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ABSTRACT: Nonlinear numerical analyses are conducted wherein the Newmark-type slope
model is shaken by SH wave propagating underneath. Earthquake energy for slope sliding as
the energy difference between upward and downward waves is confirmed to balance with
other energies associated with slope sliding. The residual slope displacements J, are uniquely
correlated with the earthquake energy despite the difference in earthquake motions, indicating
that J, can be readily evaluated without using acceleration time-histories. The evaluation pro-
cedure has been developed using the analytical results and empirical formulas on input wave
energies. An example study for slope displacements of varying hypocenter distances during a
M6.8 earthquake has shown a trend compatible with a corresponding case history of road
embankments.

1 CONCEPT OF ENERGY-BASED NEWMARK METHOD

To evaluate seismic slope failures in terms of energy, an energy approach was previously pro-
posed by the present author (Kokusho & Ishizawa 2007). In that method, earthquake-induced
slope displacement o, is expressed simply as;

0r = Eeq/[pDg tan(¢ — 0)] (1)

where, E,, = earthquake energy for slope sliding in unit area, p and D= density and thickness
of sliding soil mass, respectively, g=acceleration of gravity, ¢= mobilized slope friction angle
including cohesion effect, and 6= slope angle. This equation was theoretically derived from
energy balance in slope failures and demonstrated by model shaking table tests.

As its extension, “Energy-Based Newmark Method” is proposed here wherein the earthquake
energy can determine occurrence/nonoccurrence of slope failure and, if it occurs, uniquely calcu-
late slope displacements irrespective of earthquake motions unlike conventional Newmark
methods. A slope model is employed as depicted in Figure 1 where an infinitely long slope with
an overlying sliding block is shaken underneath by SH-wave. The slope shaded in the figure is
virtually of infinite rigidity and no mass and resting on a horizontal layer. In the layer where the
vertical z-axis is taken upward from the surface, SH-wave displacements u(z, z), consisting of
upward and downward components #; and u,, propagates at a depth as;

u(t,z) =u(t —z/ V) +wa(t +z/ V) (2)
Then, surface acceleration of the horizontal layer (z=0) can be expressed as;
i(t,0)=iig (1) = ity (1) + it (1) (3)

The earthquake energy E., for slope sliding can be expressed as the difference of upward
and downward wave energies E, and E, in the assumption of 1-D SH-wave propagation.
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Eeq = Eu - Ed (4)
Here, the wave energies can be calculated from the respective particle velocities it (¢) and i (¢)
at the top of horizontal layer as;
T T
Ey=p, Ve | (0P de, Ea=p, . [lin()Pd 5)
0 0

In the Newmark model (Newmark 1965), relative acceleration of the block 4,(7) sliding down-
slope is expressed as (Sarma 1975);

6,(1) = lit(t) — gtan(¢p — 0)] cos(¢ — H)cos O/cos ¢ (6)

where ¢=friction angle between the block and slope and 6= slope angle. In Eq. (6), §,>0 only
if i1o(¢) the exceeds a threshold acceleration defined as;

ity = gtan(¢ — ) (7)

Horizontal force equilibrium of the block coupled with the SH-wave vibration transmitted
through the virtual slope body can be expressed as;

pDiig(1) — 3,(1)) + Gy(u(t.2) /0wy = 0 (®)

where iig(f) — 9,(¢) is absolute acceleration of the block, and G, = p,V;? is shear stiffness of
the soil layer. Substituting Eq. (2) into Eq. (8) yields the following key equation.

pD(in (1) + it (1) = 6,(1)) = p,Vilin (1) — ina(1)] )

Eq. (9) together with Eq. (6) can solve the slope system shown in Figure 1. Its stationary har-
monic response for angular frequency @ can be obtained by substituting

i.tl(l) = Aleiwt, ilz([) = Azeiw[, i ([) = (Al/ia))ei“’r, ilz([) = (Az/iw)ef“’f (10)
into Egs. (9) as;
C()pD A A it 5 — (4 A iwt 11
22 [+ An)e™ = 5,(0] = (1 — dn)e (1)

Obviously, a = wpD/(p,V)serves as a governing parameter in Egs. (11) and (9), and named
as a block impedance ratio a, wherein wpD has the same dimension as p,V,. The nonlinear
equations Eqgs. (9) and (6) for J,(7)#0 has to be solved by a numerical method as explained
below.

