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on the seismic active earth pressure
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ABSTRACT: Both field observations and small-scale tests performed using shaking tables
have shown that the distribution of lateral pressure of granular soils on rigid retaining walls
during earthquakes does not have a linear shape. The purpose of this paper is to present a bilin-
ear distribution, based on the Granular Mechanics, whose fundamental hypothesis is the trans-
mission of stresses as networks of contact forces depending on the kinematics of the wall. As a
result, a simple but general formula for the seismic lateral pressure is derived, that satisfies the
pseudo-static equations of equilibrium and the boundary conditions, and comprises the distribu-
tions corresponding to the three elementary modes of wall movement: horizontal translation,
rotation about the base, and rotation about the top. The juxtaposition of two or three distribu-
tions describes the more general cinematic conditions. Experimental data reported by several
authors are used to prove the exactness of the theoretical lateral soil pressure.

1 INTRODUCTION

The determination of the lateral force of soils in highly seismic regions of the Earth is a problem
not yet satisfactorily solved. Since the pioneering work of Okabe (1926) and the small-scale tests
ran by Mononobe and Matsuo (1929), several theories have been proposed based in the hypoth-
esis that the distribution of the seismic lateral pressure against the wall is linear. However, field
observations on retaining walls after earthquakes, and small scale tests carried out in shaking
tables with controlled acceleration, not only resulted in a non-linear distribution of the lateral
pressure, but also in a dependence on the type of movement of the wall. It has been shown that
a retaining wall submitted to a seismic load exhibits different seismic lateral pressure for: hori-
zontal translation (T), rotation about the base (RB) and rotation about the top (RT) (e.g. Sherif
& Fang 1984, Ishibashi & Fang 1987, Lo Grasso et al. 2004). To explain this behavior, pseudo-
static and pseudo-dynamic theories, based on the Terzaghi´s arching effect, have been proposed
by several authors, such as Choudhury and Singh (2006) and Steedman and Zeng (1990). In this
paper, based on the granular nature of the backfill, a new method to find the seismic lateral
pressure is derived, having account of the kinematics of the grains.

2 BEHAVIOR OF DENSE GRANULAR SOILS

Both the experiments on granular materials (e.g. Selig & Ladd 1973) and the numerical model-
ing using discrete elements (e.g. Cundall & Strack 1979) have shown that dense granular mater-
ials have special properties, such as dilatancy and shear banding, among others. But soil masses
have two characteristics more: (a) the transmission of the stress as chains of contact forces,
which include some grains and exclude others, and (b) the multiplicity of the chains of forces,
by which they change the contacts, according to the kind of stress or the strain level (e.g. Ostojic
2006). These properties have been evidenced, for example, in the photographs taken in the two-
dimensional specimens of bi-refringent grains regularly or randomly distributed, (e.g. Majmudar
and Behringer 2005). To describe this special behavior, some theories have been developed
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based on the Statistical Mechanics (e.g. Ostojic 2006). But they are too complicated to be
applied directly in the solution of the practical problems of soil engineering. So that, in this
paper, a model based on the hypothesis that, in a granular material, the stresses are transmitted
by discrete, linear and conjugated chains of contact forces is proposed to explain the non-linear
distribution of the lateral earth pressure on retaining walls. This model allows the calculations
to be simplified to great extent by choosing the Boundary Method, because only the lateral pres-
sure on the wall is needed to know. Even more, when a chain of force is associated to an inclined
band, the continuum concepts may be used to find the pressure.

