2,800-4,000

Sasaki et al. (1997) 1-g, subsidence of foundation Shaking - 28-44 110-230

Towhata and Horikoshi (1997) Subsidence of prototype building foundation 1964 Niigata earthquake - - 2.5-500

Takada and Nagai (1987) 1-g, sinking sphere Shaking - - 500-8,000

Yuasa et al. (1994) 1-g, pulling sphere during shaking Shaking - 35-60 2-14

1-g, pulling sphere after shaking Shaking - 30-50 16-20

1-g, viscometer Boiling - 20-50 0.25-40

Toyota (1995) 1-g, flow of slope Impact - (-20)-7 100-200

The following data reported by Hwang et al. (2006) and Towhata et al. (1999):

Hamada and O‘Roorke (1992) 1-g, pulling sphere Unknown - 34 300-5,000

Hamada et al. (1993) 1-g, pulling cylinder, pile, sphere Unknown - - up to 8,000

Kawakami et al. (1994) 1-g, sphere Shaking 0.25-1.5 27-51 14.7-30.4

1-g, viscometer Upward seepage 1.5-4.5 rpm 20-50 0.24-39

Large ground displacement experiment Shaking - - 147-981

Towhata et al. (1992) Flow of slope - - 38 900

Vargas and Towhata (1995) 1-g, pulling cylinder Shaking up to 1.9 (-30)-30 90-1,510

Zhang et al. (1994) Undrained triaxial test Cyclic loading 10-60%/s - 3,600-8,900



Alba and Ballestero (2005) recommended the use of a coupon instead of a sphere so that the flow
remained laminar over a much larger range of velocities.
Interestingly, de Alba and Ballestero (2005, 2006) observed that the drag force stabilized

once the object reached a velocity around 50 cm/s. Apparent viscosities calculated in that sta-
bilized range are typically within 30 – 1,500 Pa·s, obtained by Equations (2) and the following
equation for a plate (Schlichting 1979):

Dcoupon ¼ 1:328BL1=2V3=2
μ
1=2

ρ
1=2 ð3Þ

where B = coupon width, L = coupon length and V = coupon velocity.
Table 1 summarizes apparent viscosities of liquefied soils back-calculated from various

sources including the experiments described above. One estimate is based on the subsidence of
Niigata Airport Building in 1964 (Towhata and Horikoshi 1997) while others are based on
modified triaxi-al tests (de Alba and Ballestero 2005, 2006) and 1g physical model tests
(Towhata et al. 1999, Hwang et al. 2006). As expected, the back-calculated apparent viscos-
ities reported in Table 1 show significant scatter. This scatter can be attributed to uncertainties
involved in case history analysis, variations in effective stress, drainage conditions, sand rela-
tive density, deviation from closed-form solutions (i.e., turbulent flow), and variable strain
rates, among other variations.
Figure 1 presents the apparent viscosities summarized in Table 1 with respect to relative

density. Despite the scatter, most of the back-calculated apparent viscosities fall within a wide
range of about 30 to 3000 Pa·s. In comparison, the viscosity of water at 20°C is 0.001 Pa·s.
Therefore, the apparent viscosity of liquefied soil may be 4 to 6 orders of magnitude larger
than that of water.

3 AVAILABLE DYNAMIC CENTRIFUGE TEST RESULTS

Inspired by the de Alba and Ballestero (2005, 2006) experiments, Dewoolkar et al. (2015) pulled a
coupon (76.2 mm long, 25.4 mm wide, and 2.25 mm thick) horizontally through a saturated sand
model in dynamic centrifuge models using a motor assembly mounted on top of the model

Figure 1. Apparent viscosities of liquefied sand back-calculated from modified triaxial tests, 1g physical

model tests, dynamic centrifuge tests, and field case histories.
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container (121.9 cm length x 30.5 cm width x 43.5 cm height). Six coupon-pull experiments were
successful. These experiments were done at two different g levels; 25g and 50g, and the coupon
was pulled at three different speeds 5 cm/s, 30 cm/s and 60 cm/s. The increased g-level and the use
of viscous methylcellulose as the pore fluid resulted in more realistic effective stresses and main-
tained high excess pore pressures longer after the shaking ceased. The coupon pulling (drag) force
was measured using a torque transducer integrated with the motor assembly. The measured force
increased as the coupon pull was initiated. As the centrifuge model was shaken, excess pore pres-
sure increased and the measured pulling force dropped rapidly and stabilized at a minimum value
after the shaking ceased. Dewoolkar et al. (2015) used the minimum pulling force mobilized after
liquefaction to infer the residual shear strength of the liquefied sand.
The apparent viscosities of the liquefied sands in the centrifuge tests of Dewoolkar et al.

