
INTERNATIONAL SOCIETY FOR 

SOIL MECHANICS AND 

GEOTECHNICAL ENGINEERING 

This paper was downloaded from the Online Library of 
the International Society for Soil Mechanics and 
Geotechnical Engineering (ISSMGE). The library is 
available here: 

https://www.issmge.org/publications/online-library 

This is an open-access database that archives thousands 
of papers published under the Auspices of the ISSMGE and 
maintained by the Innovation and Development 
Committee of ISSMGE.   

The paper was published in the proceedings of the 7th 

International Conference on Earthquake Geotechnical 
Engineering and was edited by Francesco Silvestri, Nicola 
Moraci and Susanna Antonielli. The conference was held 
in Rome, Italy, 17 – 20 June 2019.

https://www.issmge.org/publications/online-library


Earthquake Geotechnical Engineering for Protection and Development of
Environment and Constructions – Silvestri & Moraci (Eds)

© 2019 Associazione Geotecnica Italiana, Rome, Italy, ISBN 978-0-367-14328-2

Development of a hypo-plastic model for cyclic response analysis
of crushable sand

A. Das, S.K. Verma & N.R. Patra
Indian Institute of Technology Kanpur, India

ABSTRACT: Coral sands, which are mainly the remains of the marine organisms in the
form of aragonite, are vesicular in structure and thus crushable. Presence of this sand pos-
sesses severe challenges in the design and construction of offshore foundations. The present
study deals with crushable carbonate sand and its behavior under monotonic and cyclic load-
ing conditions. Several monotonic drained and undrained triaxial compression tests were car-
ried out on commercially available carbonate sand at different confining pressures to
investigate its shear strength and crushing response. A thermodynamically consistent hypo-
plastic constitutive model that accounts for the particle crushing effect on the mechanical
response of sand is utilized here to capture the experimental responses while bypassing the
bounding surface approach. In addition, the model can capture competing mechanism of
breakage and dilation response of the carbonate sand depending on the confining pressure.
Finally, a parametric study is performed to evaluate the effects of particle breakage on the
undrained cyclic response, in terms of shear strength reduction, pore pressure development
and cycle number to approach liquefaction failure.

1 INTRODUCTION

Soil particles are generally considered as rigid and non-crushable for geotechnical design pur-
pose, but there exists a class of soil particles, which is crushable under normal loading condi-
tion. For example, decomposed granites (Miura & O-Hara 1979, Hyodo et al. 1998), volcanic
soil (Liu et al. 2015), and offshore carbonate sediments (Hyodo et al. 1996), etc. are easily
crushable due to the presence of weak minerals and intra-particle voids. Such voids are origin-
ated either from the vesicular skeletal remains of marine organisms in the case of carbonate
sediments (coral sand) or the trapped air bubble inside the molten lava in the case of volcanic
soil. In addition, carbonate minerals (e.g., calcite and aragonite) are relatively weak as com-
pared to the silica-based minerals (e.g., quartz). Therefore, these granular soils demonstrate
high compressibility (Datta et al. 1982), which eventually results in subsidence and a large
amount of settlement of the structures resting on it. Particle crushing is one of the reasons for
excessive settlement in the offshore foundations (Safinus et al. 2013). Here the problem is two-
fold, 1) evolution of particle size in the sand during loading, and 2) the effects of particle
breakage on the liquefaction potential.
The weak and crushable nature of coral sand raises concern over the applicability of con-

ventional design practices, which are primarily derived for the non-crushable soils subjected to
static or dynamic loading. Effect of particle crushing on the behavior of macroscopic soil
response under monotonic loading condition is extensively studied both experimentally and
theoretically. However, only a few studies (Morioka & Nicholson 2000, Salem et al. 2013, Liu
et al. 2015, Hyodo et al. 2017) explored the crushing effect under cyclic loading condition,
though crushing has a significant impact on the cyclic responses like liquefaction and shake-
down. For instance, a study (Hyodo et al. 1998) with decomposed granite demonstrates that
crushable dense soils liquefies in a similar manner as the non-crushable loose sand. Liu et al.
(2015) presented a similar argument that unlike hard grained soil, relative density does not
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have a considerable effect on the liquefaction response in pumice sand, which is a weak and
crushable volcanic soil. To quantify the degree of grain crushing, different researchers pro-
posed and used different conventions like, crushing coefficient by Datta et al. (1982), breakage
factor by Lade et al. (1997), breakage index proposed and used by Indraratna & Salim.
(2002), and relative breakage index by Hardin (1985) and Einav (2007). These indexes or coef-
ficients are used as a state variable for the development of continuum based soil models to
capture the crushing response (Indraratna & Salim 2002, Einav 2007).
The primary focus of these models is the monotonic loading response. On the other hand, the