2 NUMERICAL ANALYSIS

Time integration of Eq. (9) together with Eq. (6) was implemented for a given input harmonic
motion by using Wilson’s “Theta-method” with “Theta” =1.4 to have a stable solution.
Figure 2 exemplifies the numerical results of a slope of ¢p=35°, 8=30°, D=10 m, V=200 m/s,
and p = p, =1.8 t/m>. As the input wave, a 10-cycle harmonic wave of frequency f=1.0 Hz was
given wherein the amplitude was tapered from 0 to 100% linearly with time in the former 5
cycles to avoid unfavorable effects of initial conditions followed by a 100% constant amplitude
(4,=2.0 m/s®) in the latter 5 cycles. The slope starts to slide at 2™ cycle when iiy exceeds a
threshold (0.85 m/s®) defined by Eq. (7), and accumulates downslope displacements .

The bottom frame of Figure 2 shows time-dependent variations of the associated energies.
As the difference of energy E.,=E,-E; accumulates with time, its sum with the gravitational
energy E,,+E,, is observed to be identical with the energy dissipated by the friction between
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Figure 2. Exemplified analytical result of
Energy-Based Newmark slope model by a tapered
harmonic input wave ( $=35°. 6=30°).

Figure 1. Infinitely long slope model with SH-
wave propagated underneath employed in
Energy-Based Newmark Method.

the block and slope Ej. This exactly satisfies the energy balance already discussed theoretic-
ally in previous papers and demonstrated in previous model tests (e. g. Kokusho 2017).

Figure 3 (a) shows a slope displacement o, versus earthquake energy FE,, relationship calcu-
lated as a stationary response per one cycle (in the 10" cycle of the tapered harmonic wave for
various input accelerations). The calculations conducted for 3 different frequencies f=0.5~1.0
Hz tend to give a unique correlation for the displacement J, around 0.3 m or smaller though
they tend to diverge with increasing J, for higher f'in particular presumably due to errors in the
numerical analysis. Also note that for the small displacements the calculated results coincide
with dashed straight line in the diagram representing Eq. (1) derived theoretically from a simple
energy principle (Kokusho & Ishizawa 2007). In Figure 3 (b), the same calculated J,-values are
plotted versus amplitude (A4;) nearly a half of slope acceleration quite differently for different f-
values, indicating that not the acceleration but the energy can serve as a unique indicator for
slope displacements as already observed in previous model tests (Kokusho & Ishizawa 2007).

A series of analyses conducted for a set of parameters, $=35°, 6=20~30°, f=0.5~1.0Hz,
D=2.5~10 m, V,=150~300 m/s, yield relationships for a given earthquake wave between nor-
malized energies (E,,/E,)/a and (E,/N,,)/E, superposed in Figure 4, where a = wpD/(p,V)is
the block impedance ratio, N,,= equivalent number of cycles and E, is threshold upward
energy initiating slope sliding for an equivalent harmonic motion with its angular fre-
quency w = 2zf.

p, V.
Euo =222 @tand(o - 0) (12)
A trilinear dashed line ABCD may be drawn commonly for all the parameters considered
here, formulating the following equation despite data dispersions;

(Eu/Neg)/En<1.0: (Eeg/Ey) /o =0
1.0<(Ey/Ney) /E0<5.0: (Ee/Ey)/a=143l0g,y[(Eu/Neg)/Euw] } (13)
5.0 < (Eu/Ney)/Euwo (Eeq/Eu)/a=1.0