(2015) are estimated here using Equation (3), with measured drag forces reduced to exclude
forces on the leading edge and transverse surfaces of the coupon. Computed apparent viscos-
ities ranged from around 400 Pa·s for high coupon velocity (30 and 60 cm/s) to over 106 Pa·s
for low coupon velocity (5 cm/s). The apparent viscosity for low coupon velocity is quite
large; however, de Alba and Ballestero (2005) suggested that back-calculated apparent viscos-
ity can be on the order of 106 Pa·s for small strain rates, which is consistent with the low
coupon pull velocity tests from Dewoolkar et al. (2015).

4 COMPUTATIONAL FLUID DYNAMICS MODEL

A numerical model of the Dewoolkar et al. (2015) experiments was developed using CFD
techniques. For simplicity, a 2-D model was assumed that represents plain strain conditions;
clearly this assumption deviates from the finite aspect ratio of an actual coupon and does not
incorporate any edge effects associated with a finite width. We posit that the side wall shear
force contribution is likely to be a fraction of the overall force acting on the coupon. This
hypothesis is based on the fact that the side areas represent < 9% of the total surface area of
the coupon. Assuming the shear stresses on the sides are of similar order of magnitude as the
top/bottom surfaces, it follows their contribution to the total force will be relatively minor.
For the CFD model, an Eulerian reference frame was chosen that moves with the coupon

so that the coupon appears stationary and the liquefied soil flows over the coupon; this is
dynamically equivalent to a moving coupon in a quiescent fluid. Transient effects of the
coupon start-up acceleration were not considered and a steady-state condition was assumed.
For low Reynolds number associated with this study [Re < 1], a steady incompressible lam-

inar flow state exists with the flow governed by the Navier-Stokes equations:

r:u ¼ 0 ð4Þ

ρ u: rð Þu ¼ �rp þ μr2
u ð5Þ

where u = velocity, p = pressure, ρ = soil density and μ = soil dynamic viscosity. Note that
hydrostatic pressure effects are negligible over the vertical scale of the coupon and so do not
appear in the governing equations.
In this study, a Newtonian constitutive model was assumed wherein the shear stress τð Þ is

linearly related to the strain rate (_γ) with a constant slope equal to the dynamic viscosity, μ. It
is recognized that a non-Newtonian behavior for a liquefied soil has been suggested (de Alba
and Ballestero 2005 and 2006, Towhata et al. 1999, Hwang et al. 2006), however a Newtonian
model was considered acceptable here for this exploratory attempt of CFD simulations, which
is expected to provide a reasonable estimate of apparent viscosity of liquefied soils.
A computational domain was created that effectively modeled the flow past the coupon as one

existing in an infinite domain without solid boundaries. This assumption is justified given the size
of the centrifuge container compared to the coupon size. The symmetry of the problem further
allows us to model only the flow over the top (or bottom) of the coupon (plane-strain conditions).
The inlet boundary condition is that of uniform velocity equal to the coupon velocity whereas the
outlet condition is that of constant pressure. The coupon surface is a no-slip wall condition owing
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to the viscous flow. Lastly, a constant velocity was imposed on the upper boundary equal to and
parallel with the inlet velocity; this treats the upper boundary as being an “infinite” distance away
from the coupon so that flow is unperturbed. The required domain height was determined via
numerical experiments to verify that this imposed condition is consistent with the calculated flow
field. In a similar manner, the required extents of the domain upstream and downstream of the
coupon were also determined.
The domain was constructed so as to leverage the top-bottom symmetry of the flow about

the coupon. Referring to Figure 2, a computational domain of size 726.2 mm x 1001.5 mm
satisfied these constraints in which 400 mm is the upstream length, 250 mm is the downstream
length and the upper boundary is 1000 mm above the coupon. The need for the significant
upper extent of the domain is a consequence of the low Reynolds number of the flow. The
domain was meshed with quadrilateral elements concentrated near the coupon surface (see
Figure 2) to accurately resolve the viscous boundary layer. Grid sensitivity studies were per-
formed and a final mesh was identified that was sufficiently insensitive to further refinement;
the final mesh consisted of 403,450 elements.
The Navier-Stokes equations were solved using a finite-volume-based CFD code (ANSYS

Fluent). A second-order upwinding scheme was used to discretize the convective derivative
and the SIMPLE algorithm was used for pressure-velocity coupling. Convergence of the iter-
ated solution was determined by monitoring both global residuals (e.g., continuity) as well as
point monitors located at key points along the coupon surface.