models need further enhancement to capture the cyclic response. One of the popular methods is
to incorporate kinematic hardening and bounding surface plasticity (Dafalias 1986). However,
such a formulation is relatively complex and computationally demanding if a large number of
loading cycles are involved. In the present study, we adopted a relatively simple approach to
simulate the cyclic loading response of crushable soil using a hypo-plastic model that accounts
for particle breakage. The model is simple in the sense that it does not require augmentation
with bounding surface plasticity and the numerical implementation is straightforward. Previ-
ously, the model was used to mimic the crushing response and shakedown behavior of rockfill
materials (railway ballast) under drained cyclic loading (Das & Bajpai 2018). Here the aim is to
capture the cyclic undrained response and possible liquefaction resistance of crushable coral
sand. Besides modelling a few experiments are also conducted for the model calibration and par-
ticle breakage analysis. Finally, a parametric study is performed to evaluate the effects of par-
ticle breakage on the undrained cyclic response, via shear strength reduction, pore pressure
development and cycle number to approach liquefaction failure.

2 HYPO-PLASTIC BREAKAGE MODEL

Hypo-plasticity is a class of plasticity framework that predicts the incrementally nonlinear
stress-strain response of any material without adopting any decomposition between reversible
(elastic) strains and irreversible (plastic) strains a priori (Bauer & Wu 1993). However, this
approach suffers from limitations like lack of physical justification, and inconsistency with
thermodynamic principles (Einav 2012), and inefficient in prediction cyclic undrained
response (Wichtmann & Triantafyllidis 2016). In a recent study, Das & Bajpai (2018) devel-
oped a thermodynamically consistent hypo-plastic model that accounts for the particle crush-
ing effect. The model was devised on the basis of continuum breakage mechanics theory
(Einav 2007). In the present analysis, the model is modified with the competing mechanisms
particle breakage (B) and dilation behavior γð Þ. Briefly, the formulation is presented here,
while the detailed development is found in Das & Bajpai (2018).
The incremental stress-strain relationships in the form of volume ( _p� _εv) and shear ( _q� _εs)

is given by,

_p ¼ 1� θBð ÞK _εv � hλi 1þ y�ð Þs ∂y
�

∂p

� �

� θp

1� θBð Þ hλi 1þ y�ð Þs ∂y
�

∂EB

ð1Þ

_q ¼ 1� θBð Þ3G _εs � hλi 1þ y�ð Þs ∂y
�

∂q

� �

� θq

1� θBð Þ hλi 1þ y�ð Þs ∂y
�

∂EB

ð2Þ

The (.) in Eq. 1 and 2 represents the increments stress and strain; K and G are the stiffness
parameters, and y� is the dissipative yield function. The state variable B represents the relative
breakage. Mathematically B can be interpreted as a linear interpolation variable that correl-
ates the current cumulative grain size distribution F dð Þ with the initial distribution Fo dð Þ and
the ultimate distribution Fu dð Þ in the following manner:

F dð Þ ¼ 1� Bð ÞFo dð Þ þ BFu dð Þ ð3Þ
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On the other hand in Eq. 1 and 2 is a constant proximity index (Einav 2007) that provides a
statistical distance between the initial distribution Fo dð Þ and the ultimate distribution Fu dð Þ.

In the hypo-plastic formulation the power term ‘s’ plays a crucial role in tracing the incre-
mental nonlinearity and continuous evolution of inelastic dissipation in the stress-strain
response. The model response approaches towards hypo-plasticity if s is low, whereas the
response become hyper-plastic if s is high.

The evolution of the inelastic variables during deformation is computed using the flow rules
given by,

_B ¼ 2hλi 1þ y�ð Þsh
ffiffiffiffiffiffiffi

EB

EC

r

1� Bð Þ � γτi 1� Bð Þ
ffiffiffiffiffiffiffiffiffiffiffiffi

EBEC

p cos2 ωð Þ ð4Þ

_εpv ¼ 2hλi 1þ y�ð Þs
ffiffiffiffiffiffiffi

EB

EC

r

1� Bð Þ � γτ

� �
ffiffiffiffiffiffiffi

EB

EC

r

1� Bð Þ
p

sin2 ωð Þ ð5Þ

_εps ¼ 2hλi 1þ y�ð Þs q

Mpð Þ2
ð6Þ

In the flow rules, λ represents the non-negative plastic multiplier, and EB is the breakage
energy, which is analogous to the stress conjugate for the breakage dissipation and is
expressed in terms of elastic strain energy in Eq. (7).