In the trilinear line, the section CD ((E,,/E,)/a=1.0) is drawn quite differently from the calcu-
lation results because all the plots located on the right side of peaks or plateaus were found
less reliable with growing gaps from theoretical values in Eq. (1), and also it is on the safer
side. Using the earthquake energy E., in Eq. (13), the residual slope displacement d, can be
calculated from Eq. (1) using upward energy E, depending on the block impedance ratio «
and the threshold energy E, in Eq. (12).
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Figure 3. Earthquake energy E,, (a) or Figure 4. E,/EJo and E,E, relationships
upward acceleration amplitude A, (b) versus obtained by a series of numerical analyses for vari-
horizontal slope displacement 6, ous parameters and simplified dashed trilinear line.

3 UPWARD WAVE ENERGY EVALUATION

In order to evaluate residual slope displacements J, by combining Egs. (1) and (13), it is essen-
tial how to determine upward wave energy per unit horizontal area E, in actual site condi-
tions. For that goal, empirical formulas on earthquake wave energy employing a number of
vertical array strong motion records during recent earthquakes in Japan can be utilized.

Figure 5 summarizes upward energy versus ground depth z correlations calculated in 30 ver-
tical array sites during 9 strong earthquakes EQ.1~EQ.9 of earthquake magnitude M; = 6.4 to
8.0 (M. Japanese Meteorological Agency magnitude similar to moment magnitude M,,) and
hypocenter distance R=9~227 km on a semi-log diagram (Kokusho & Suzuki 2012). They
were calculated using the first formula in Eq. (5) from upward velocity waves and associated
S-wave impedance values. The velocity waves were calculated by a series of one-dimensional
equivalent linear soil response analyses conducted for those sites using acceleration records,
soil profiles and soil properties (soil density, strain-dependent S-wave velocity and damping
ratio). The energies calculated in two orthogonal directions were summed up to have two-dir-
ectional upward energy, denoted here as E, >,p. The energy tends to decrease drastically with
decreasing depth almost monotonically in most sites for all the sites. Details of the calcula-
tions are available in two previous literatures (Kokusho & Suzuki 2012).

In order to know more clearly how the upward energy tends to decrease as it approaches to
the ground surface, an additional study was carried out wherein the ratio of upward energies
between layers is correlated to corresponding S-wave impedance ratio. Out of the 30 sites plot-
ted in Figure 5, 23 sites with higher reliability have been used (Kokusho & Suzuki 2012). The
ratio of upward energy (E, >p)/(E,>p)i+1 between two arbitrary neighboring layers, i (upper)
and i+1 (lower) from the surface to the base layer of vertical array sites, are plotted versus cor-
responding impedance ratio (p,V)/(psV)i+1 in Figure 6(a) for all layers above the deepest levels
in vertical array sites with different symbols. For the majority of the data points where (p,V)/
(psV5)i+1<1.0 because the impedance ratio is normally less than unity, it is quite reasonable to
postulate that (£, >p)/(E,, 2p)i+1=0 for (o, V)l (pV)i+1=0 (free surface), and (£, 2p)/(E,,2p)i+1=1
for (p,Vy)il(psVy)ir1=1 (a uniform layer without a property boundary). Hence, a simple power
function as follows may be used to approximate the plots and the power 0.70 can be obtained
from the least mean-square method with the determination coefficient R*=0.81.

