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ABSTRACT: In the present article, the variational method is used for pseudostatic slope
stability analysis in two-layered soil media. Although the method is based on limit equilibrium
framework, it is free from any prior assumptions regarding the critical slip surface (y(x)) and
the normal stress distributions (σ(x)) along the slip surface. The functional generated from the
available resisting moment is the function of σ(x) and y(x) whereas, the functional generated
from the actual driving moment is the function of y(x) alone. The isoperimetric model of functionals is extremized using Euler-Lagrangian equation. The main objective of this study is to
examine the effect of slope inclination angle (β) and the shear strength properties of different
layers on the stability of slope for varying horizontal (kh) and vertical (kv) seismic coefficients.
It is observed that the stability of slopes is more influenced by kh alone than the combined
effect of kh and kv.
1 INTRODUCTION
Analyzing the stability of a soil slope is a classical problem in the field of geotechnical engineering. This problem was studied extensively by various researchers (Fellenius 1936, Taylor
1937, Janbu 1954, Bishop 1955, Morgenstern and price 1965, Spencer 1967, Sarma 1973,
Chen and Morgenstern 1983) since the last eight decades. Most of these studies were for
homogenous slope without any application of any seismic forces. In the recent past, a number
of research works had also been carried out for analyzing the stability of layered slope subjected to seismic load by using available analytical and numerical technique. Loukidis et al.
(2003) used limit analysis to analyze the stability of three-layered soil slope under seismic loading condition. By using genetic algorithm, Zolfaghari et al. (2005) analyze the stability of
layered soil slopes subjected to vertical and horizontal seismic force and surcharge load considering non-circular slip surface. Kumar & Samui (2006) computed the stability of layered
soil slopes subjected to pore-water pressure and horizontal seismic force using upper bound
limit analysis. Kahatadeniya et al. (2009) employed ant colony optimization to determine the
critical failure surface for layered soil slopes subjected to pseudo-static vertical and horizontal
force and uniform vertical overburden force. Li et al. (2012) analyzed the stability of layered
slope subjected to pseudo-static vertical and horizontal forces on the basis of searching of sliding surface. Qin & Chain (2017) analyzed the stability of two-stage layered slope with a strip
footing situated near the slope crest subjected to pseudo-static vertical and horizontal forces.
From the literature study, it is clearly noticed that the analytical studies (Sazzad et al. 2015)
concerning the pseudo-static slope stability problems are quite limited. The most widely used
analytical method for slope stability problem is the limit equilibrium method (LEM). However, in order to employ LEM few assumptions are required to consider prior to the analysis.
These assumptions are required to remove the indeterminacy of the problem and are related
to the shape of the slip surface, interslice forces and normal stress distribution along the slip
surface. The variational approach which was developed within the framework of LEM does
not require any prior kinematical or static assumption. Kopacsy (1961) was the first to apply
variational approach in slope stability problem. Following his work, few studies (Narayan
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1975, Revilla & Castillo 1977, Baker & Garber 1978, 2003, 2006, Leshchinsky 1992, San &
Leshchinsky 1994, Chen et al. 2016) were accomplished for slope stability problems by using
the calculus of variation.
In this present study, variational method is applied to determine the critical slip surface and
the corresponding factor of safety for any slope subjected to pseudostatic forces. The formulations proposed by Revilla & Castillo (1977) for analyzing the homogenous cohesive soil slopes
are extended here for any generalized two-layered c-ϕ soil slope subjected to pseudo-static
forces. Stability number (N) is obtained for different combination of slope angle (β) and different ratios of c1/c2 and ϕ1/ϕ2 corresponding to varying horizontal (kh) and vertical (kv) seismic
coefficients.

