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ABSTRACT: The paper presents a simplified procedure for the time domain soil-structure
interaction analysis of piled structures, based on the use of a lumped parameter model for the
approximation of the frequency-dependent dynamic stiffness of foundations. The lumped model
can be implemented in commercial software to perform linear or nonlinear dynamic analyses of
structures founded on piles taking into account the frequency dependent coupled roto-transla-
tional, vertical and torsional behaviour of the soil-foundation system. Closed-form formulas, cali-
brated with a nonlinear least square procedure based on data provided by an extensive non-
dimensional parametric analysis, are used for estimating parameters of the lumped system. For-
mulas, which allow defining lumped models representative of pile groups with square layout and
different number of piles embedded in soft and stiff soils, can be straightforwardly implemented
to perform inertial structural analyses accounting for the dynamic behaviour of the soil-founda-
tion system. Some applications on typical bridge piers are presented to show a practical use of the
proposed procedure. Results demonstrate the capability of the approach in capturing the actual
dynamic response evaluated through a rigorous soil-structure interaction analysis.

1 INTRODUCTION

In the structural design, the contribution of Soil-Structure Interaction (SSI) is usually neglected
by engineers because it is traditionally considered to have beneficial effects on the seismic struc-
tural performance. However, it is recognised in the literature that in some circumstances SSI may
induce detrimental effects on the seismic response of structures (Mylonakis and Gazetas 2000;
Carbonari at al. 2011, 2012, 2017; Capatti et al. 2017). Therefore, the contribution of SSI should
be included at least in the design of important or strategic structures to better predict their real
behaviour. Unfortunately, SSI analyses are not easy to be performed and they are not widespread
among professional engineers.
In the design practice, the sub-structure approach, which allows studying separately the

soil-foundation system and the superstructure on compliant base subjected to the foundation
input motion (Wolf 1985), can be potentially applied because of its versatility, provided that
information relevant to the soil-foundation system are available for the structural engineer.
Indeed, this approach needs a preliminary analysis of the soil-foundation system to determine

the frequency-dependent impedance functions that characterise the compliant base restraints for
the superstructure and the input motion experienced by the foundation due to the propagation of
seismic waves in the soil where piles are embedded (kinematic interaction analysis). Since founda-
tion impedances are frequency-dependent functions, they cannot be straightforwardly used in
time-domain analysis, usually adopted to evaluate the seismic response of the superstructure,
which generally undergoes a nonlinear behaviour. To address this issue, Lumped Parameter
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Models (LPMs) obtained by assembling springs, masses and dashpots are classically used to
reproduce the soil-foundation frequency dependent behaviour in time-domain analyses (González
et al. 2018; Carbonari et al. 2018). With reference to the Foundation Input Motion (FIM), a
remarkable simplification of the procedure can be achieved by assuming it to be equal to the free-
field motion at surface.
In this paper, a practical procedure based on the sub-structure approach is presented to per-

form time-domain SSI analysis of structures on pile foundations, introducing some simplifica-
tion for the definition of the frequency-dependent compliant restraints and the FIM. In
particular, an efficient LPM able to reproduce the soil-foundation dynamic behaviour is used
and the evaluation of its parameters is obtained adopting closed-form expressions proposed in
Carbonari et al. (2018), implemented in a dedicated spreadsheet (https://www.researchgate.
net/publication/325794223_SimplyLPMs_v100). The simplified procedure is applied to single
bridge piers founded on pile groups, comparing the results from a rigorous approach with
those obtained by the simplified procedure.

2 SSI ANALYSIS: A SIMPLIFIED SUB-STRUCTURE APPROACH

In the framework of the sub-structure approach, inertial SSI analysis of structures requires the
definition of the frequency dependent compliant restraints and the FIM evaluation. Usually,
these quantities are obtained by means of frequency domain analyses, providing impedances of
the soil foundation system, and kinematic response functions, that permit to express the motion
experienced by the foundation (FIM) given a free-field motion in the frequency domain.
Once soil-foundation impedances and the FIM are known, inertial interaction analysis can be