(Euzn) i/ (Euzp);y = [(0sV3)il (0 Vi)ian ] (14)

Thus, the thick solid curve of Eq. (14) shown in the Figure 6 (a) approximates the data points
fairly well up to (pVy)/(pVy)i+1=1.0. Figure 6 (b) shows a similar diagram to (a), but the
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Figure 5. Upward energy E, ,p versus depth z in 30 tral distance R at seismological bedrock compared

vertical array sites during 9 strong earthquakes. with incident energy E;p during 9 earthquakes.
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upward energy ratio and the impedance ratio there are redefined between an arbitrary layer i
and the base layer (the deepest layer of vertical arrays) as (E,>p)/(E.20)pase a0d (0 V)4 (0 V) pases
respectively. In this chart, symbols belonging to the same sites are connected with dashed lines
and differentiated according to 4 classes of V-values at the base layer. The curve superposed
here is the similar function of the same power 0.70;

(EM,ZD)/(EM«QD)[,HS@ = [(ps VS)/(ps VS)base] (15)

and seems to averagely represent the plots. Among the plots, the star symbols representing
those sites for 2400 m/s <V < 3000 m/s (almost as stiff as seismological bedrock) fit well with
the curve near the origin (at smaller a-values) in particular. This indicates that it may be possible
to use Eq. (15) to evaluate the upward energy in a soil layer near the ground surface from the
upward energy at a rock base almost as stiff as seismological bedrock by considering the imped-
ance ratio between the two corresponding layers. Further details of the research are available in
Kokusho & Suzuki (2012). Hence, Eq. (15) may be modified to estimate the upward energies at
the seismological bedrock (E, > p)s,- from those at the base layers of vertical arrays (E, > p)pase @S;

(El’*ZD)base/ (Eu,ZD)Xh,. = I:Cog Vs)ba_w/(Ps VY)S[”-:I (16)

if the vertical propagation of SH wave is postulated down there by ignoring slanting wave
effects. As normally accepted in engineering seismology, the impedance for the seismological
bedrock is assumed as (p,Vy)p,=2.7 t/m>x3000 m/s for all the vertical array sites.

Figure 7 shows the energies (£, ,p)y- thus calculated at seismological bedrocks in Eq. (16)
and plotted versus corresponding hypocentral distances R. Straight diagonal lines drawn in

0.70

0.70
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the chart represent incident energy E;p calculated for the individual earthquakes from the fol-
lowing empirical formulas sometimes employed in previous researches (e.g. Sarma 1970,
Davis and Berrill 1982) based on spherical energy radiation of body waves using the earth-
quake magnitude M and the distance from the center of energy release R.

Ep = Epu/(4nR?),  log Ejpy = 1.5M + 1.8 (17)

Here, E;p is in kJ/m?, R in m, and E,,,, is the total energy released from fault in kJ proposed
by Gutenberg (1956). M is used here for M and the distance R is approximated by the hypo-
central distance.

The energy predictions by Eq. (17) are far from perfect because they completely neglect per-
tinent fault and path parameters, such as fault type, fault size/depth, asperity, directivity, etc.
However, decreasing trends of E,, ,p with increasing R for individual earthquakes may be rec-
ognizable despite data dispersions. The paramount effect of earthquake magnitude can also
be seen, as the plots of EQ4 of M; = 8.0 among the 9 earthquakes are located relatively higher
on the right side of the diagram, while others of M =7 are lower on the left side. Though,
more detailed study is certainly needed to consider the source and path effects on the E, ,p
versus R correlations, Eq. (17) is used at this moment to determine the incident energy E;p at
the seismological bedrock of a given site for the energy-based slope displacement evaluation.

Upward energy E, >p summed up in two horizontal orthogonal directions at a slope can be
evaluated by substituting (£, 2p)pase=Erp and (psV)pase=1.8 t/m*x3000 m/s into Eq. (15). The
upward energy E, in a sloping direction is calculated as E,=E,, »p/2 based on previous research
finding by earthquake observations that the two-directional upward energy E,, p is evenly dis-
tributed in two orthogonal directions on average (Kokusho et al. 2014).

