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ABSTRACT: The failure envelopes have been increasingly employed to evaluate the bearing
capacity of foundation systems under both static and dynamic loads. Particularly, the aim of
this study is to compute the ultimate bearing capacity of a rigid vertical pile group foundation
systems subjected to a planar loading: horizontal (H) and bending moment (M) in homoge-
neous purely cohesive soil. Accurate upper and lower bounds to the limit loads are calculated
using finite element methods in combination with limit analyses theory via a novel numerical
limit analysis code (OptumG3). The effects of key parameters such as pile length-to-diameter
ratio (L/D), group spacing (S/D) and the group size as well. The resulting failure envelopes are
presented in normalized form with an error ranging from ±1% to ±5%. The numerical results
are compared and validated against several experimental results for rigid pile groups in cohe-
sive soil. Finally, an empirical equation is proposed for the safe load domain and fitted to the
numerical results.

1 INTRODUCTION

The bearing capacity of pile group is critical to the design of offshore structure foundation
which are subjected to horizontal loads associated with wind and wave. Since a foundation
has a significant share of supplying stability and structural safety to the superstructures,
accurate estimation of the bearing capacity of piles is of particular importance. Many
researchers have developed different approaches to estimate the bearing capacity of single pile
and pile group in cohesive soil (Matlock 1970, Reese & Welch 1975, and Pan et al. 2000,
Meyerhof 1951).
This paper presents the results of a three-dimensional finite element limit analyses. Accurate

lower and upper bounds to the failure envelop of vertical rigid pile groups which are subjected
to horizontal load (H) and bending moment (M) are obtained.

2 PROBLEM DEFINITION

The present study deals with circular pile groups of length L and diameter D which are con-
nected by a three dimensional rectangular rigid cap. The center-to-center spacing between pile
to pile is denoted S in both horizontal directions (Figure 1). Three group configuration of
rigid pile group 1x2, 2x2 and 3x3 were investigated with varying pile spacing-to-diameter ratio
S/D=2, 3, 4, 8 and pile length-to-diameter ratio L/D= 4, 6, 8, 10. 48 rigid pile group configur-
ations were simulated in this study, that is 1680 simulations overall.
The rigid pile group is embedded into a deep homogeneous cohesive soil which is modelled

as a rigid perfectly plastic Tresca material with undrained shear strength Su = 50 kPa and unit
weight γ = 20kN/m3. The piles and the cap were modelled as weightless and rigid. The pile/soil
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interface is considered rough. The pile group is subjected to a lateral planar loading: horizon-
tal load (H) and bending moment (M) (Figure 2). The sign convention for the pile group head
loads adopted in this paper is shown in (Figure 2). The lateral capacities for pure loading are
denoted H0 (when M=0), and M0 (when H=0).

3 LIMIT ANALYSIS THEOREMS

The main objective of limit analysis is to determine the limit load or load multiplier for a
given structure. The technique is based on two theorems, i.e. upper bound (UB) and lower
bound (LB). The limit theorems are most powerful when both types of solution can be com-
puted so that the actual collapse load can be bracketed closely from above and below. This
type of calculation provides a built-in error check on the accuracy of the estimated collapse
load and is invaluable when an approximate solution is hard to obtain by other methods. The
bound theorems combined with finite elements and mathematical programming techniques
produces powerful computational tool that provide rigorous or nearly rigorous bounds on the
collapse load of complex structures. A full description of the numerical limit analysis can be
found in (Lymin et al. 2001, Lyamin et al. 2002).
The error between the two bounds is defined as follows:

Errorð%Þ ¼ UB�LB
UBþLB

� 100 ð1Þ

Figure 1. Group configuration 1x2, 2x2 and 3x3 pile group.