EB ¼ 1

2
θ Kεe

2

v þ 3Gεe
2

s

� �

ð7Þ

Note that hypo-plastic framework, in general, does not require any consistency condition,
which is used for computing plastic multiplier λ. However, in the present model λ is an essen-
tial component for the determination of inelastic variables (Eq. 4-6). Therefore, in the model λ
is computed via explicit stress integration at every strain increment without verifying the con-
sistency and hence the conventional non-negative feature of λ cannot be ensured. In addition,
the model requires y* as a variable that guaranties thermodynamic consistency. The magni-
tude of y* holds same value as the breakage yield function y given in Eq. (8), though in princi-
pal y* and y are defined in different stress spaces (Einav, 2007).

y ¼
ffiffiffiffiffiffiffi

EB

EC

r

1� Bð Þ � γτ

� �2

þ q2

M2p2
� 1 ð8Þ

Unlike the earlier version of the breakage hypo-plastic model (Das & Bajpai 2018), here
dilation effect is introduced through the parameter γ and a porosity (�) dependent state vari-
able τ defined as

τ ¼ �max Bð Þ � �

�max Bð Þ � �min Bð Þ ð9Þ

The maximum and minimum porosities are expressed as a function breakage. Rubin &
Einav (2011) proposed the following power law (l and u) expressions for the evolution of limit-
ing porosities.

�min ¼ �min0 1� Bð Þl ð10Þ

�max ¼ �max0 1� Bð Þu ð11Þ
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The model requires a total of six mechanical parameters (K, G, M, Ec, γ, and s) and three
index properties (θ; �min0; �max0). Further details of the constitutive parameters are presented
in Table 1.

3 EXPERIMENTS AND MODEL PREDICTION

3.1 Material

In the present study, commercial carbonate sand (aquarium sand/aragonite) is used to per-
form the laboratory scale experiments. Sieve analysis (Fig. 1a) reveals that the sand specimen
is uniformly graded with d50 = 1.5 mm; coefficient of uniformity (Cu) and coefficient of curva-
ture (Cc) are 1.408 and 1.875, respectively. Limiting void ratios, emin0 and emax0, of the sand
are found to be 1.003 and 1.262, respectively. Imaging through scanning electron microscope
(SEM) technique shows the presence of a large amount of intra particle voids (see Fig. 1b)
which makes the sand susceptible to crushing when subjected to a small amount of load.

3.2 Test program

A series of consolidated drained and undrained triaxial tests on carbonate sand is performed
at different confining pressures ranging from 200 kPa to 500 kPa at a relative density of 60%
to investigate their shear response and crushing behavior. All these tests are performed at a
strain rate of 0.125mm/min. A cylindrical sample of diameter 50 mm and 100 mm height is
prepared using wet pluviation method for the triaxial tests. Each test is continued up to 20%
axial strain. Further sieve analysis is carried out after each test on the deformed samples to
determine the amount of particle breakage due to shearing. In this paper, only the drained test
results are presented for the calibration purpose. The undrained characteristics of the coral
sand can be found in Verma (2018).

Table 1. Constitutive parameters

Parameters Description Calibrated values

K Bulk modulus 17,000 kPa

G Shear modulus 15,000 kPa

M Critical state stress ratio 1.7

Ec Threshold breakage energy 40 kPa

γ Dilatancy parameter 0.2

θ Proximity index 0.624

s Hypo-plastic power 0.6

�min0 Initial minimum porosity 0.5

�max0 Initial maximum porosity 0.558

Figure 1. (a) SEM image of coral sand; (b) grain size distribution of coral sand.
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3.3 Results and comparison

The evolution of deviatoric stress against the deviatoric strain during drained triaxial com-
pression is given in Fig. 2a (dashed line). The figure shows ductile nature in the deviatoric
stress evolution. An increasing trend in the deviatoric stress with the confining pressure
increase is also noticed. The stress-strain curves follow an incrementally nonlinear pattern
without having a distinct yielding point. The volumetric response is given in Fig. 2b indicates
volume compression at high confining pressure (e.g., 500 kPa and 300 kPa) and dilation trend
at low confining pressure (200 kPa). It appears from the volumetric response that at 20%
deviatoric strain the sample reaches the critical state where the stress ratio (q=p0) is around 1.7.

Based on the triaxial experiments the hypo-plastic model parameters presented in section 2
are calibrated. The index properties are determined based on the grain size distribution and rela-
tive density tests. For example, the breakage and the proximity index are estimated using the
initial grain size distribution given in Fig. 1a and an assumed ultimate grain size distribution of
fractal type with fractal dimension 2.6 (Einav 2007). The critical breakage energy is estimated
from 1D compression tests carried out on the coral sand; the detailed test results are available in
Verma (2018). Table 1 lists the calibrated constitutive parameters for the coral sand.
The lines in Fig. 2 represent the model prediction which shows reasonable agreement against

the experimental data, especially at the low initial confinement. Model predicted and experimen-
tally observed breakage at 20% axial strain is presented in Fig. 3 for various initial confinements
or cell pressures. With the increasing confining pressure particle breakage increases.