3 DEFINITION OF THE CHAINS OF FORCES IN A BACKFILL

Figure 1a shows the typical geometry of a retaining wall submitted to the lateral pressure of a
backfill, whose characteristics are: w = angle of the back of the wall to the vertical, i = angle of
the soil surface to the horizontal, δ = angle of soil-wall friction, φ = angle of soil internal fric-
tion, and γ = unit weight of the backfill. The backfill is a granular material pervaded by chains
of forces. The soil wedge is limited by the back of the wall, OE, and the shear band, CE,
assumed by simplicity as linear, and inclined the angle θf to the vertical. The chains of forces
within the mobilized wedge are linear and conjugated, but generally asymmetric. In Figure 1a,
two typical conjugated chains acting on the back of the wall at depth z are drawn: the chain 1,
BF, along which acts the reaction force; and the chain 2, AB, whose weight originates the action
force, both inclined according to the angles θ1 and θ2 with respect to the vertical, respectively. In
the general case, the difference between the inclination of the chain of forces 2 and the shear
band, CE, originates two triangular zones in the backfill, separated by the critical chain of force
CD, defined by the triangles OCD and DCE, and called: zone I, and zone II.

4 GRANULAR PSEUDO-STATICS OF A BACKFILL

The transmission of the forces due to the own weight of a dense granular soil can be analyzed
in a simple way associating to each chain of forces an inclined band of width S, in such a way
that several grains can be included within the intersecting basic element. Thus, the weight of the
rhomboidal cell subtended by two conjugated bands is W = γSh, where h is the half-diagonal of
the rhomboid. The Cartesian components of the maximum inertial force induced by a seismic

Figure 1. a) Definition of the parameters of the granular lateral pressure against a retaining wall. b) In

the upper part: lateral force induced by the chains of conjugated forces, and, in the lower part, areas in

the back of the wall subtended by the band associated with the chain of forces 2.
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movement can be defined as FIh = αhW and FIv = αvW, where αh and αv are the horizontal and
vertical seismic coefficients, respectively. The resultant of the weight and the force of inertia
makes an angle s with respect to the vertical, which is determined by: tan s = αh/(1-αv). Decom-
posing the resultant force in the directions of the bands, the magnitudes of the contact forces f1
and f2 are found. When the granular medium is homogeneous, the sum of the forces of the Ni

elementary contacts acting along the direction i, (i = 1, 2), is the chain force: Fi = Nifi. For the
Boundary Method, only the chain force in direction 2, acting on the back of the retaining wall
is to be known. That is:

F2 ¼
γð1� αvÞSz2 sinðθ1 þ sÞ

cos s sinðθ1 þ θ2Þ
ð1Þ

where N2h has been replaced by the height of the band z2. Then, the lateral force is determined
by solving the parallelogram of forces BC‘G of Figure 1b, taking account of the soil-wall fric-
tion, δ. The force F2 is known in magnitude and direction, whereas the force F1 and the unit
lateral force Fa are known only in direction. By applying the law of sines to the triangle of
forces, the lateral force Fa is determined. Also, the law of sines applied to the triangle B1B2B3 of
Figure 1b, gives the relationship between the area, S, of the horizontal section of the band 2,
and the area, Sa, of the section subtended by the band 2 in the back of the wall. Likewise,
applying the law of sines to the triangle OAB in Figure 1a, z2 is expressed in terms of z, the
depth of the point in consideration respect to the top of the wall. Dividing Fa between Sa, the
lateral pressure is obtained in zone I:

σI ¼
γð1� αvÞz sinðθ1 þ sÞ sinðθ2 þ wÞ cosðw� iÞ

cos s cosw cosðθ2 þ iÞ cosðθ1 � w� δÞ
ð2Þ

The lateral pressure in zone II is derived in the same way, regarding the shear band as the
boundary of the backfill. As a result, it is found that equation (2) is also valid to calculate the
lateral pressure in zone II changing z by (H-z) and i by -θf.

