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ABSTRACT: A multiaxial constitutive model for sand (Ta-Ger model) based on a smooth-
hysteresis plasticity framework, implemented in the finite difference code FLAC and
FLAC3D, is used for the 2D and 3D simulation of liquefaction-induced settlements of shallow
foundations in centrifuge experiments. The same set of calibrated parameters were used in
both 2D and 3D simulations. It is shown that 3D analyses are in close agreement with the
experimental results both in terms of foundation settlements and excess pore pressures,
whereas the 2D analyses tend to overpredict the measured foundation settlements.

1 INTRODUCTION

Recent advances in numerical modeling combined with closer interaction between research
and practice and the increased availability of computational power have led to the increasing
popularity of performance-based design approaches. While, considerable progress has been
made in the field of constitutive modeling of highly nonlinear phenomena, such as liquefaction
(e.g.: Prevost 1985, Pastor et al. 1990, Elgamal et al. 2002, Dafalias & Manzari, 2004, Park &
Byrne 2004, Andrianopoulos et al. 2010, Boulanger & Ziotopoulou 2013)and the implementa-
tion of these models in finite element and finite difference codes for use in practice, the avail-
ability of such constitutive models in 3D remains limited.
In this study, the Ta-Ger constitutive model (Tasiopoulou & Gerolymos, 2016a, b), a multi-

axial constitutive model for sand based on a smooth-hysteresis plasticity framework is imple-
mented in the finite difference codes FLAC (Itasca, 2016) and FLAC3D (Itasca, 2012),
calibrated generically, and used to simulate the liquefaction-induced behavior of shallow foun-
dations observed in centrifuge experiments performed by Dashti et al. (2010a, b). The numer-
ical results from both 2D and 3D analyses are compared against the measured responses.

2 TA-GER CONSTITUTIVE MODEL FOR SAND

2.1 Formulation

The Ta-Ger constitutive model for sand is described in Tasiopoulou & Gerolymos (2016a, b). The
model is based on an alternative plasticity framework combining perfect plasticity with Bouc-Wen
type smooth hysteresis. While the basic framework of the model,implemented in FLAC and
FLAC3D,is as described in Tasiopoulou & Gerolymos (2016a, b), three types of modifications
have been made in: i) the evolution of both the bounding and the phase transformation (dilatancy)
surface, ii) the evolution of the exponent n of the hardening parameter, ζ and iii) the incorporation
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of fabric effects on cyclic mobility in the dilatancy stain ratio.The first two modifications aim to
improve the calibration process by providing more independent and less coupled model param-
eters that target specific mechanisms, such as the number of cycles of load required to trigger
liquefaction, or the extent of post-liquefaction shear strain accumulation. The purpose of the third
modification is to improve model performance under irregular earthquake shaking where high
shear stress ratios can be followed by very low ones and vice versa, after the onset of liquefaction.
Herein, only the modifications discussed above are presented.
The dilatancy, d, has been adjusted to the following:

d ¼ RdAdAz

ffiffiffi

2

3

r

Mpt;θ � r : n

 !

ð1Þ

where Mpt,θ is the phase transformation stress ratio dependent on Lode angle, θ, r is the
stress ratio tensor and n is the normalized stress ratio tensor. The densification factor Rd is
part of the original formulation by Tasiopoulou & Gerolymos (2016a), while the dilatancy
factor, Ad and fabric factor, Az have been introduced to the definition of the dilatancy strain
ratio, d. The fabric factor Az, is calculated as a function of the deviatoric fabric-dilatancy
tensor-valued variable z, (Eqs.2-3) as suggested by Dafalias & Manzari (2004):