2 PROBLEM STATEMENT AND MATHEMATICAL BACKGROUND
A rectilinear slope of angle β with two layered c ’soil is subjected to vertical and horizontal
seismic forces. The cohesion and angle of friction of the top and the bottom layer are depicted
as c1, ϕ1 and c2, ϕ2, respectively. It is intended to determine the critical failure surface and
factor of safety for the given slope. Figure 1 shows the considered problem along with the
chosen domain. The size of the domain is kept sufficiently high so that the failure surface is
well contained within the domain. However, it is to be noted that the size of the domain has
no influence on the computed solution.
The factor of safety is defined as the ratio of the available resisting moment to actual driving moment. Both these parameters are the function of the slip surface and the slope surface
and hence they can be represented as functional. To determine the critical failure surface of a
slope these functionals are required to optimize. To optimize the safety functional EulerLagrangian equation, as suggested in the calculus of variation, is being used. The pseudostatic
analysis is being carried out for incorporating the seismic forces.

3 ANALYTICAL FORMULATION OF THE PROBLEM
In this problem, variational method is used in the framework of ordinary method of slice
(Fellenius, 1936) under both vertical and horizontal seismic force. For any slice, i, as shown in
Figure 1, the equation of static equilibrium along x and y directions are satisfied. Hence, the
factor of safety can be formulated as:

Figure 1.

Schematic diagram of a two-layered slope along with slip surface and considered slices
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Fh sin θi g tan ’

Fv Þ cos θi

ð1Þ
ðWi sin θi þ Fh cos θi

Fv sin θi Þ

i¼1

Where, (i) c and ’are the cohesion and the internal friction angle of the soil,
(ii) Wi, Δxi, Δli (=Δxi/cosθi) and θi are the weight, width, length and the inclination
angle of the ith slice, respectively; n represents the total number of slices.
(iii) Fv (= kvWi) and Fh (= khWi) are the vertical and horizontal seismic forces,
respectively.
By dividing the numerator and the denominator with cosθi and plugging the expressions of
Fv, Fh and Δli in Equation (1) the factor of safety can be further expressed as:
n 
P

cΔxi sec2 θi þ Wi fð1

F ¼ i¼1

n
P

Wi ½ð1

kv Þ

kh tan θi g tan ’



ð2Þ

kv Þ tan θi þ kh 

i¼1

This formulation is being expressed as the continuous slope surface by following the work
of Revilla & Castillo (1977) and Baker & Garber (1978)

F¼

xÐ4 h
x0



c 1 þ y0 i 2 þ γðfi
xÐ4

γðfi

yi Þfð1

yi Þ½ð1

kv Þ

i
kh y0 i g tan  dx

¼

kv Þy0 i þ kh dx

x0

xÐ4

x0
xÐ4

Pðx; y; y0 Þdx
ð3Þ
Rðx; y; y0 Þdx

x0

where, (i)y0 i ¼ tan θi , (ii) Wi ¼ γðfi yi ÞΔxi ;γis unit weight of soil and, fi and yi represent the
slope and the slip surface, and, (iii) x0 and x4 are the abscissas of two endpoints where the slip
surface intersect with the slope surface.
The rectilinear slope shown in Figure 1 can be mathematically expressed with the following
five functions in the range of x0 and x4:
f1 ðxÞ ¼ 0ðx0  x  0Þ ;
f3 ðxÞ ¼ 2hðh1  x  x3 Þ;



f2 ðxÞ ¼ 2h
h1 xð0  x  h1 Þ
f4 ðxÞ ¼ 2hðx3  x  x4 Þ

ð4Þ

Corresponding to each fi(x) there would be a distinct yi(x) in the interval of (xi-1, xi). The
expression of the factor of safety in Equation (3) takes the following form:

F¼

Rx1

x0
Rx1
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þ
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x1
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þ
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x2
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R3
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x2

x1

þ

Rx4

x3
Rx4

P4 ðx; y; y0 Þdx
ð5Þ
R4
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The above functionals are required to be minimized to obtain critical slip surface and corresponding critical factor of safety, Fs. This is being performed by using Euler-Lagrangian
equation as follows:
∂P
∂y

Fs ¼ ∂Ri
∂yi

d ∂P
dx ð∂y0 i Þ
d ∂R
dx ð∂y0 i Þ

¼

2cy00 i þ γ tan ’½ð1 kv Þ f 0 i kh 
;
γ½ð1 kv Þf 0 i þ kh 
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ði ¼ 1; 2; 3; 4Þ

