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ABSTRACT: Densification-type ground improvement has gained wide acceptance as an
effective technique to improve the cyclic resistance and seismic performance of liquefiable soils.
It has long been recognized that the strength of treated soils increases following densification-
based ground improvements; additionally, it has been qualitatively observed that the degree of
uniformity in the spatial variability of penetration resistance increases following treatment.
However, there has been little attempt to quantify the degree of change in certain measures of
soil spatial variability. This study uses the random field model (RFM) framework to quantify
the change in the trend, inherent variability, and the autocorrelation of soil following various
densification-based ground improvement methods. Case history data for driven displacement
piles, vibro-replacement (i.e., stone columns), and deep dynamic compaction are used to show
how vertical RFM parameters that fully describe the spatial variability of soils changes follow-
ing treatment. The random field model parameters are shown to change significantly following
densification, with increases in the mean cone penetration resistance, reductions in the coeffi-
cient of inherent variability, and increases in the autocorrelation. The change in autocorrelation
appears related to the initial relative density. Empirical liquefaction triggering and post-liquefac-
tion reconsolidation settlements are evaluated using random fields generated to represent the
pre- and post-improvement cases within a Monte Carlo simulation framework.

1 INTRODUCTION

Since the mid-1960s, the consequences of earthquake-induced liquefaction, such as excessive tilt-
ing and lateral movement of structures, has been recognized as a significant hazard to civil infra-
structure. Saturated, loose to medium dense sand and non-plastic to low plasticity silty soils
deposits are often vulnerable to liquefaction, which arises due to the tendency of these soils to
contract under the rapid cyclic loading imposed by propagating shear waves. Ground improve-
ment methods are generally accepted as means to mitigate the effects of liquefaction around
deep foundations, under structures, and along infrastructure adjacent to sloping ground.
Common ground improvement techniques used to counter the effects of liquefaction fall into
three general categories: densification, drainage, and reinforcement (Stuedlein et al. 2016).
Densification methods, such as vibro-compaction, vibro-replacement (i.e., stone columns), sand
compaction piles, driven, and drilled displacement piles, are used to compact loose soils by
rearranging the soil particles into a denser configuration, resulting in increased relative density
and cyclic resistance. Many studies have focused on quantifying the increase in density due to
soil improvement by comparing the pre- and post-treatment corrected cone tip resistance, qt
(e.g., Rollins et al., 2012; Stuedlein et al., 2016; Stuedlein and Allen, 2018). Most studies
have shown a significant increase in qt following densification-type ground improvement, and
the amount of increase varied depending on the soil type, time elapsed since improvement, and
the type of improvement. Previous studies have focused on the increase of qt due to the densifi-
cation, but its statistical properties and the spatial variability also change. Stuedlein et al. (2016)
noted little difference in spatial variability of qt within clean and silty sand densified using
driven timber piles. However, there has been little attempt to quantify the degree of change in
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certain measures of soil spatial variability following densification. It is well known that the spa-
tial variability of soil contributes an important role in reliability analysis, and the quantification
of the change in the spatial variability of soil due to ground improvement could lead to an
increased understanding of the improved seismic reliability of structures underlain by densified
ground. This study presents four case studies that include field investigations conducted to
evaluate the magnitude of densification of liquefaction-susceptible soil using CPTs conducted
prior to and following improvement. The ground improvement methods include conventional
and drained, driven timber displacement piles, stone columns, and deep dynamic compaction.
The random field model (RFM) framework was used to identify the changes in various meas-
ures of the spatial variability following densification, including the change in the trend, inherent
variability, and the scale of fluctuation (a measure of autocorrelation length). The change in
post-liquefaction reconsolidation settlements for one case is examined to illustrate differences in
the magnitude and variability in post-densification performance.