Now, since the distribution of the lateral pressure obtained is bilinear, its graphical represen-
tation and the subsequent calculations are greatly simplified if the critical depth and the max-
imum lateral pressure are known. The critical depth, denoted by HI, is expressed in terms of H,
by applying the law of sines to the triangle OCD in Figure 1a. The result may be written as:

HI ¼ H
sinðθf þ wÞ cosðθ2 þ iÞ

cosðθ2 þ wÞ cosðθf þ iÞ
ð3Þ

The maximum lateral pressure is obtained by replacing equation (3) in equation (2) for z =
HI. That is,

σmax ¼
γð1� αvÞH sinðθ1 þ sÞ sinðθf þ wÞ cosðw� iÞ

cos s cosw cosðθf þ iÞ cosðθ1 � w� δÞ
ð4Þ

The lateral force of the backfill acting against the retaining wall may be determined as the
area of the triangle whose base is the back of the wall, and whose height is the maximum lat-
eral pressure (4). That is:

Pa ¼
γH2

2

ð1� αvÞ sinðθ1 þ sÞ sinðθf þ wÞ cosðw� iÞ

cos2w cos s cosðθf þ iÞ cosðθ1 � w� δÞ
ð5Þ

The location of the point of application of this force is obtained by computing the sum of
the moments induced by the resultants on each partial triangle of the lateral pressure diagram.
Dividing this sum between Pa gives:
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Ha ¼
H

3
1þ

sinðθf þ wÞ cosðθ2 þ iÞ

cosðθf þ iÞ sinðθ2 þ wÞ

� �

ð6Þ

Obviously, all of these equations have a very simple mathematical structure. In addition,
they reveal that the coefficient of the lateral force depends only on the angle θ1, whereas the
coefficient of the location of the point of application depends only on the angle θ2. Since the
chains of forces of angle θ1 point in the direction opposite to the retaining wall, the coefficient
of the lateral force is almost independent of the type of movement of the wall, contrary to
what happens with the point of application, which depends on the angle of the chain of forces
θ2, that points in direction to the retaining wall. These statements are in agreement with the
conclusions obtained by several authors from the results of experimental testing.

5 DETERMINATION OF THE GRANULAR PARAMETERS

For granular mechanics, the parameters defining the behavior of the backfill are the inclin-
ations of the chains of forces, θ1 and θ2. To determine these angles, it is necessary to know
first the inclinations of the chains of forces in a natural, unconstrained, state. Obviously, this
state corresponds to a soil slope whose network of forces coincides with the ideal packing of
the grains, which must be symmetric. Thus, θ1 = θ2 = θ0. For a soil limited by a horizontal
surface, the following relationship holds: tan2θ0 = K0. For the same network of forces in a
critical infinite slope the relationship cos2θ0 = sin2φ is attained. Eliminating the angle θ0 of
these expressions leads to the relationship K0 = 1/(1 + 2tan2φ), which allows the evaluation of
the granular model. The experimental data reported by several authors fit well to the theoret-
ical curve (Yanqui, 2013).
The location and the direction of the chains of forces changes for the constrained states, but

the packing of grains remains almost constant. This property is termed multiplicity of the
granular media. For instance, for the basic packing of grains axially loaded, it is easily demon-
strated that the inclination of the chains of forces in the limit state are given by: cos2θfa = sin
φ, and cos2θfp = -sin φ, which correspond to the Rankine´s active and passive states, respect-
ively. Furthermore, if an infinite soil slope, whose surface is inclined an angle i to the horizon-
tal is in plastic sate, inclinations of the chains of forces are obtained from the equation:

cos 2θf ¼ sin2i � cos i
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

cos2i � cos2�
p

ð7Þ

in which the positive sign pertains to the active state and the negative sign, to the passive state.
Theoretically, the shear band that defines the mobilized wedge may be determined minimiz-

ing the quotient of the shear strength between the shear force, for which the complete stress
state of the granular backfill must be known. However, most of the authors agree that this
curve differs very little from the Rankine´s slip line for a vertical back wall and horizontal
backfill surface. For this reason, for the present boundary method, the shear band is assumed
to be given by the equation (7).