Az ¼ 1þ z : nh i ð2Þ

dz ¼ �cz �dεpv
� �

zmaxnþ zð Þ ð3Þ

The evolution of the exponent n, the bounding (Ms)and the phase transformation (Mpt)
stress ratios, as a function of the cumulative deviatoric strain increments, Σdεq, is obtained
from Equations 4-6, respectively, slightly modifying the original equations suggested by Tasio-
poulou & Gerolymos (2016a), while retaining the basic concept. Both the exponent n, and the
bounding ratio, Ms start from an initial value, n0, and Ms0, respectively. As they evolve, they
reach a peak value, after which they gradually decrease, asymptotically reaching residual
values, nf and Mcs (critical stress ratio) respectively. The model parameters npeak and Msp are
the maximum values that can potentially be reached depending primarily on the model param-
eter c and secondarily the parameters AR and ac.The phase transformation ratio, Mpt, starts
from an initial value Mpt0 and gradually reaches the critical stress ratio, Mcs.

n ¼ nf þ n0 � npeak
� �

e�4c
P

dεq þ npeak � nf
� �

e�0:5ARc
P

dεq ð4Þ

Ms ¼ Mcs þ Ms0 �Msp

� �

e�c
P

dεq þ Msp �Mcs

� �

e�acc
P

dεq ð5Þ

Mpt ¼ Mcs þ Mpt0 �Mcs

� �

e�0:05c
P

dεq ð6Þ

2.2 Generic calibration of model parameters

An effort was made to provide a generic calibration for a significant number of model param-
eters based on (semi-)empirical relationships found in literature.The elastic shear modulus is
given by the following relationship:

G ¼ 1000k2maxp
m ð7Þ

where p is the current mean effective stress in kPa and k2max = 0.13 Dr0 + 3.6 is a coefficient
adapted from Seed & Idriss (1970), dependent on initial relative density, Dr0 in %.

The exponent m is astress-dependent dimensionless parameter defined as:

m ¼ m0

p=p0

� �

ð8Þ

where m0 is the initial value of m, usually obtaining values within a range of 0.33-0.5
(Richart et. al. 1970), and which is used for the calculation of the small strain shear modulus.
Herein, a value of m0 equal to 0.4 is considered. Equation 8 ensures that as the mean effective
stress tends to zero at liquefaction occurrence, the value of exponent m tends to unity, indicat-
ing a linear dependency of the shear modulus on the confining stress (Ishihara 1996). The elas-
tic bulk modulus, K, is equal to G, assuming a Poisson ratio of v = 0.15.

5242



The model parameters related to the evolution of the bounding and phase transformation
stress ratios, as well as the dilatancy have been calibrated based on Bolton’s state parameter,
the relative dilatancy index, IR, (Bolton 1986):

IR ¼ Dr0 Q� ln p0ð Þð Þ � R ð9Þ

where Dr0 is the initial relative density of the sand, p0 is the initial mean effective stress, and
Q, R, are constants with values equal to 10 and 1, respectively. The initial value of the bound-
ing stress ratio,Ms0, is obtained as:

Ms0 ¼
6 sin αbð0:8’cs þ 5IRÞð Þ

3� sin αbð0:8’cs þ 5IRÞð Þ
ð10Þ

where ab is a factor accounting for principal stress rotation and intermediate stress effects
(Tasiopoulou & Gerolymos 2016b). This factor is taken equal to 0.86 which is representative
of simple shear loading.
The model parameter, Msp, in Equation 5, is calculated through an iterative process at the

initialization of the model so that the maximum value of the bounding stress ratio, Ms, is
equal to Mspeak, given by Equation 11. The bounding stress ratio is equal to Mspeak when the
derivative of Ms with respect to Σdεq, is equal to zero (at Σdεqpeak). Mspeak is obtained as:

Mspeak ¼
6 sin ’cs þ gαbIRð Þ

3� sin ’cs þ gαbIRð Þ
ð11Þ

where φcs is the critical friction angle, considered to be equal to 33 degrees, and factor, gab,
accounting for intermediate stress effects, has values in the range of 3 to 5 for triaxial and plain
strain conditions (Bolton 1986, Tasiopoulou & Gerolymos 2016b). Herein, this factor is con-
sidered equal to 5.
The estimation of the dilatancy factor, Ad, in Equation 1, is based on the dilatancy strain

ratio suggested by Bolton (1986) given by:

Ad ¼
�3ð0:3IRÞ

3þ 0:3IRð Þ M
pt;
P

dεqpeak
�Mspeak

� � ð12Þ

where Mpt,Σdεqpeak is the value of the phase transformation stress ratio at Σdεqpeak, when M-

s=Mspeak. The initial value of the phase transformation stress ratio is obtained as:

Mpt0 ¼ Ms0 �
3ð0:3IRÞ

3þ ð0:3IRÞ
ð13Þ

The evolution of exponent n (Eq.4) determines the number of cycles to liquefaction (Tasio-
poulou & Gerolymos 2016a). Greater values of the parameter npeak lead to larger number of
cycles to liquefaction. To allow for calibrating to liquefaction triggering curves with different
slopes, this model parameter, npeak, is made dependent on a cyclic stress ratio variable, CSRR:

npeak ¼ nf þ npCSRR
a ð14Þ

where, np and a are dimensionless parameters. The parameter, a, controls the slope of the
lique-faction triggering curve obtained by the model. The variable CSRR is defined as:

CSRR ¼
3

1þ 2k0

CSRref p0

qp
� 1 ð15Þ

where CSRref is a reference cyclic stress ratio on the liquefaction resistance curve given by
empirical relationships or empirical data, e.g. the cyclic stress ratio at 15 cycles, CSR15, while
qp is the deviatoric stress at the last loading reversal, defined as:

qp ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

1

2
sp � s0

� �

: sp � s0

� �

r

ð16Þ

where sp is the deviatoric stress tensor at the last loading reversal and s0 is the initial devia-
toric stress tensor. The parameter AR, in Equation 4 is calculated as:

AR ¼ rumax
CSRR ð17Þ
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where rumax is the current maximum value of the excess pore pressure ratio, ru = 1-(p/p0).
Finally, the model parameter c in Equations 4 to 6 is calculated as:

c ¼ 344e�0:7IR ð18Þ

3 SIMULATIONSOF LIQUEFACTION-INDUCED FOUNDATION SETTLEMENTS

3.1 Description of centrifuge experiments

Dashti et al. (2010a, b) performed a series of centrifuge experiments to study the liquefaction-
induced settlement mechanisms of buildings founded on shallow footings. The centrifuge
models included three types of structures with varying dimensions and static bearing pres-
sures, placed on a 1-m-thick rigid mat foundation made of aluminum. The centrifuge models
were initially spun at a nominal centrifuge acceleration of 55g and subsequently, they were
subjected to a sequence of three shaking events with increasing intensity (small, moderate and
large). The sequence of the input motions consists of scaled versions of the north-south, fault-
normal Kobe Port Island recording from the 1995 Kobe Earthquake. Shaking was applied to
the base of the models parallel to their long side.
This paper focuses on the centrifuge experiment T3-30, which includes a 3m-thick liquefiable

layer of Nevada sand with a nominal relative density, Dr, of 30%, underlain by a 21m-thick layer
of dense Nevada sand with a nominal relative density, Dr, of 90%. The liquefiable layer of loose
Nevada sand is overlain by a 2m-thick Monterey sand layer with Dr ≈ 85%. The water level is
located at a depth of 1.1m below the surface. All units used in this paper are in prototype scale.