2 CASE HISTORIES CONSIDERED

2.1 Case history A: Driven displacement piles

Driven timber piles comprises Case A, which includes Case A-1, an assessment of conven-
tional and drained timber piles at a test site in Hollywood, SC, and Case A-2, which focuses
on conventional timber piles evaluated to support design of a four story structure situated in
Mt. Pleasant, SC. The subsurface conditions for these two cases shared many similarities: the
liquefiable layers consisted of an upper deposit of clean, fine sand (ranging in thickness from 2
to 6 m), transitioning to a lower deposit of sand and silty sand with thicknesses of 4 to 6 m.
The groundwater table was generally observed in depths of 1 to 2 m below the ground surface.
Case A-1 considers five treatment zones, including Zone 1 and 2 using timber piles fitted with
pre-fabricated drains intended to improve densification in silty sands, and Zones 3, 4, and 5B,
implementing conventional timber piles. The pile spacing evaluated includes piles in a square
arrangement and separated by five pile head diameters, D (Zones 1 and 3), 4D (Zone 5B), and
3D (Zones 2 and 4). The pile head and toe diameter at this test site was 310 mm, and 210 mm,
respectively, and the piles were 12 m in length. Details regarding Case A-1, including the sub-
surface characterization, densification program, controlled blasting, and geostatistical model-
ing have been comprehensively documented by Stuedlein et al. (2016), Stuedlein and Gianella
(2016), Gianella and Stuedlein (2017), and Bong and Stuedlein (2017; 2018a) and are not
repeated here for brevity. Pre-drilling of approximately 2 to 3 m depth through an upper fill
material was performed to aid installation. Further, differences in area replacement ratio, ar,
driving sequence, the depths of embedment varied from zone to zone and within a given zone.
The CPT data evaluated here, pushed 8 months following treatment, thus focused on the soils
ranging from a depth of 2.5 m to the average depth of treatment of the inner piles of each
group (Stuedlein et al. 2016). The timber piles assessed in Case A-2 and reported by Stuedlein
and Allen (2018) consisted of two groups of piles arranged in a triangular spacing of 4.9D and
7.3D. The piles were 6 m in length, set within pre-drilled locations 0.6 m deep, and driven 0.3
m below grade. The pile head and toe diameters were 250 and 200 to 225 mm, respectively.
CPTs were performed prior to and one and two days following treatment in each of the two
treated areas to depths of 6.4 m. It is important to recognize that the taper of timber piles
(generally 8 mm/m) results in a depth varying area replacement ratio. Therefore, the average
ar varies for each of the timber pile-treated cases assessed herein. Furthermore, lateral stresses
relax (i.e., reduce) in the months following treatment (Stuedlein et al. 2016; Stuedlein and
Allen 2018), and this effect may be observed in penetration test results. Thus, the effect of
time on the RFM parameters should be considered in their development, as described herein.

2.2 Case history B: Vibro-stone columns

Upgrades to an existing wastewater treatment plant located in Tacoma, WA necessitated the
use of ground improvement to meet seismic deformation performance criteria. The subsurface
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conditions consisted of recent, interbedded sandy silt to silty sand, sand, clayey silt to silty clay
deposits typical of Puyallup alluvium. The groundwater table was observed 3 m below the exist-
ing grade. Vibro-stone columns (SC) 1.07 m in diameter and arranged in a square, 2.44 m spa-
cing distributed over 1,700 m2, was specified to densify liquefiable soils and reinforce soft,
plastic soils. Due to varying bottom-of-tank elevations, the finished depth of treatment ranged
from 3.7 to 6.7 m, installed prior to excavation due to scheduling constraints. Four pairs of pre-
and post-treatment CPTs were performed to depths of 12 m, extending through the upper exca-
vation zone and the lower untreated elevations to assess performance requirements.