performed in the time or frequency domain, depending on the superstructure behaviour (linear or
nonlinear). For time domain analysis, the LPM calibration is needed as well as the time histories
of the FIM, which can be obtained through the Inverse Fourier Transform (IFT). The above
described procedure is schematically depicted through the flow-chart of Figure 1a. Making use of
the LPM and the formulas proposed in Carbonari et al. (2018) for the estimation of the relevant
parameters, the inertial SSI analysis can be performed without need for unfamiliar and demanding
frequency-domain analyses of the soil-foundation system, introducing the seismic input as the
free-field motion or taking into account the kinematic interaction through simplified analytical
methods for the FIM evaluation (Di Laora and de Sanctis 2012, Di Laora et al. 2017) (Figure 1b).
It is worth noting that in many cases it is possible to assume that the FIM does not differ substan-
tially from the free-field motion (Mamoon et al. 1990; Fan et al. 1991; Kaynia et al. 1992). In the
sequel, some aspects concerning the efficiency of the proposed approach are addressed through
some practical applications.

3 BRIEF RECALLS ON THE ADOPTED LPM

The LPM presented by Carbonari et al., 2018 and depicted in Figure 2 is adopted in this work.
For pile groups characterized by two symmetry axes, by suitably positioning the soil-foundation
interface in correspondence of the foundation centroid (hereafter called foundation master node),
the system is characterised by uncoupled vertical and torsional responses whereas horizontal dis-
placements and relevant rotations are coupled. Notice that the double symmetry of the system
makes the roto-translational responses uncoupled between planes xz and yz, too, and the complete
LPM can be obtained assembling the sub-LPMs of Figure 2. The whole LPM is characterized by
18 parameters, namely: translational and rotational masses, lumped at the master node of the
foundation (4 parameters), elastic and viscous constants that define the relevant spring-dashpot
elements also applied at the master node (8 parameters) and additional eccentric springs, dashpots
and masses (3 parameters), connected to the master node by rigid links of different lengths (3
parameters). Eccentric components are introduced to catch the coupling between rotations and
translations in x and y directions.

Following a formal non-dimensional approach (Buckingham, 1914) for the formulation of
the LPM impedance matrix, parameters of the lumped system assume the form:
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Figure 1. Flow-chart of inertial SSI analysis by means of the sub-structure approach: (a) usual proced-

ure; (b) proposed procedure.

Figure 2. Assemblage of uncoupled LPMs.
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where Ωi (i = 1. . .15) are the non-zero non-dimensional components of the system imped-
ance matrix. Parameters hki, hci, hmi appearing at the right-hand side of Equations (1) are arbi-
trarily chosen according to the following conditions
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in order to assure positive signs to springs and dashpots coefficients, as well as masses.
The non-dimensional parameters Ωi (i = 1. . .15) of the LPM impedance matrix appearing in

Equation (1) have to be calibrated to reproduce components of the soil-foundation impedance
matrix, evaluated separately with a dedicated software (e.g. Dezi et al. 2009). It is worth
noticing that the optimization procedure is constrained to give positive definite matrices and
positive masses, in order to guarantee the system implementation in commercial software for
structural analysis. Details of a linear least square calibration strategy that allows computing
the best set of parameters of the lumped system can be found in Carbonari et al. (2018).
Closed-form empirical formulas to estimate parameters Ωi of the LPMs representative of

square r.c. floating pile groups have been calibrated in Carbonari et al., (2018), by considering
frequency-dependent impedances evaluated with the model proposed by Dezi et al. (2009).
LPMs parameters have been calibrated to best fit the soil-foundation impedances of 1740 soil-
foundation systems in the frequency range 0÷10 Hz and formulas of each non-dimensional
parameter Ωi (i = 1. . .15) have been obtained through a nonlinear least square procedure.
Expressions defined for the generic non-dimensional parameter Ωi are reported below.
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In Equation (3f)

ψ ¼ 0 forEp=ρsV
2
s
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2
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constants appearing in Equations (3) and (4) for foundations with different number of piles
are reported in Carbonari et al. (2018). A dedicated spreadsheet for the parameters calculation
is available at https://www.researchgate.net/publication/325794223_SimplyLPMs_v100.

