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ABSTRACT: In this study, four soil models have been used to compare with the cyclic
response of three soils subjected to symmetrical cyclic triaxial loading under different initial
densities and cyclic stress ratios. Comparisons between the models have been made in terms of
the ability to predict the accumulation of pore pressure or stress path. The models attempted
include two empirical models and two constitutive models based on yield surface degrading
model using the Modified Cam Clay (MCC) model. The model includes mix of different cor-
relations based on laboratory test results or empirically derived parameters. The MCC yield
surface degradation works by reducing the size of the elliptical yield surface with each unload-
ing cycle by use of a degradation parameter. The MCC yield surface degradation model had
five well defined parameters and two additional empirical parameters to account for cyclic
degradation.

1 INTRODUCTION

Soils under road and rail embankments are subjected to tens of thousands of low amplitude
cyclic loading. The cyclic loading in soil is accompanied with strain accumulation and pore
pressure accumulation. The strain accumulation and pore pressure accumulation during these
can be modeled as a function of the cycle number. The simplicity of such empirical models is a
tempting reason to use such models for large number loading scenarios. Most of these rela-
tions are however soil specific and loading condition specific. One of the early empirical rela-
tions to deduce the permanent strain in clays under large number of cyclic loads was given by
Monismith et al. (1975), and Knutson et al. (1977). This power function formed a background
for many future relations used to empirically model accumulation and is one of the widely
used easiest and simplest relation. The permanent strain εp was of a power model of the form

εp ¼ aNb ð1Þ

The parameters a and b were dependent on the soil type, its properties and stress state and
N was the cycle number. Parameter a could be estimated as the permanent strain during the
first cycle. Parameter b was independent of the deviator stress applied and controls the incre-
mental rate of plastic strain. Li & Selig (1996) compiled the tests on various fine grained soils
and added the effect of soil static shear strength to this work. Various researchers have tried
modifying a and b to include the effect of shear strength, static strength, and cyclic strength
among other parameters. (e.g. Chai & Miura 2002)
Similarly Ohara & Matsuda (1988) and later Paul et al. (2015) modeled pore pressure accu-

mulation as a hyperbolic function of the initial slope and asymptotic values

ru ¼
N

cþ dN
ð2Þ
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where ru is the excess pore pressure ratio obtained by normalizing excess pore pressure with
the mean effective stress, 1/c is the initial slope of ru vs N curve, 1/d is the asymptotic value of
ru vs N curve.
Advanced constitutive models are becoming widely popular to predict the cyclic accumula-

tion and stress paths. Such complex models include bounding surface plasticity model SANI-
SAND (Dafalias & Manzari 2004), its advanced version PM4SAND (Boulanger &
Ziotopoulou 2013), and the plasticity model UBCSAND (Puebla et al. 1997 and Beaty &
Byrne 1998). In contrast the SANISAND and PM4Sand model uses more than 15 parameters.
Some of these parameters are not well defined and default values are used in the models. The
UBCSAND model has 13 parameters with default values for most parameters that could be
related to the SPT (N1)60 values.
Most of the above models are complex to use because they require the determination and use

of several unknown parameters, many of which are assumed and not obtainable from direct
simple laboratory or field tests. In contrast the empirical models used two regression coefficients
and MCC yield degradation model developed by Carter et al. (1982) uses the well-defined five
MCC parameters obtained from conventional lab tests and one parameter to define the cyclic
degradation. This was further improved by Juneja & Mohammed-Aslam (2018) to account for
both large as well as small number of cyclic stress ratio (CSR) and load cycles.

2 EXPERIMENTAL PROGRAM

In the present study, cyclic tests on different soils have been performed under different cyclic
stresses. Three different soils were chosen in this study. The soils were sourced from semi-arid
towns of western and northern India, namely Bhuj, Hisar and Godhra. Figure 1 shows the
particle size distribution and SEM images of the three soils. Bhuj sand (BS) consisted of
rounded to sub-rounded particles of d50 equal to 0.3 mm. Hisar silt (HS) consisted of angular
to sub-angular particles of d50 equal to 0.05 mm. Godhra sand (GS) consisted of angular par-
ticles of d50 equal to 0.4 mm. Table 1 shows the properties of the two soils. The critical state
soil parameters shown in the table were obtained from consolidated undrained triaxial tests.
These kinds of soils are found in the major highway projects in this region and their properties
have extensively been studied (Sitharam et al. 2013).
Undrained cyclic triaxial tests were performed on 100 mm diameter by 200 mm high cylin-

drical sample. BS samples were prepared by pluviating dry sand particles. A constant height
of fall was used to obtain and uniform sample of about 30 % relative density. HS samples