5 COMPARISON BETWEEN COMPUTATIONAL RESULTS AND CLOSED-FORM
SOLUTIONS

In an effort to validate the computational model, wall shear stress distributions along the
coupon surface were compared to the closed-form Blasius boundary layer solution for laminar
flow over an infinite flat plate (Blasius, 1908). Specifically, the wall shear stress distribution is
given by (Schlichting, 1979):

τw xð Þ ¼ 0:332

ffiffiffiffiffiffiffiffiffiffiffi

ρμV3

x

r

ð6Þ

where τw(x) = wall shear at a distance x from the leading edge of the flat plate; V = free-
field stream velocity, i.e. velocity outside of the boundary layer.
An interesting observation was made while comparing the wall shear stress distributions

from CFD simulations with the Blasius solution, as shown in Figure 3. Here, the simulated
wall shear values closely matched the Blasius wall shear values when viscosity is very low, ran-
ging from 0.001 Pa·s (water) to 0.1 Pa·s. However, as viscosity increases to a range between
100 – 1,500 Pa·s, the Blasius solution yielded wall shear values many orders of magnitude

Figure 2. Computational domain mesh and mesh elements near the coupon.
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smaller than the simulated wall shear values. This difference between the closed-form Blasius
solution and the simulation results at higher viscosities is a result of small Reynolds numbers
of the flow. According to White (1979), at small Reynolds numbers (< 1.0), the viscous region
around a flat plate is broad and extends far upstream of the plate, developing a boundary
layer very different than that assumed by Blasius (1908). As mentioned earlier, de Alba and
Ballestero (2005) back-calculated very high apparent viscosities of liquefied sand (> 106 Pa·s)
at low velocities, and hence, small Reynolds numbers using the closed-form solution. Simi-
larly, centrifuge tests of Dewoolkar et al. (2015) at coupon pulling speed of 5 cm/s yielded
high apparent viscosities when the closed-form solution was used. These results illustrate that
Blasius solution should not be used to estimate apparent viscosities of liquefied soil at small
Reynolds numbers (< 1.0). In those cases, numerical simulations are a much better approach.
Dewoolkar et al. (2015) reported the residual shear strengths to be 7.8 – 17.9 kPa for

coupon pulling speed of 5 cm/s. CFD simulations gave coupon wall shear values between
0.134 and 13.44 kPa for 5 cm/s flow velocity and 100 – 10,000 Pa·s viscosity. Clearly, the com-
puted wall shear has a linear relationship with viscosity, consistent with the Newtonian fluid
properties. Therefore, the apparent viscosity of liquefied sand is extrapolated linearly to
values of 5,798 – 13,309 Pa·s for the measured residual shear strengths of 7.8 – 17.9 kPa. The
resulting liquefied sand viscosities agree reasonably well with the literature.

6 CONCLUSIONS

This study attempted to model liquefied soil as a fluid using CFD; assessed the liquefied soil’s
apparent viscosities reported in the literature; and evaluated these viscosities using the results
of CFD simulations. A review of the literature revealed that apparent viscosities of liquefied
soils largely have been inferred from small-scale 1g physical models as well as triaxial tests.
The inferred apparent viscosities are scattered and cover a large range (<1 to >106 Pa·s) with
most values falling between 30 and 3,000 Pa·s. CFD modeling considering Newtonian model
indicated the viscosities of liquefied soils to be in the range of about 5,800 – 13,300 Pa·s. These
values agree reasonably with values reported in the literature when Re > 1. Importantly, the
CFD simulations illustrated that in cases with Re < 1, apparent viscosities back-calculated
using closed-form solutions are many orders of magnitude larger than those inferred from the
CFD simulations. Thus, closed-form solutions should not be used to infer apparent viscosity
of liquefied soil for these cases.

Figure 3. Comparison of wall shear over a flat plate computed by CFD simulations and closed-form

Blasius (1908) solution using a coupon speed of 5 cm/s and varying μ from 0.001 Pa·s (water) to 1500

Pa·s. (a) μ = 0.001 Pa·s (water) and Re = 144.15; (b) μ = 0.1 Pa·s and Re = 1.4415; (c) μ = 100 Pa·s and

Re = 1.4415x10-3; and (d) μ = 1500 Pa·s and Re = 9.61x10-5.
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