Figure 2. (a) Deviatoric stress-strain variation; and (b) volumetric response of coral sand during

drained triaxial compression

Figure 3. Breakage evolution with confining stress at the end of drained triaxial compression in coral

sand.
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4 PREDICTION OF UNDRAINED CYCLIC LOADING

4.1 Stressed controlled cyclic loading

In this section, we present the model response for undrained cyclic loading at different confin-
ing pressures. Stress controlled loading cycle is simulated. Due to unavailability of an experi-
mental cyclic response of the coral sand, which is used here (section 3.1), we demonstrate a
qualitative comparison between the predicted results and the available literature data on the
crushable sand. Undrained cyclic loading simulation with three initial confining pressures (300
kPa, 400 kPa, and 500 kPa) are considered in the present study. The upper and the lower
bounds of deviatoric stresses are selected in such a way that the cyclic stress ratios for all the
simulations lie between 0.15 to 0.45. A typical undrained cyclic response is presented in Fig. 4
corresponding to 400 kPa cell pressure (pi) and deviatoric stress bound (σd) within ± 250kPa.
The model captures the essential features of undrained cyclic loading, e.g., reduction in the
shear modulus (Fig. 4a), reduction in the mean stress with increasing pore water pressure
(Fig. 4c). The stress path shows progressive mean stress reduction with increasing loading
cycles. However, the present model is unable to simulate the ‘butterfly’ like stress path at low
confining condition and stops when the stress path reaches to the critical state stress ratio.

Figure 4. Undrained cyclic response (a) deviatoric stress-strain cycle; (b) stress path; (c) pore water pres-

sure evolution; (d) particle breakage evolution with loading cycle.
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4.2 Effect of breakage on liquefaction

Liquefaction resistance of a granular soil is quantified through cyclic stress ratio, σd=2p
0
i. The

variation in the cyclic stress ratio against the number of cycles is plotted in Fig. 5a. Cyclic stress
ratio reduces with increasing confining pressure. In addition, the number of cycle increases with
decreasing cyclic stress ratio. Since the simulation ceases at the stress ratio equals the critical
state stress ratio, the remaining cycles required for liquefaction cannot be predicted. However,
breakage evolution is not affected since the rate of breakage reduces before reaching the critical
state stress ratio (Fig. 4d). Since crushing increases with increase in the confining pressure
(Fig. 3), and for a given cyclic stress ratio the cycle number reduces with increasing confining
pressure (Fig. 5a), one can argue that soil with higher crushing potential is easily liquefiable
with less loading cycles. The predicted logarithmic correlation between the cyclic stress ratio and
cycle number given in Fig. 5a agrees well against the experimental observation of Salem et al.
(2013). On the other hand, the evolution of breakage with undrained cyclic loading is presented
in Fig. 5b. Particle crushing seems proportional to the cyclic stress ratio. For instance, at 300
kPa initial confinement, around 10% increase in the particle breakage is predicted for cyclic
stress ratio increase from 0.16 to 0.42. Experimental analysis by Hyodo et al. (2017) also
reported a similar undrained cyclic response for the crushable soils.

5 CONCLUSIONS

The present study demonstrates the response of a hypo-plastic constitutive model for the
crushable granular material under monotonic and cyclic loading conditions. One of the major
advantages of the model is that it mimics the cyclic loading response of sand without introdu-
cing bounding surface plasticity. Unlike the previous version of the breakage hypo-plastic
model, here we introduce both the breakage and dilation mechanism that is normally observed
in coral sand. The model captures the monotonic stress-strain response, volumetric deform-
ation and particle breakage in the coral sand with a reasonable agreement to the experimental
observation. The simulation of undrained cyclic loading shows that the model is capable to
capture liquefaction potential while particle crushing is present. The predicted response indi-
cates soil liquefaction resistance reduces with the increasing particle crushing. The growth of
breakage is more during the initial cycles of loading, and further decreases as the stress path
approaches toward the critical state stress ratio. Also, particle breakage enhances with increas-
ing cyclic stress ratio. The results comply qualitatively with the existing experimental data
found in the literature. However, at the low confining condition the model unable to repro-
duce the conventional butterfly type stress path which will be introduced in the future devel-
opment of the model by incorporating a combined plastic strain and breakage dependent

Figure 5. Prediction of cyclic resistance of coral sand: (a) cycle number; (b) breakage.
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hardening. In addition, the model can be further enhanced with Lode-angle dependency to
capture the non-symmetric cyclic response.
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