Figure 1. Grain size distribution and SEM images of Bhuj sand (BS), Hisar silt (HS), and Godhra sand

(GS).
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were prepared by tamping air dry soil in 10 equal layers using Ladd’s (1978) under-compac-
tion method. All the samples were saturated in the triaxial cell by first flushing them with
carbon dioxide for about 30 minutes and then flushing with de-aired distilled water. Cell pres-
sure and back pressure were then applied in increments until Skempton’s (1954) B-factor of
over 0.95 was achieved. The samples were prepared under a mean effective stress, p0ʹ of about
100 kN/m2.

The samples were tested for double-amplitude stress controlled cyclic triaxial strength by
applying a uniform sinusoidal load at a frequency of 1 Hz. This frequency is widely accepted
in cyclic triaxial testing and allows adequate time for the generated pore pressures to distribute
evenly within the sample (Kramer 1996).
Table 2 gives a list of the cyclic tests used to model the cyclic behavior in the current study

for the three soils. The cyclic shear stress, τcyc in different samples varied from 2.5 kN/m2 to 40
kN/m2. These stresses are normalized with the initial mean effective stress and are referred to
as the CSR. This encompasses the usual cyclic stress amplitude that is applied due to urban
traffic loading (Chai & Miura 2002) and in seismic studies (Yang & Sze 2011).
The number of cycles, N varied from less than 10 to over a million in different samples.

About half of the samples liquefied because of the large load amplitude. In these samples, the
cyclic loading was stopped when the double amplitude axial strain reached 5% or when the
excess pore pressure ratio, ru reached unity. The higher CSR were taken till liquefaction fail-
ure. Nonetheless, the lower CSR tests were taken to a large number of cycles sometimes up to
1 million cycles.

3 RESULTS AND DISCUSSION

Figure 2a–c show the ru measured at different CSR for the three soils. As can be seen, the
undrained shear response was dependent upon the CSR. In tests with large cyclic stress, there
was an exponential increase in the pore pressure accumulation, which lead ru to reach unity
within the first few load cycles. At this point, the samples failed by flow, characterized by very
large deformation, as expected. Tests with small cyclic stress however behaved differently.
Pore pressures in these tests did not record any significant change until about 102 to 103

cycles. Only in the successive two log cycles, the pore pressures rose to gradually accumulate
and permit ru to reach only up to 0.4. There was no more change in pore pressure and the
accumulation tapered off when the tests passed near the 105 threshold cycle.

3.1 Power empirical model

The pore pressure accumulation with cycle number was modeled using two empirical approaches
as a function of the number of load cycles. The first one was similar to the power form used in

Table 1. Soil properties.

Property BS HS GS

Specific gravity, Gs 2.65 2.65 2.55

Liquid limit, % − 22 −

Plastic limit, % − 19 −

Maximum dry unit weight, kN/m3
− 18.8 −

Optimum water content, % − 12 −

Minimum void ratio, emin 0.479 − 0.572

Maximum void ratio, emax 0.778 − 0.905

Classification (USCS) SP ML SP

Critical state friction angle, φʹ degree 30 31 33

Dilatancy angle, Ψ degree 3 NIL 1

Slope of NCL, λ 0.031 0.054 0.012

Slope of URL, κ 0.006 0.008 0.006

NCL intercept at p0ʹ = 1 kN/m2, vλ 1.873 1.924 1.703
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strain accumulation given in Eq. 1. Figure 2a–c also shows the comparison of ru with N for the
experimental results and power model. The power model was suitable for lower number of load
cycles and predicts reasonable results for higher CSR. Since it deviates for larger N and lower
CSR, this is an undesirable limitation of the power empirical model. Figure 3a–b shows the vari-
ation of parameter a and b with CSR. The parameter a and b in the test were related to the CSR
of the test. It was found that a logarithmic approach was able to relate the parameter a with the
CSR and a linear approach for was appropriate to relate b with the CSR.