Figure 2. Rigid pile group under horizontal load and bending moment.
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The average of the two bounds is considered conventionally as being the best estimate for
the actual limit loads:

Qult ¼
UBþLB

2
ð2Þ

3.1 Finite element model

The size of the soil domain is selected such that it contains the failure envelope (Figure 3).
Boundary effects are not expected to influence the calculated load or soil deformation mech-
anisms, which was also verified by conducting analyses with larger soil domains. The vertical
sides of the soil domain are restrained from any lateral displacement whereas the bottom
boundary is restrained from any displacement. The tip boundary is free to move. The soil/
piles interface are modelled by using shear joint elements with the same characteristics as the
soil (i.e.: strength reduction factor =1) with tension cut-off to ensure that the solution is a true
upper bound. The gap formation at the back of the pile is allowed. The lateral loading consists
of horizontal load and bending moment at the top of pile cap. Automatic mesh adaptivity
option is used with the shear dissipation as the adaptive control parameter (Figure 3). 4 adap-
tive iterations are adopted in all simulations with 4500 elements and 100000 total elements.
Owing to symmetry properties, only half of the model is considered.
The rigid pile group is subjected to combined loads of overturning moment and horizontal

force under a constant M/H ratio: radial paths in M-H plan (Figure 4). Taking advantage of
the symmetry in the application of the lateral load, only the first and fourth quadrants of the
failure surface are investigated (α ranging from -90° to 90°).

4 FAILURE SURFACE IN THE M-H SPACE

Upper and lower bounds to the failure for a 3x3 rigid pile group with pile length-to-diameter
ratio (L/D=6) and pile spacing-to-diameter ratio (S/D=2) are presented in the normalized H/
H0-M/M0 plan in (Figure 5). The failure surface of rigid pile group presents a distinguishable
tilted elliptical shape. This format can be understood by analyzing the loading direction of
both the horizontal load and bending moment. The respective signs of both H and M has a
substantial evident influence on the horizontal bearing capacity of the pile group. In fact, in
the first quadrant, which corresponds to same lateral loading directions (HM > 0), the

Figure 3. Finite element model dimensions.
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presence of the overturning moment accelerates the failure of the pile soil system and hence
the horizontal baring capacity is reduced. The curve is almost linearly decreasing in this part.
Nonetheless, in the fourth quadrant corresponding to an opposite loading direction (HM <
0), the horizontal bearing capacity is at first increasing then decreasing. The maximum
moment of the pile can sustain did not occur when H=0 but when there is combination of
positive horizontal load and negative bending moment. This can be explained by the fact that
pile motion due to horizontal forces only are counterbalanced by motion in opposite direction

Figure 4. Radial paths in M-H load plan

Figure 5. Upper and lower bounds to the failure surface in M/M0- H/H0 plan.
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due to bending moment. At a certain level, a greater moment is required to overcome the hori-
zontal force and so higher values of moment are attained.

5 PARAMETRIC STUDY

5.1 Effect of group size

The group size has a significant impact on the bearing capacity of pile group. Comparison of
the failure surfaces of rigid pile group of a pile length-to-diameter ratio (L/D=4) and a pile
spacing-to-diameter ratio of (S/D=2) for different pile group configurations is illustrated in
(Figure 6). Similar trend is observed for all cases investigated. As expected, the result shows
that the failure surface of 1x2 rigid pile group expands considerably in size when increasing
the number of the piles.

5.2 Effect of pile spacing-to-diameter ratio (S/D)

The effect of pile spacing is one of the dominant factors affecting the lateral load and moment
carrying on the capacity of rigid pile group. Comparison of the failure surfaces of 1x2 rigid
pile group of pile length-to-diameter ratio (L/D=6) for different pile spacing is illustrated in
(Figure 7). As show in (Figure 7), it found that the bearing capacity of 1x2 rigid pile group
increases when the pile spacing increases. Similar trend is observed for all cases investigated.