3.2 Numerical modeling in FLAC 2D and 3D

Numerical simulations of the centrifuge experiment T3-30 were performed in FLAC and
FLAC3D using Ta-Ger soil constitutive model. The analyses focuson Structure A of the
experiment, which represents a 1-storey (5-m high) building designed with a static bearing
pressure of 80 kPa and founded on a rigid mat foundation with width, W=6 m and length
L=9 m. The footings were simulated with 1-m thick elastic solid elements both in FLAC and
FLAC3D, assigned the elastic Young’s modulus of aluminum, i.e. 68 GPa. Interface elements
were placed both at the base and at the vertical side of each footing following an elastic-per-
fectly plastic constitutive law with a maximum interface friction angle of 35 degrees. The
structure was simulated in FLAC using linear elastic beam elements described in terms of
mass density, ρ; Young’s modulus, E; cross-section area, A, and moment of inertia, I, while in
FLAC3D the structure was modeled with linear elastic shell elements described in terms of
mass density, ρ; Young’s modulus, E; and thickness, t. The properties of the beam elements in
FLAC and the shell elements in FLAC3D, respectively, were chosen so that the pressure
transmitted to the soil is 80 kPa and the fixed-base natural period of the structure is equal to
0.21 s. The geometric characteristics of the simulated structure (e.g. height, width and length)
were based on the data provided by Dashti et al. (2007) and Karimi & Dashti (2016).
The soil mesh created in FLAC comprises 0.5m and 1m-thick elements for the top loose

and the bottom dense sand layers, respectively. The width of the zones was 0.6m close to the
foundation area and gradually increased towards the model boundaries. The same mesh dis-
cretization was used in FLAC3D, while in the out-of-plane direction the length of the elements
increased with the distance from the center of the model from 1 m to 1.5 m. Half of the model
was simulated in FLAC3D taking advantage of the symmetry with respect to the direction
parallel to the long side of the model where the input motion is applied. The nodes of the lat-
eral boundaries of the models (perpendicular to the shaking direction) were tied to each other
to simulate the kinematics of the laminar box employed in the test.
As for the permeability, the values reported by Dashti & Bray (2013) were used i.e.,

1.88×10-4 m/s for the loose Nevada sand layer, 5.63x10-5 m/s for the dense Nevada sand layer
and 1.32x10-3 m/s for the dense Monterey layer. These values are based on experimental
measurements on Nevada sand specimens of various densities (Arulmoli et al. 1992), properly
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scaled to account for the effects of centrifugal acceleration and the viscosity of the fluid
employed in the tests. The Ta-Ger model, was used for the saturated sand layers. The top 1.0
m of dry dense Monterey sand layer was modeled with the Itasca S3 hysteretic model (Itasca
2012) in combination with a Mohr-Coulomb failure criterion assuming a friction angle of 40
degrees. The input motion corresponding to the large seismic event with a PGA equal to 0.55g
was applied at the base of the numerical models. The 3D finite difference mesh and a detail of
the numerical model close to the area of the structure are presented in Figure 1.

3.3 Calibration against laboratory data

Calibration of model parameters was performed against available laboratory cyclic undrained
direct simple shear (DSS) tests on Nevada sand. Attention was given to calibration of model
parameters to capture both liquefaction triggering and post-liquefaction shear strain accumu-
lation (Tasiopoulou et al. 2018). We note that the latter is expected to play a significant role in
the predicted settlements since the loose sand layer liquefies early on during shaking.
Figure 2a illustrates the liquefaction triggering curves obtained from single element tests for
Dr = 30%, 40% and 85%. The curves corresponding to Dr = 30% and 85% were used for the

Figure 1. Numerical model in FLAC 3D (left) and details of the modeled structure (right).

Figure 2. a. Comparison between liquefaction triggering curves (lines) obtained from single element

simulations and laboratory data obtained from cyclic undrained DSS tests on Nevada sand (symbols). b.

Comparison between single element simulation results (left) and laboratory data obtained from

undrained cyclic DSS tests on Nevada sand with Dr = 40%.
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simulation of the loose and dense sand layers, respectively. Figure 2b depicts the comparison
between single element simulations and undrained DSS tests performed on Nevada sand for
Dr = 40%. The values of the model parameters are presented in Table 1.