3.2 Hyperbolic empirical model

In this second case, the results were also modeled using hyperbolic function given in
Eq. 2. Figure 4a–c shows the comparison of ru with N for the experimental results and
hyperbolic model. This model shows a low pore pressure accumulation compared to the
experimental values. The advantage using this model is that for large N, the accumula-
tion tends to stabilize. This is similar to the experimental results. The parameter c and d
in the test were related to the CSR of the test. Figure 5a–b shows the variation of par-
ameter c and d with CSR. It was observed that the exponential relation was able to
relate both the parameter c and d.

Table 2. Summary of cyclic triaxial tests.

Test Void ratio, e0 after consolidation

Relative density/degree of
compaction after consolidation,
% CSR N

BS−1 0.685 31 0.025 250,000

BS−2 0.731 16 0.05 91,173

BS−3 0.702 25 0.075 113

BS−4 0.711 22 0.1 79

BS−5 0.700 26 0.125 8

HS−1 0.632 85 0.025 1,000,000

HS−2 0.650 84 0.05 1,000,000

HS−3 0.683 82 0.1 97

HS−4 0.669 83 0.125 34

HS−5 0.650 84 0.2 5

GS−1 0.740 50 0.05 100,000

GS−2 0.777 38 0.075 373

GS−3 0.771 40 0.1 26

GS−4 0.790 35 0.125 10

Figures 2a–c. Comparison of measured excess pore pressure ratio to power model for: (a) BS, (b) HS,

and (c) GS.

Note: Numbers next to the curve represent the CSR value.
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3.3 Degradation parameter MCC model

The above empirical models although computationally simple, albeit they did not include the
soil behavior within them. The parameters were obtained by regression analysis and were
dependent on the soil type. To account for this, constitutive models with well-defined state
parameters were used. Most advanced constitutive models used in the literature are quite com-
plex and often require the determination or assumption of several unknown parameters, this
was therefore omitted
In this section the tests have been modeled using a simple well established plasticity model.

Carter et al.’s (1982) cyclic model uses the MCC as a base model and has additional degrad-
ation component to model cyclic loading. MCC model has the advantage of using only 5

Figures 3a–b. Parameter for the power model with CSR (a) Parameter a (b) Parameter b.

Figures 4a–c. Comparison of measured excess pore pressure ratio to hyperbolic model for: (a) BS; (b)

HS; and (c) GS.

Note: Numbers next to the curve represent the CSR value.

Figures 5a–b. Parameter for the hyperbolic model with CSR (a) Parameter c (b) Parameter d.
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parameters and that too, obtainable from simple laboratory tests. In the current case of sand
and silt, the cyclic stress levels and stress paths are well within the elliptical yield surface which
can be described by the MCC model. MCC would fail to model the strain hardening after the
stress path reaches the CSL and proceeds along the CSL which happens in the case of mono-
tonic shearing. This is not expected to happen in the case of cyclic shearing and hence MCC
can be applied in the present study. The degradation parameter allows the yield loci to adjust
and reduce its size at the end of each load cycle. The cyclic degradation model which was ori-
ginally developed for clays, was adapted here for sands and silts in this work.
In Carter et al.’s (1982) framework, the size of the MCC yield surface was made to reduce

at the end of each load cycle. θ controlled the magnitude of "contraction" of the elastic regime
using the equation (Carter et al. 1982)

dp0c
p0c

¼ θ
dp0y

p0y
ð3Þ

where pcʹ is the hardening parameter and pyʹ is the yield stress. pcʹ was assumed equal to p0ʹ
because the samples were mostly normally consolidated or lightly overconsolidated. pyʹ was
defined by the equation (Roscoe & Burland 1968)

p0y ¼ p0 þ
q

M

h i2 1

p0
ð4Þ

Figure 6a–c show the ru calculated using Carter et al.’s (1982) model. Carter et al. (1982)
used θ in the range of 0.01 and 0.1. However, this range was unsuitable for the three soils used
in this study. Therefore, the “optimum” θ was estimated by fitting Eq. 3 to the measured ru
using regression analysis. This resulted in a much wider range of θ. The model predicted well
in all tests which had N less than about 400 cycles. The only exception being test BS-1. Carter
et al.’s (1982) model could not predict the rapid rise in the pore pressure during the first 100
cycles. Contrarily, prediction was poor for tests which had very large N and CSR less than
0.05. In some of these low cyclic stress tests, Therefore, it appears that the use of a constant
degradation parameter cannot be applied to the non-plastic and low plastic soils for all load
cycles and all stress amplitudes. As in the above tests, the model was also not capable of pre-
dicting non-failure equilibrium response where the excess pore pressures reached a stable
value even under large number of load cycles. Consequently, it also failed to predict the initial
stress-induced anisotropy and the reverse plastic flow.
Figure 7a-b shows a few stress paths which were used to compare Carter et al.’s (1982)

model and the measured data. It is evident from these stress paths that Carter et al.’s (1982)
model was slow to pick up the pore pressure response during the first few cycles. It later tends
to pick up the pore pressure to surpass the measurement only when the number of cycles were
large. When the samples subsequently failed, their stress paths immediately leapt towards the
zero effective stress. However, in contrast, the original model gradually approached the crit-
ical state line without showing any sign of catastrophic failure. Figure 7b also show that as the