4 SLOPE DISPLACEMENT EVALUATION EXAMPLE

Figure 8 (a) exemplifies a typical slope profile for conventional Newmark-type slope analysis
along a circular slip surface, wherein the centroid O of soil block BCD slides to O’ of B'C' D'.
If the sliding displacement is not so large (less than a few meters for normal engineering prob-
lem) relative to slope length, the line OO’ may be approximated being parallel to the line BD
with its angle 8. Hence, it may be replaced in the energy method by a slide of an infinitely long
slope with the same horizontal length L and angle 6 as depicted in Figure 8 (b), wherein the
mass M and planar slip area A=LX1 are the same (exposed to the same upward wave energy)
and the sliding soil thickness D = M /(pA). If it is assumed that the angles of BD and CD with
respect to the horizontal plane §=30°, §,=35°, respectively, the radius of circular slip surface
R=50 m, and L=34.7 m, the cross-sectional area (shaded in the figure) is calculated as a=174
m?, and the average sliding block thickness becomes D=a/L=174/34.7=5.0 m.

Alternatively, the energy method may also be implemented directly using the infinitely-long
slope model for the purpose of screening potentially instable slopes in a wide area with no
specific failed slope size converted from conventional slip-surface models.

If the slope in Figure 8 undergoes an earthquake of the magnitude M=6.8 such as the 2004
Niigataken Chuetsu earthquake, the upward wave energy beneath the slope in the downslope
direction E,, is calculated following the steps shown in Figure 9 (a) using Eq. (15) as E,=E, >p/
2= 45.0~2.81 kJ/m? from the incident energy at a bedrock as (E,2p)pase=Erp=796~49.7 kJ/m?
using Eq. (17) for R=10~40 km. Then, the irregular earthquake wave having the upward
energy E, is converted to an equivalent harmonic acceleration wave i (1) = 4; sinwt as
Figure 9 (b), with the amplitude A;, the angular frequency w = 2zf, and the equivalent
number of cycles N,,, so as to have the same energy E, as the irregular wave. The number of
cycles for the earthquake may be determined as N,,=9 from M=6.8 based on empirical rela-
tionships, e.g. by Idriss & Boulanger (2008). The amplitude 4; may be determined from PGA
given by empirical attenuation formulas and the amplitude reduction coefficient 0.65 fre-
quently used in soil dynamics as 4,=0.65X(1/2) X PGA, where the coefficient 1/2 reflects that
PGA is defined at a free ground surface. PGA attenuation data for the same 2004 earthquake
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(NIED 2004) may be approximated to be inversely proportional to the fault distance R (km)
approximated here by hypocentral distance as PGA(m/s?)=6.0x(R"/10 km)™ for the range of
R’=10~100 km. The acceleration amplitude of equivalent harmonic wave 4;=1.95~0.49 m/s>
can be obtained from PGA=6.0~1.5 m/s* for R=10~40 km. These 4;-values yield f=w/27=1.51
Hz commonly to have the same wave energy E, by using Eq. (5).

Then, the upward energy per cycle E,/N,,=5.00~0.313 kJ/m? for R=10~40 km is compared
with the threshold energy E, calculated in Eq. (12) for various ¢ — 0 to obtain energy ratio (E,/
N,/ E,p, and the energy E,, can be determined in Eq. (13) from E, and the block impedance
ratio a = wpD/(p,V5). Finally, the sliding displacement J, can be obtained from Eq. (1).

The displacements J, thus calculated in the above-mentioned steps are plotted with solid sym-
bols in Figure 10 (a) versus the angular difference ¢ — 6 with the pitch of 1°. The open symbols
correspond to the bottom formula of Eq. (13) E,,/E,/a=1.0 without being controlled by the par-
ameter (E,/N,,)/E,o. The displacement J, follows these open plots for (E,/N.,)/E,o 5, and separ-
ates from them downward decreasing more rapidly corresponding to the middle formula of Eq.
(13) for 5>(E,/N.z)/Ex>1, and reach ¢,=0 corresponding to the top formula of Eq. (13) if (E,/
NelE, o <1. Thus, this method can cover the variations of slope displacement including zero
(no-sliding) depending on the angular difference ¢ — 6 for different hypocenter distance R as a
parameter. Though Figure 10 (a) is for a particular case of M=6.8, analogous charts of different
cases can be readily made using Eq. (13) which is universally applicable to varying parameters.