3.4 Comparison of numerical versus experimental results

The numerical results from 2D and 3D analyses are compared against experimental measure-
ments in terms of foundation settlements at the center of the footing in Figure 3a. As shown
on this figure the experimental measurements and 3D numerical results are in good agree-
ment, indicating settlements on the order of 48 cm and 44 cm at the end of shaking, respect-
ively.By contrast, the 2D numerical analysis predicts significantly higher settlement of the
footing on the order of 70 cm. The contours of the settlements at the end of shaking, depicted
in Figure 3b, indicate that both the upper loose sand layer and the deeper dense sand layer
contribute to the overall foundation settlement. This trend,which is also observed in the 2D
numerical analysis, is attributed to the liquefaction of both the top loose sand layer and a sig-
nificant part of the dense bottom sand layer, as explained subsequently from the comparison
of recorded and predicted excess pore pressure time histories.
The loose sand layer liquefies early in the earthquake in both 2D and 3D numerical ana-

lyses, especially in the free field (sensor P14 – mid height of the layer); a trend consistent with
the experimental observations (see Fig. 4a). Figure 4b shows the comparison between numer-
ical and experimental results in terms of excess pore pressure time histories within the loose
sand layer below the footing (sensor P16). The measured and computed free-field excess pore
pressure time histories at the middle of the dense sand layer (sensor P22 location) are plotted
in Figure 4c indicating liquefaction of even the dense sand layer at that location. This explains

Table 1. Values of model parameters used in the numerical simulations.

Model Parameters Loose sand Dr = 30% Loose sand Dr = 40% Dense sand Dr =85-90%

Dr0 0.3 0.4 0.85

n0 0.1 0.1 0.1

nf 0.07 0.08 0.07

np 0.8 0.8 0.3

CSRref 0.045 0.08 0.3

α 4 4 3

ac 0.006 0.01 0.012

cz 300 200 500

zmax 4 4 4

Figure 3. a. Time histories of foundation settlements obtained from experimental measurements and

both 2D and 3D numerical analyses. b. Contours of settlement at the end of shaking obtained from the

3D numerical model.
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the significant shear-strain-induced settlements (on the order of 20 cm) that develop within
the zone of influence of the foundation within the dense sand layer.
Overall, both numerical and experimental results are generally in good agreement in terms

of excess pore pressure time histories. Additionally, the trends of the foundation deformation
are similar and consistent with the ratcheting mechanism observed for shallow foundations on
liquefiable soil (Dashti et al. 2010a). The difference in the predicted foundation settlements
between 2D and 3D numerical analyses is most likely due to limitation of modeling the geom-
etry of the problem in 2D. In the 2D analyses,an infinite strip footing is modeled instead of a
rectangular one. Since,in the 3D analyses (but not in 2D), soil can deform in the out-of-plane
direction, shear resistance can develop along the side walls of the foundation.Thus, it appears
logical that the settlements from the 3D analyses are lower for a given set of soil properties.

4 DISCUSSION AND CONCLUSIONS

The Ta-Ger constitutive model was implemented in FLAC2D and FLAC3D, and generic cali-
brations developed against commonly used parameters. The model and its implementation
were tested by simulating a centrifuge experiment examining liquefaction-induced settlements
of a shallow foundation resting on loose (i.e. Dr = 30%) and dense sand (i.e. Dr = 85%) layers
and subjected to strong shaking. The constitutive model parameters were calibrated using
available cyclic laboratory tests in order to capture both triggering and post-liquefaction shear
strain accumulation, the latter being particularly important for the problem at hand, since the
loose sand layer liquefies early in the earthquake. The same calibrated parameters were used
in both 2D and 3D simulations.
It was shown that the results of the 3D analyses are in close agreement with the experimen-

tal results both in terms of foundation settlements and excess pore pressures. By contrast, the
2D analyses tend to overpredict the measured foundation settlements even though the excess
pore pressures estimated numerically are in agreement with the centrifuge measurements. The
difference in the predicted footing settlements between 2D and 3D numerical analyses can be
attributed to geometry effects and modeling limitations in 2D. Therefore, 2D and 3D simula-
tions of this problem are not equivalent.
The Ta-Ger model, as implemented in FLAC3D (a code commonly used in geotechnical

practice), appears to be capable of capturing the important phenomena associated with complex
soil-structure interaction problems and liquefaction. This tool can be particularly useful for
understanding and evaluating problems which cannot easily be simplified to a 2D geometry.
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