2.3 Case history C: Deep dynamic compaction

Deep dynamic compaction (DDC) was implemented to improve foundation support for pro-
posed wind turbines in the Town of Bourne, MA. The subsurface conditions consisted mainly
of non-plastic, granular, medium dense, fine to medium sand and silty sand grading to
medium to coarse sand in the upper 15 m, transitioning to sand and gravel to depths of 32 m,
with groundwater table encountered at approximately 20 m depth. The proposed octagonal-
shaped shallow mat foundations for each wind turbine tower extended 16.9 to 17.8 m in
width. Bearing performance requirements necessitated ground improvement to depths of up
to 6 m, and led to the selection of DDC on one high energy pass with a 1.5 m diameter, 10 ton
tamping weight falling 15 m and distributed on a 2.7 m grid. Each high energy tamping loca-
tion was proposed to be tamped at least 10 times within and extending 4 m beyond the foun-
dation footprint, resulting in 281 kJ of high energy treatment. Following each day of tamping,
craters were leveled and graded using compacted structural fill. Eight pairs of pre- and post-
treatment CPTs were performed to a depth of 6.0 m to assess performance requirements.

3 RANDOM FIELD THEORY AND MODELS

The spatial variability of soil properties is known to exert a significant effect on the geotechnical
response of structures founded on and within soil owing to the concentration of imposed strains
within locally softer and weaker portions of the supporting soil deposit (Montgomery and Bou-
langer 2016; Bong and Stuedlein 2018a). The spatial variability of soil properties can be effect-
ively characterized using random field theory, RFT (Vanmarcke, 1983). For example, it
provides a suitable framework for planning exploration and sampling strategies (e.g., Gold-
sworthy et al. 2007) and assessing the risk of intolerable performance (Chen et al. 2014). The
inherent spatial variability of a soil parameter of interest can be described using the mean value
or trend function of the parameter, the coefficient of inherent variability (COVw), and the scale
of fluctuation, δ, which is a measure of the distance within which points are significantly correl-
ated (Vanmarcke 1977; 1983). The trend function may be determined using ordinary least
squares regression, whereas the COVw simply represents the ratio of the standard deviation in
detrended residuals normalized by the trend. Various methods are available to estimate the scale
of fluctuation, including the: (1) expeditive method (Vanmarcke 1977); (2) variance reduction
function (Vanmarcke 1977); (3) intersection of the sample autocorrelation function (ACF) with
the Bartlett’s limit (Jaksa 1995); and (4) autocorrelation model fitting (AMF, Vanmarcke 1977).
Among them, the AMF method represents a convenient and systematic approach, and is con-
ducted by fitting a theoretical autocorrelation model to the experimental correlation function.
The s autocorrelation function at lag distance τ is generally evaluated using:

ρ τð Þ ¼
Pn τð Þ

i¼1 Xi � �Xð Þ Xiþτ � �Xð Þ
PN

i¼1 Xi � �Xð Þ2
ð1Þ

where Xi is the value of property X at location i, �X is the mean of the property X, N is the
total number of data points, and n(τ) denotes the number of data pairs that are separated by
the distance τ. The theoretical autocorrelation models considered herein (Table 2) include the
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single exponential (SNX), cosine exponential (CSX), second-order Markov (SMK), and
squared exponential (SQX) models, due to their frequency of use in geotechnical applications
(Uzielli et al., 2005; Stuedlein et al. 2012).

4 CPT-BASED ASSESSMENT OF GROUND IMPROVEMENT

4.1 Comparison of pre- and post-improvement profiles

Changes in soil properties due to ground improvement can be effectively identified through
comparison of pre- and post-installation CPT test data (e.g., Slocombe et al. 2000; Stuedlein
et al. 2016). Figure 1 presents representative sample comparisons of the pre- and post-treat-
ment qt profiles selected from the case histories considered. Review of Figure 1 indicates that
significant densification was achieved for these cases, although variation in treatment was
observed as a function of the spacing of treatments, fines content, and other factors (Table 1).
In the assessments that follow, changes in the global mean, trend function, coefficient of inher-
ent variability, and scale of fluctuation are evaluated and compared.