4 APPLICATIONS

The procedure proposed in the previous section is used to perform inertial SSI analyses of single
bridge piers extracted from a multi-span viaduct (Figure 3a) subjected to a seismic shaking in the
x direction (i.e. the transverse direction of the bridge). For horizontally stratified soil deposits, the

1615



response of the single pier may be representative of the overall response of long viaducts in the
transverse direction, excluding local effects at the abutments (Capatti et al. 2017).
Piers are modelled with rigid elements whose deformability is lumped at end rotational visco-

elastic springs with stiffness Kϕ and damping Cϕ (Figure 3b). The pile cap and the bent cap are
also assumed to be rigid; md, mc, mp and mf are the masses of the bridge deck belonging to the
pier, the pier bent, the pier and the pile cap, respectively, while Id, Ic and If are the relevant
moments of inertia; furthermore, hd, hc, hp and hf are dimensions depicted in Figure 3b. Four piers
(P1, P2, P3, P4) defined by parameters reported in Table 1 are considered. R.C. piles with L/d =
20 and s/d = 3 are assumed, embedded in a soft soil (Ep/(ρVs

2) = 1000). A 2x2 pile group is con-
sidered for P1 and P2 while a 4x4 layout is assumed for P3 and P4. Mechanical and geometrical
dimensional parameters of the soil-foundation systems can be obtained assuming Ep = 30000 MPa
and ρp = 2.5 Mg/m3. Furthermore, 5% structural damping is introduced in terms of stiffness pro-
portional damping. The response of the bridge piers on Fixed Base (FB) (Figure 3b) as well as on
Compliant Base (CB) (Figure 3c) are computed; in particular, structures on CB are analysed with
soil-foundation impedances resulting from the numerical procedure of Dezi et al. (2009), with
LPMs obtained through a linear least square calibration strategy (CB_LPM_C) and with the
closed-form formulas (CB_LPM_F).

Figure 3. (a) Lateral view of one bridge pier; (b) CB models and (c) FB model.

Table 1. Superstructure and foundation parameters of bridge piers.

Superstructure P1 P2 P3 P4

Foundation 2x2 2x2 4x4 4x4

md [t] 305.8 305.8 305.8 305.8

Id [t m
2] 2466.6 2466.6 2466.6 2466.6

hd [m] 0.59 0.59 0.59 0.59

mc [t] 88.3 88.3 88.3 88.3

Ic [t m
2] 426.6 426.6 426.6 426.6

hc [m] 1.80 1.80 1.80 1.80

mp [t] 57.6 121.1 196.0 253.6

hp [m] 5.0 10.5 17.0 22.0

hf [m] 1.50 1.50 2.00 2.00

mf [t] 95.6 95.6 326.2 326.2

If[t m
2] 217.0 217.0 1848.4 1848.4

Kϕ [MN/rad] 23067.6 10984.6 6784.6 5242.6

FB period [s] 0.2001 0.50082 1.0076 1.4841
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A record of the 5.7 Mw Umbria-Marche (1st shock) 1997 earthquake is considered as seismic
action (Luzi et al 2017). The seismic input of CB models implementing the actual frequency-
dependent soil foundation impedances is rigorously evaluated considering the kinematic response
factors according to the procedure in Figure 1a (i.e. both translational and rotational components
of the FIM are included in the analyses). On the contrary, the seismic input of the CB model
implementing the LPM is constituted by the selected free-field ground motion (Figure 1b).
Figure 4a shows the pseudo-acceleration and displacement response spectra of the selected

accelerogram (Figure 4b); in addition, the Fourier amplitude spectrum is included in Figure 4b to
show the input frequency content. Finally, Table 2 reports fundamental periods of compliant
base systems as well as the relevant equivalent damping ratio ξCB, which expresses the improved
dissipation capacity of the systems due to the foundation hysteretic and radiation damping.
Figure 5 shows results in terms of bridge deck relative displacements (with respect to the foun-

dation) for P3. In particular, Figure 5a compares displacements obtained from the FB model with
those relevant to the CB model implementing the soil-foundation impedances resulting from the
numerical procedure of Dezi et al. (2009). It can be observed that the SSI plays an important role

Figure 4. (a) Acceleration time history and Fourier amplitude spectrum of the Umbria-Marche earth-

quake; (b) pseudo-acceleration and displacement response spectra.

Table 2. Fundamental periods of FB and CB models.