5.3 Effect of pile length-to-diameter ratio (L/D)

The bearing capacity of rigid pile group not only depend on the variation of pile spacing but
also on the pile length-to-diameter ratio (L/D). In order to present the effect of pile length-to-
diameter ratio (L/D) on the failure surface of rigid pile group, comparison the failure surface
of 1x2 rigid pile group for a pile spacing (S=2D) with different pile length-to-diameter ratio
(L/D) is illustrated in (Figure 8). As shows in (Figure 8), the bearing capacity of 1x2 rigid pile

Figure 6. Failure surface for pile group configuration 1x2, 2x2, 3x3, L/D= 4, S/D=2 in H-M plan.
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group increase when the pile length-to-diameter ratio increase. Similar trend is observed for
all cases investigated with other group configuration.

5.4 Closed form expression

A general expression for the failure envelope of rigid pile group is proposed.

f H;Mð Þ ¼ A H
H0

� �2

þ B H
H0

� �

M
M0

� �

þ C M
M0

� �2

þD H
H0

� �

þ E M
M0

� �

þ F ¼ 0 ð3Þ

Figure 7. Comparison the failure surface of 1x2 pile group with different pile spacing in H-M plan.

Figure 8. Comparison the failure surface of 1x2 rigid pile group for a pile spacing (S/D=2) with differ-

ent of pile length-to-diameter ratio 4, 6, 8, 10 in M-H plan.
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The coefficients A, B, C, D, E and F are curve fitted to the numerical results using least
square criterion for all cases investigated with three type of rigid pile group 1x2, 2x2, and 3x3.
B is the coefficient that controls the expansion of the failure surface in normalized M/M0 – H/
H0 plan.

It found that the coefficients can be approximated to the form in Equation 3, with A=C ≈1
and D=E = 0 (ellipse centered at the origin) while F= -1; and B is given by expressions 5, 6
and 7 depending on the pile group configuration.

f H;Mð Þ ¼ H
H0

� �2

þ B H
H0

� �

M
M0

� �

þ M
M0

� �2

� 1

� �

ð4Þ

B1x2 ¼ 1:88þ
0:0705

S � L
D2 � 0:118

S

L
ð5Þ

B2x2 ¼ 1:88þ 0:286
S�L

D2 � 0:180 S
L

ð6Þ

B3x3 ¼ 2:06� 2:7 D
L
� 0:0297 S

D
þ 3:09

S�L
D2 ð7Þ

6 COMPARISON

The comparison of the lateral group efficiency (Ge) of 2x2 and 3x3 rigid pile group in Table 1
obtained from upper bound and lower bound finite element limit analysis against the various
full-scale experimental results. Good agreement is observed with (Brown et al. 1987, Rolins
et al. 1998 and Meimon et al. 1986) results.
The lateral group efficiency (Ge) is defined as:

Ge¼
Ultimate lateral capacity of the group

Number of pile�Ultimate lateral capacity of a single pile
ð8Þ

Figure 9. Failure surface of 3x3 rigid pile group provided by Eq. (4) & (7) vs. numerical data points in

M/M0- H/H0 plan.
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7 CONCLUSIONS

The following conclusions are drawn from this study. The failure envelope in the H-M plane
presents an inclined elliptical shape. The bearing capacities of rigid pile group increase propor-
tionally with group configuration, pile spacing-to-diameter ratio and pile length-to-diameter
ratio.
Analytical equations are proposed for the failure envelop diagram of 1x2, 2x2, 3x3 rigid pile

group in cohesive soil in the H-M plan. The key parameters for the analytical equations are
relatively easy to determine to make the above equations useful as a preliminary design tool
for engineering design offices.
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Table 1. Comparison the lateral group efficiency (Ge) of rigid pile group from various experimental and

field studies.

Reference

Undrain shear Group

Depth

Pile Average p-multiplier

GeStrength cofig spacing lead row
1st
row

2nd
row

Average of UB and LB 50kPa 3x3 10D 3D 0.601

Brown et al. (1987) 70-180kPa 3x3 10.75D 3D 0.70 0.50 0.40 0.533

Rollins et al. (1998) 50-75kPa 3x3 10D 2.82D 0.60 0.40 0.40 0.466

Average of UB and LB 50kPa 2x2 10D 3D 0.84

Meimon et al. (1986) 25kPa 2x2 11D 3D 0.90 0.50 0.70
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