4.2 Changes in mean, trend, and the fluctuating component of spatial variability

The comparison of pre- and post-treatment mean qt, standard deviation of de-trended qt
(qt-det) and its coefficient of inherent variability, COVw,v are shown in Figure 2(a) through (c).
It can be observed that the mean qt increased for all cases with the exception of one sounding
performed for Case C (CPT-4B), where average initial qt was the highest. The average change
in mean qt is 78, 59, 121, and 30% for Cases A-1, A-2, B, and C, respectively. To estimate δv

and COVw,v of the soils, the trend in qt was chosen carefully considering the change in the
sample autocorrelation function of the de-trended data as suggested by Jaksa (1995). In
theory, normally consolidated soils should exhibit approximately linear trends in soil proper-
ties, whereas nonlinear trends are often observed in aged or overconsolidated soil profiles
(Jaksa et al. 1997; Stuedlein et al. 2012). The trend in qt changed following ground improve-
ment for many of the cases considered herein. For example, most of the pre-treatment profiles
exhibited linear trend functions, whereas following treatment, most of the profiles exhibited
quadratic trends, consistent with the change in state and stress history that results following
ground modification. Furthermore, the increase of qt owing to ground improvement is signifi-
cantly influenced by the area replacement ratio and soil type; typically, improvement in qt can
be observed for the silty sand or sand layers, however, in silt, clayey silt, and silty clay layers
there is relatively little improvement. Interestingly, the standard deviation in the de-trended qt

Figure 1. Comparison of representative pre- and post-installation corrected cone tip resistance profiles

for (a) Case A-1 (Zone 1), (b) Case A-2 (CPT T1), (c) Case B (CPT S3), and (d) Case C (CPT-4A).
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increased following improvement, with the exception of some cases in the DDC case history.
However, the COVw,v was found to decrease 14, 19, 14, and 22% for Case A-1, A-2, B, and C,
respectively, on average. This observation stems from the fact that increases in the standard
deviation are significantly offset by the increase in the mean cone tip resistance. Thus, the

Table 2. Autocorrelation models and corresponding scale of fluctuation; τ = lag distance.

Autocorrelation Model Equation Scale of Fluctuation, δ

SNX ρ τð Þ ¼ exp �λ τj jð Þ 2/λ

CSX ρ τð Þ ¼ exp �b τj jð Þcos bτð Þ 1/b

SMK ρ τð Þ ¼ 1þ d τj jð Þexp �d τj jð Þ 4/d

SQX ρ τð Þ ¼ exp � aτð Þ2
h i

ffiffiffi

π
p

=a

Figure 2. Comparison of pre- and post-installation (a) mean qt, (b) standard deviation in de-trended qt,

and (c) coefficient of inherent variability. COVw,v.

Table 1. Summary of CPTs conducted to evaluate the performance of densification-type ground

improvements

Method Soil type Test Area

Depth
range
(m)

Average Area
replacement
ratio, ar (%)

Pre-
treatment

Post-
treatment

Change
in
qt (%)

Mean qt
(MPa)

Mean qt
(MPa)

Drained

timber pile

(Case A-1)

Sand,

Silty

sand

Zone 1 2.5 ~ 12.1 2.05 4.60 6.37 38.2

Zone 2 2.5 ~ 9.3 6.23 5.34 14.35 169.0

Zone 3 2.5 ~ 11.7 2.08 5.29 6.49 22.8

Zone 4 2.5 ~ 11.1 5.89 5.59 9.63 72.4

Zone 5B 2.5 ~ 10.6 3.37 6.15 11.40 85.4

Timber pile

(Case A-2)

Sand CPT T1 0.5 ~ 6.4 3.2 5.25 9.62 83.2

CPT T2 0.5 ~ 6.4 1.4 5.49 7.46 35.7

Stone

Column

(Case B)

Sandy silt, Silty

sand, Sand,

Clayey silt

CPT S1 2.1 ~ 8.7 15.0 4.37 10.82 147.6

CPT S2 2.1 ~ 8.5 15.0 3.86 10.50 172.1

CPT S3 2.1 ~ 8.4 15.0 5.13 10.21 98.8

CPT S4 2.3 ~ 9.0 15.0 4.44 7.37 65.9

Deep

Dynamic

Compaction

(Case C)