Case P1-2x2 P2-2x2 P3-4x4 P4-4x4

Study Model T1 [s] ξCB [%] T1 [s] ξCB [%] T1 [s] ξCB [%] T1 [s] ξCB [%]

FB 0.2004 5.000 0.5102 5.000 1.0101 5.000 1.4925 5.000

CB Dezi et al (2009) 0.4587 15.385 0.7936 10.770 1.0526 5.882 1.5385 5.085

CB LPM_C 0.4587 10.368 0.7874 5.217 1.0526 5.216 1.5385 5.077

CB LPM_F 0.4629 10.882 0.7936 5.454 1.0526 5.279 1.5385 5.085

Figure 5. Comparison of bridge deck displacements obtained from FB and CB models for P3.
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by increasing the superstructure displacements; this is a consequence of the superstructure period
lengthening (Table 2) as can be argued from Figure 4a. Figure 5b compares displacements of CB
models implementing LPM_C and LPM_F with the reference solutions CB IMP; it is worth men-
tioning that differences between the CB LPM_C and CB LPM_F solutions are below 5%.
In order to facilitate the representation of the results obtained for all piers, metrics proposed

by Kavrakov et al. (2018) are used to compare the time histories of displacements. Metrics,
quantifying discrepancies between two signals x(t) and y(t) in the time domain with respect to
different properties, are expressed in the form:

Mi x; yð Þ ¼ e� Ai x;yð Þj j ð5Þ

and assume values between 0 (completely discrepant signals) and 1 (no discrepancies between
signals) while subscript i refers to the i-th particular property of the signals, for which the metric
is constructed. Among the metrics proposed by Kavrakov et al. (2018), the phase metric Mφ the
peak metric Mp, the root mean square metric Mrms, the magnitude metric Mm, the wavelet metric
Mw and the frequency normalized wavelet metric Mwf are herein considered. In particular, the
phase metric accounts for the mean phase discrepancy between signals, with respect to a reference
time delay TC. The peak metric accounts for the difference in the maximum peak response while
the root mean square metric quantifies discrepancies of signals with respect to their average quan-
tities. The magnitude metric Mm accounts for discrepancies in the time-localized magnitude of the
signals and is computed on the basis of the dynamic time warping algorithm. Finally, the wavelet
metric allows studying the overall signals discrepancies in the time-frequency plane while the fre-
quency normalized wavelet metric allows to understand if the latter are due to the signal ampli-
tudes or frequency content. For the sake of the brevity the expression of coefficients Ai are not
reported referring further details reported in Kavrakov et al. (2018).
Figure 6a compares in terms of above metrics, the deck relative displacements and foundation

rotation adopting “radar graphs”; each radar, refers to a specific pier and each line within the
radar refers to one pair of the signal comparisons.In particular, red lines quantify discrepancies
between responses of FB and CB IMP models while blue and green lines quantify discrepancies
between responses from CB IMP and CB LPM_C and CB-LPM_F, respectively.
With reference to red lines, it can be observed that SSI effects diminish sensibly by increasing

the superstructure slenderness. Greater effects can be observed for P1 for which metrics are all in
in the range 0.25÷0.60;this implies that the response of the CB model is significantly different

Figure 6. Comparison of bridge deck displacements obtained from FB and CB models: (a) relative deck

displacements and (b) foundation rotations.
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from that of the FB model, both in terms of amplitude and frequency content. For pier P2, dis-
crepancies in terms of average quantities of signals (Mrms), maximum peak response (Mp) and
time lag (Mφ) diminish while differences in terms of time-localized magnitude (Mw) and frequency
content (Mwf) remain important (metrics are in the range 0.35÷0.45). Piers P3 and P4 are less
affected by SSI phenomena; both metrics quantifying discrepancies in terms of signal amplitude
and frequency content are close to one (0.80÷1.00).
In a similar way, Figure 6b shows trends of the metrics relevant to time histories of the

foundation rotations, obtained from the FB, CB IMP, CB LPM_C and CB LPM_F models.
Previous considerations concerning deck displacements hold; overall the CB LPM models are
able to capture the response predicted with the more rigorous CB IMP models with differences
among them diminishing by increasing the superstructure slenderness.

5 CONCLUSIONS

A simplified procedure for the time domain Soil-Structure Interaction (SSI) of piled structures
has been presented, adopting a Lumped Parameter Model (LPM) for the approximation of
the frequency-dependent dynamic stiffness of foundations. An efficient LPM with frequency-
independent parameters has been adopted to reproduce the dynamic behaviour of pile groups
in time domain inertial SSI analysis, exploiting closed-formulas available in the literature for
the parameter estimation. The procedure can be easily adopted by engineers using common
software for structural analysis bypassing the evaluation of the dynamic impedance functions
and the LPMs calibration process. Applications to some case studies constituted by single
bridge piers founded on pile groups demonstrated the procedure reliability in capturing the
actual SSI phenomena, evaluated through more rigorous analyses.
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