ð6Þ

From Equation 6, the slip surface in the four different ranges, as mentioned in Equation 4,
can be obtained. These surfaces are constructed with the assumptions that the factor of safety
remains to be same along the slip surface. The four surfaces are:
yi ¼ Ai x2 þ Bi x þ Di

ð7Þ

γ
αkh
γ
kh
;
A4 ¼
tan 2 ð1 kv Þ þ
tan 2 ð1 kv Þ þ
8Nh
8Nh
4c2
4c1




γ
2h
α
2h
tan 2 ð1 kv Þ
kh þ
ð1 kv Þ þ kh
A2 ¼
4c2
h1
8Nh
h1

A 1 ¼ A3 ¼

Here, N (=c1/(2Fsϒh)) indicates the stability number. α represent the ratio of cohesion c1/c2
of two layers. The equation of all the surfaces consists of two integration constants. Therefore,
the total number of unknown parameters become twelve– (i) x0, x3 and x4 (ii) Fs and (iii) eight
integration constants (B1, B2, B3, B4, D1, D2, D3and D4). These can be evaluated by the following twelve equations.
Two transversality conditions: Speciﬁed at two end-points (x0 and x4)
½Py0

Fs Ry0 ½f 0 ðxÞ

y0 ðxÞ þ P

Fs Rjx¼xi ¼ 0;

whereðj ¼ 0; 4Þ

ð8Þ

Three boundary conditions: Speciﬁed at two end-points (x0 and x4) and one intermediate
point x3
y1 ðx0 Þ ¼ f1 ðx0 Þ; y4 ðx4 Þ ¼ f4 ðx4 Þ; y3 ðx3 Þ ¼ f5 ðx3 Þ

ð9Þ

f5 ðxÞ ¼ hðh1  x  x3 Þ
Three continuity conditions and three natural boundary conditions: Speciﬁed at three intermediate points x1,x2 and x3 (i.e. the intersections of the slip surfaces)
yi ðxi Þ ¼ yiþ1 ðxi Þ and

y0i ðxi Þ ¼ y0 iþ1 ðxi Þ ði ¼ 1; 2; 3Þ

ð10Þ

d. The equation for Factor of Safety, as provided in Equation (5).
By using these twelve equations twelve unknown parameters can be evaluated. The expressions for the unknown parameters are as follows:
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2
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kv Þ

þ

αkh x20
8Nh
ð11Þ

x3 and x4 are obtained by solving second and third boundary condition in Equation 9 using
Newton-Raphson method. It is to be observed that for the non-seismic case, the stability
number for non-frictional soil will be equal to c1/(4c2) and this further resorted to 0.25 for
homogenous undrained cohesive soil as mentioned in the work of Revilla & Castillo (1977).

4 RESULTS AND DISCUSSIONS
In the present article, some typical two layered slopes are analyzed using the formulations
derived in the previous section. The solutions are presented in the form of non-dimensional
stability number as expressed in Equation 11. The unit weight of soil and the height of the
slope are maintained to be the same for all the cases. The stability number is calculated for
different combinations of c1/c2 and β corresponding to varying kh and kv. The slope inclination
angle (β) is varied within the range of 45° to 75° with a 10° interval.
For each specific value of β, c1/c2 is varied from 0.2 to 0.8 corresponding to two different
cases: (i) Case A (ϕ1=18°,ϕ2=30°) and (ii) Case B (ϕ1=ϕ2=30°). The magnitude of kh is kept
equal to 0.1, 0.2, and, 0.3 and corresponding to each kh the vertical seismic coefficient kv is
varied as 0, 0.5kh and kh. In the present analysis, the top layer is considered to be weaker than
the bottom layer and the slope angle is considered to be greater than 45°, and, hence, according to the literatures (Kumar & Samui, 2006; Lim et al., 2015; Sazzad, et al. 2017) the soil will
fail by developing toe failure surface (x0=0).
Figures 2 and 3 shows the variation of stability number with kh for different values of kv/kh
and c1/c2 corresponding to four different values of β, namely, 45°, 55°, 65° and 75°; Figure 2
shows the graph for Case A and Figure 3 shows the graph for Case B. It is clearly observed