Sand,

Silty Sand

CPT-1A 0.5 ~ 6.0 - 10.00 17.77 77.7

CPT-1B 0.5 ~ 6.0 - 21.93 23.01 4.9

CPT-2A 0.5 ~ 6.0 - 15.65 21.44 37.0

CPT-2B 0.5 ~ 6.0 - 21.09 23.09 9.5

CPT-3A 0.5 ~ 6.0 - 18.13 25.33 39.7

CPT-3B 0.5 ~ 6.0 - 18.36 20.68 12.6

CPT-4A 0.5 ~ 6.0 - 12.91 21.57 67.2

CPT-4B 0.5 ~ 6.0 - 23.40 21.99 -6.0
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initial inherent variability, or the fluctuating component, of mechanical soil properties appears
to reduce as a result of densification-based ground improvement.

4.3 Changes in the scale of fluctuation

The scale of fluctuation, δ, is a convenient measure for describing the autocorrelation of soil
properties within the random field framework. Figure 3 compares the pre- and post-treatment
vertical scale of fluctuation, δv for qt. Although the δv for six CPTs decreased by 2 to 43%
(Figure 3a), the δv for 13 in-situ tests increased by 17 to 286%. The average δv following
ground treatment increased for all cases and the range in change of δv was wide (Figure 3b).
The noted increase in δv indicates that the spatial homogeneity of the ground has increased
following densification. Whether or not the treatment consists of displacement piles, stone col-
umns, or deep dynamic compaction, the original in-situ soil fabric has been altered, resulting
in increased density and homogeneity. In some instances (e.g., driven displacement piles), the
lateral stress following densification decreases over time due to stress relaxation as inferred
from CPTs (Stuedlein et al. 2016). In other cases (e.g., stone columns), it has been observed
that CPT penetration resistance increases with time (Slocombe et al. 2000). Consequently, the
observed changes in RFM parameters deduced from post-installation in-situ tests may be sen-
sitive to the time elapsed following densification. Figure 3b presents the δv of qt derived from
short- and long-term (10 days vs. 8 months); in some treatment zones, the scale of fluctuation
decreased with time (up to 16%), and it others, it increased (up to 32%). No significant correl-
ation in the change in δv with ar was observed, therefore, other factors appear to contribute to
the time-dependence in δv.
However, the changes in homogeneity may be linked to the initial degree of autocorrelation.

Figure 4a compares the pre- and post-treatment δv in qt to investigate the potential dependence
of the change in δv following treatment on the initial pre-treatment autocorrelation for the

Figure 3. Evaluation of densification on the scale of fluctuation: (a) comparison of pre- and post-instal-

lation δv, (b) range in change of δv, and (c) effect of time on δv for Zones 1 through 5B for Case A-1.

Figure 4. Post-treatment changes in: (a) δv as a function of the initial autocorrelation, and (b) qt as a

function of initial qt.
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various types of densification-based ground improvements assessed herein. Although the data
with small (< 0.3 m) initial δv is scant, the available data suggest that highly variable soils will
experience a larger change in autocorrelation than soils that initially exhibited greater autocor-
relation. Figure 4b presents the change in mean qt as a function of the initial average qt: the
amount of densification possible is greater for initially looser soils – an observation well-recog-
nized by ground improve- ment contractors. Thus, initially dense soils may not densify signifi-
cantly, but the degree of homogeneity may increase as a result of ground improvement.