Figures 6a–c. Comparison between measured and calculated excess pore pressure ratio using the deg-

radation parameter model in: (a) BS; (b) HS; and (c) GS.

Note: Numbers next to the curve represent the CSR value.
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samples approached their ultimate or failure state, their behavior changed from contractive to
dilatant. This phase transformation (Hyde et al. 2006) occurred in the samples’ last cycle,
when the negative pore pressures allowed the stress paths to bend and swing away from the
vertical axis. Unfortunately, Carter et al.’s (1982) model cannot replicate this phase transform-
ation. Because of its inability to model the rotational shear and the rotation of the principal
stress directions, its predictive stress paths could never reach the dilative side of the yield sur-
face. Additionally and as also observed above, the samples failed because of the complete loss
in their mean effective stress, which was not the case in Carter et al.’s (1982) model. It is there-
fore likely that Carter et al.’s (1982) method of adjustment of the yield surface will also not be
able to predict the development of negative pore pressures, as in the case of dynamic loading
of highly overconsolidated soils.

3.4 Modified degradation model

The tests were also compared with the modified degradation model developed by Juneja &
Mohammed-Aslam (2018). In this the varying degradation parameter of the form

θm
0 ¼

1

1þ ξNα

� �

1

exp N � 10�5
� �

" #

ð5Þ

Figures 7a–b. Comparison between measured and predicted stress path using Carter et al.’s (1982)

model: (a) BS for N=1 to 10; (b) BS for N=104 to 113.

Note: Continuous line in the figure represents the measured data and broken line in the figure represents Carter
et al.’s (1982) model.

Figures 8a–c. Comparison between measured and calculated excess pore pressure ratio using the modi-

fied degradation model in: (a) BS; (b) HS; and (c) GS.

Note: Numbers next to the curve represent the CSR value.
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was used here. Figure 8a–c compares the measured and calculated ru using the modified deg-
radation model. Evidently, the figure suggests that the above modified model well predicted
the rapid rise in pore pressure in those tests which ended within a few hundred cycles as well
as large number of cycles. This degradation model was adapted for both low and high CSR
and N
The model could fairly predict the large initial stiffness and the accumulation of axial strains

before the onset of failure. But was unable to follow the sudden loss in stiffness in the last two
cycles. The model appeared to gradually approach the failure state. This fact was evident from
the stress paths shown in Figure 8. The under-prediction of the accumulated strains can be
ascribed to the limitation of the MCC constitutive relations, which assumes pure elastic behav-
ior when the soil is within the yield surface and fails to fully account for the plastic flow in this
regime. This posed difficulties in modeling the hysteresis loop when large strains were involved.

4 CONCLUSION

Power empirical model was not able to predict the stabilizing of pore pressures when N was
beyond 100,000. The empirical hyperbolic model was able to account for the stabilization of
pore pressure under large N. Both the models required two empirical parameters, which were
specific to the soil and were determined using regression analysis. The detriment to using these
empirical models was that these parameters were not well-defined for a soil and the model had
no theoretical background.
Degradation parameter MCC model could predict the soil behavior during cyclic loading

using a cyclic degradation parameter. The findings implied that the degradation parameter
was dependent upon the soil type and the cyclic shear stress amplitude. It helped modify the
state boundary surface at the end of each load cycle with the use of two new parameters in
addition to those required in the Modified Cam Clay theory. However, its limitation was its
inability to pick up pore pressures during the first few cycles. Subsequently, the predictive
stress paths could also not reach the dilative side of the yield surface when the samples
approached their ultimate or failure state.
The modified model was able to predict the rapid rise in pore pressure in tests which ended

within a few hundred cycles. The tapering off of the degradation parameter at high N allowed
to suit the model for the fading of accumulation function at high N. With this adjustment, the
degradation model was adapted for both low and high CSR and N.
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