In Figure 10 (b), the top diagram shows the same calculated displacements J, plotted versus
hypocentral distance R with the value ¢ — @ as a parameter. To compare with this, the bottom
diagram shows hypocentral distances R of embankments of Kan-etsu high-speed roadway
damaged during the same 2004 earthquake reported by Kataoka et al. (2015). The same
authors classified the damage into A (heavy), B (medium), C (light), corresponding to

_lclasn symbols: Controlled by Eun/ﬂ,,/fuuL TRl g T T — $-6C )
10 Open symbols: Free from £,,/A,,/E, g 20X = 2
At o T

R =30k =18 th? =E

R = 7,220 mis 8

14 R =4 - + 10
- 412

) > 15

E)

Damage level B

520 Y5-0 DYIINIYYNYINN ANA. Damage level G
0 5 10 15 20 1‘0 1‘5 Zb 2‘5 3‘0 3‘5 4‘0 45
$-6 ) Hypocentral distance R (km)

Figure 10. Example evaluation of embankment slope displacements by M=6.8 earthquake: (a) displace-
ments J, versuse-6 for varying hypocenter distance R, (b) d, versus R compared with case history data.
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embankment displacements of larger than 50 cm, 50~30 cm and smaller than 15 cm, respect-
ively. The sections of Class A and B are similarly located in the hypocentral distance R=13~16
km and possible combinations of §, and ¢ — 0 can be read off from the top chart. For Class C
(the light damage), the longest R-value is 33 km in the bottom chart, and if this distance is
interpreted as a boundary of zero slope displacement, the top chart indicates that ¢ — §=6°
seems to be able to explain the performance of embankments in the conditions assumed here.
Finally, note that the sliding block thickness D, an important parameter to determine the
displacement J, = E,,/[pDgtan(¢ — 0)] from E,, in Eq. (1), is eventually eliminated together
with the density p when J, is correlated to E, in place of E,,, because E,, is proportional to
aE, in Eq. (13) where a = wpD/(p, V), though D has been used in the above example as an
intermediate parameter. The absence of D in determining J, from E, seems to be beneficial in
applying this method to various site conditions in general. In return to that, the thickness D
together with length L of the failure block has to be determined in individual sites considering
site-specific slope profiles and cross-sectional spatial variations of friction angle ¢ by consult-
ing with a chart as exemplified in Figure 10. In addition, an upper limit of D is imposed as
D < (A/4n)(p,/p)=A/4x. 1t is because with regard to the maximum energy ratio E.,/E, = a =
wpD/(p,Vs) in Eq. (13), E, includes the energy in both downslope and upslope directions
while the energy E,, contributing solely to downslope slide cannot be larger than 1/2 of E, on
average, as actually confirmed by earthquake observation data (Kokusho et al. 2014).

5 SUMMARY

Energy-based Newmark method has been developed based on a series of nonlinear numerical
analyses where Newmark-type slope model is shaken by SH-wave propagation underneath.
Occurrence/Nonoccurrence of slope failures as well as associated slope displacements can be
evaluated directly from upward wave energy using pertinent slope parameters with no need of
acceleration time histories. An example study by this method wherein pertinent parameters
with uncertainties such as friction angle ¢ and earthquake energy E,, are continuously varied
has indicated a qualitative compatibility with a case history of embankment failures during a
M6.8 earthquake in Japan. Though more case studies are certainly needed to demonstrate its
higher reliability in employing it in engineering design, the present study has indicated that the
energy-based Newmark method developed here is quite convenient to seamlessly evaluate
slope displacements using design charts as exemplified in Figure 10.
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