5 EFFECT OF CHANGES IN SPATIAL VARIABILITY ON POST-LIQUEFACTION
SETTLEMENTS

The change in the spatial variability due to densification will affect the seismic reliability of
structures supported on the treated foundation soils. To investigate the effect of soil
improvement on the reliability of anticipated free-field post-shaking deformations, a prob-
abilistic analysis of post-liquefaction settlement was performed. Two examples are presented
in Table 3: Zone 2, Case A-1, where change in average qt was large, and CPT T1, Case A-2,
where change in δv was high. One-dimensional random fields of qt were generated using Kar-
hunen-Loeve expansion (Bong and Stuedlein 2018b), a widely used method for simulation
of stochastic processes, and probabilistic post-liquefaction settlement analysis were con-
ducted within a Monte Carlo simulation (MCS) framework. Each MCS scenario used
50,000 random fields to estimate settlement and its uncertainty; furthermore, the post-treat-
ment cases considered changes in the mean qt with and without the corresponding changes
in δv for the purposes of comparison. The magnitude (M) and peak ground acceleration
(PGA) of an earthquake assumed was 7.5 and 0.2g, respectively, and liquefaction triggering
and post-shaking settlements were calculated using the Boulanger and Idriss (2016) and
Yoshimine et al. (2005) methods, respectively.
Table 3 presents the results of the MCS. Following densification, the average settlement

decreased approximately 91% and 69% for Zone 2 of Case A-1 and CPT T1 of Case A-2,
respectively. However, the COV in settlement increased significantly; this results stems from the
definition of COV, equal to the standard deviation divided by the mean. Thus, as the mean
value decreases, small changes in the standard deviation can result in significantly larger COVs.
The evaluation of post-treatment changes in δv reveals another initially counterintuitive result:
the change in one-dimensional, vertical δv results in larger COVs in settlement than if no change
in δv was considered. This result occurred because those random fields with lower qt extend over
larger distances (due to the autocorrelation), and the integration of vertical strains over the
looser soils plays a larger role in extreme values. While this result is accurate within the con-
straints of the analyses, in reality, the subsurface soil “system” will behave considerably different
due to the role of lateral variability in soil properties and redistribution of excess pore pressures,
as discussed by Basu et al. (2019) in their evaluation of post-shaking settlements of the Case A-1
site within a numerical deformation analysis framework.

Table 3. Probabilistic results of empirically-based liquefaction-induced settlement analyses.

Case Ground condition δv (m)
Mean settlement
(cm)

COV in
settlement
(%)

Case A-1

(Zone 2)

Pre-treatment 0.48 27.35 11.6

Post-treatment 0.48 2.40 52.8

0.56 2.40 55.2

Case A-2

(CPT T1)

Pre-treatment 0.23 17.58 3.4

Post-treatment 0.23 5.38 13.5

0.67 5.39 21.2
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6 CONCLUDING REMARKS

This paper focused on the evaluation of the change in vertical spatial variability following
densification-type ground improvement for a variety of techniques and as derived from CPT
data. Changes in the spatial variability were assessed using the random field model (RFM)
parameters for cone tip resistance, qt, including mean, trend function, coefficient of inherent
variability, and scale of fluctuation. Based on the results of this study, the following observa-
tions may be concluded:

1. The average qt showed a significant increase following ground improvement for all cases
with an average increase ranging from 30 ~ 121%; the amount of improvement varies with
the area replacement ratio and initial relative density as represented by the qt.

2. RFM parameters were determined using the detrended residuals of qt. The average change
in COVw,v was found to decrease after ground improvement, indicating that the densified
soil exhibits greater uniformity than the untreated soil.

3. The autocorrelation of the soil was assessed prior to and following densification using the
scale of fluctuation, δv; the autocorrelation of the improved soil generally increased (70%of
cases) as a result of densification, providing additional evidence for the improvement in soil
homogeneity following densification.

4. Based on a subset of the cases evaluated, the δv differed with time elapsed following densifi-
cation, but the change in autocorrelation did not appear to be sensitive to the area replace-
ment ratio.

5. The change in δv appears sensitive to the initial magnitude of autocorrelation.
6. A probabilistic analysis of settlement considering empirical triggering and volumetric

strain methods showed that while the magnitude of settlement decreases substantially, vari-
ability in the magnitude of settlement could increase, and the variability appears sensitive
to changes in the autocorrelation. These observations are biased in part due to the simpli-
fied evaluation procedures (one-dimensional, free-field, lack of excess pore pressure redis-
tribution, etc.) and should not be considered representative of the actual mechanisms
contributing to post-shaking deformations.
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