Figure 2. Variation of stability number with kh for Case A soil with: (a) β=45°; (b) β=55°; (c) β=65°; (d)
β=75°.
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Figure 3. Variation of stability number with kh for Case B soil with: (a) β=45°; (b) β=55°; (c) β=65°; (d)
β=75°.

from the figures that for a certain c1/c2 ratio, the stability number increases with increase in
horizontal seismic acceleration coefficient. The rate of increment in N, or, in other words, the
rate of decrement in Fs seems to increase as the kh increases. It is further noticed that the stability number increases with (i) increase in c1/c2, (ii) decrease in ϕ1/ϕ2, and, (iii) increase in β.
The figures also suggest that the influence of vertical seismic acceleration is not significant as
its horizontal counterpart. The impact of kv is noticeable for the steep slopes.
Figure 4 depicts the shape of the critical slip surface for β =55° and 75° with different combination of kh and kv. The shape of the slip surfaces changes significantly as the geometric profile
of the slope changes. The figure also shows that the volume of soil within the critical slip surface
increases as the ratio of c1/c2 decreases. The horizontal extent of the failure surface for c1/c2=0.2
is quite higher than the other considered c1/c2 ratio. The figure also gives an impression that the
incorporation of the seismic forces increases the size of the failure surfaces.

5 COMPARISONS
Table 1 shows the comparison of the present solutions obtained from the variational approach
with the results provided by Kumar & Samui (2006). The comparisons are carried out for different values ofϕ1 and ϕ2 corresponding to three different β, namely, 45°, 65°, and, 75°. In this
comparative study, the magnitude of kv is kept equal to zero and the value of kh is taken to be
0 and 0.1. The present analytical solutions are quite agreeable with the available solutions. It
is to be noted that Kumar & Samui (2006) assumed the shape of the failure surface as logspiral. However, in the present study, the shape of failure surface is obtained as parabolic in
different segments as expressed in Equation 7. The expression of N as considered in the work
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Figure 4. Form of the critical slip surfaces for: (a) β=55°, kh=kv=0; (b) β=55°, kh=0.3,kv=0 ; (c) β=55°,
kh=kv=0.3; (d) β=75°, kh=kv=0; (e) β=75°, kh=0.3, kv=0; and (f) β=75°, kh=kv=0.3 subjected to ϕ1=18°
and ϕ2=30°.

Table 1. Comparison of stability number values obtained by Kumar & Samui (2006) with the present
solutions considering kv=0 and c1/c2=1
ϕ1 ϕ2 β=45°

β=65°

β=75°

Kumar & Samui
(°) (°) (2006)

Present
study

Kumar & Samui
(2006)

Present
study

Kumar & Samui
(2006)

Present
study

10 20
30
40
20 30
40
30 40

0.077(0.091)
0.058(0.069)
0.044(0.066)
0.057(0.060)
0.044(0.052)
0.043(0.051)

0.111(0.133)
0.080(0.125)
0.045(0.100)
0.067(0.091)
0.033(0.077)
0.027(0.071)

0.104(0.120)
0.084(0.099)
0.069(0.092)
0.081(0.090)
0.067(0.078)
0.065(0.075)

0.125(0.154)
0.091(0.143)
0.067(0.128)
0.111(0.125)
0.050(0.111)
0.045(0.100)

0.118(0.136)
0.099(0.118)
0.084(0.107)
0.094(0.102)
0.081(0.095)
0.078(0.091)

0.072(0.100)
0.056(0.083)
0.024(0.071)
0.043(0.059)
0.015(0.048)
0.013(0.036)

Note: The values in the parenthesis are for kh=0.1
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of Kumar & Samui (2006) is reciprocal to the present definition and hence, the numerical solutions reported in their work are inverted and compared thereafter.

6 CONCLUSIONS
The present article provides pseudo-static analysis of slope using variational method considering no prior assumption on the shape of rupture surface. Design charts are being provided for
stability number for different (i) soil properties (c,ϕ), (ii) slope geometry (β), and, (iii) seismic
forces (kh and kv). The stability number increases with increase in kh and kv and decrease in
soil strength. For both the static and pseudo-static case it is observed that the stability number
increases drastically with increase in slope angle. The critical slip surface is being plotted for
several cases. The obtained solutions compared quite well with the available solutions.
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