6 KINEMATICS OF THE RETAINING WALLS

6.1 Horizontal translation (T)

In this case, the cinematic boundary condition can only be fulfilled if the soil wedge slides
downwards as it were a rigid body, clearly drawing a graben (Figure 2a). So that, the packing
of grains remains in the original configuration, and the mobilized wedge is made of conjugated
bands “at rest”, where θ1 = θ2 = θ0 (Figure 2b). As long as this angle is greater than the angle
of the shear band, θf, the mobilized wedge exhibits two zones, with different boundaries: the
backfill surface, and the shear band. Consequently, the distribution of the lateral pressure is
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bilinear, becoming null at the top and at the base of the wall, exhibiting the maximum lateral
pressure near to the base.

6.2 Rotation about the top (RT)

As a result of the rotation about the top of the wall, the soil constraining grows with the
depth, and, in the elemental packing, each lower grain rotates clockwise with respect to the
point of contact with the upper left grain, which remains in at rest state (Figure 3a). But this
rotation is possible only if each grain gets to slip in the clockwise direction with respect to the
lower left grain. For this to happen, the contact force must reach the direction of the plastic
band of the passive limit state (Figure 3b). This is: θ1 = θ0 and θ2 = θfp. Since the angle of the
passive plastic bands, θfp, is much greater than the angle of the shear band, θf, the distribution
of the lateral pressure is bilinear with the vertex near the top of the retaining wall.

Figure 2. a) Horizontal translation of a retaining wall and kinematics of the packing of grains, b) statics

of the packing of grains and the associated bands of stress transmission in the mobilized wedge.

Figure 3. a) Rotation about the top of a retaining wall and kinematics of the packing of grains, b) stat-

ics of the packing of grains and associated bands of stress transmission in the mobilized wedge.
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6.3 Rotation about the base (RB)

As a consequence of the rotation about the base of the wall, the upper grain are indented ver-
tical and symmetrically in the pore formed by the lower grains of the packing of grains, indu-
cing a uniform horizontal deformation of the backfill, and, consequently, causing the chains
of forces meet the condition θ1 = θ2 = θf, at the ultimate state. In this case, the free surface of
the deformed wedge is depressed, forming a graben. This mechanism coincides with that pro-
posed by Rankine, which is found in any text of Soil Mechanics. Another plausible mechan-
ism is developed when the upper left grain rotates counterclockwise with respect to the point
of contact with the lower right grain. This rotation is only possible if each upper grain gets to
slide with respect to the lower left grain. Externally, the surface of the backfill undergoes a
rotation around the upper end of the shear band, reaching the maximum displacement at the
top of the retaining wall. The mobilized wedge is made of plastic bands in the direction of the
wall, and “at rest” bands in the direction of the fixed soil. So that, θ1 = θ0 and θ2 = θf. For this
second mechanism, the lateral pressure distribution remains to be linear.

7 EVALUATION OF THE RESULTS

The backfill models tested by Lo Grasso, Maugeri and Motta (2004) were instrumented to
measure displacements, accelerations and dynamic pressure. The retaining walls were built with
micro-concrete and had a height of 30 cm. The soil used in all the tests was dry silica sand from
the east coast of Sicily, with the following characteristics: γmax = 18.2 kN/m3, γmin = 15.04 kN/
m3, φ=37 °, DR = 75%. The soil-wall system was subjected to a harmonic acceleration whose
amplitude was increased with time until reaching the maximum values of 0.37 and 0.43g, while
the frequency was kept constant and equal to 6 Hz. In Figures 4a and b, the experimental max-
imum lateral pressures and the theoretical lateral pressure given by equation (2) are plotted. The
first shows the distributions for a predominant horizontal translation movement, and the
second, for a predominant rotation about the top. It is interesting to note that the theoretical
bilinear distribution represents the mean value of each mode, approximately. Likewise, even
though the authors report a variation in the acceleration within the soil, the input acceleration
of the shaking table was used to calculate the seismic lateral pressure.
In 1984, Sherif and Fang reported the results of dynamic reduced scale tests on a dense

sand on a 1.0 m high retaining wall, which rotated about the top (RT). The soil properties

Figure 4. Comparison of distributions of lateral earth pressures obtained experimentally by Lo Grasso

et al. (2004) in the shaking table of the University of Catania, and the granular theory, for: a) horizontal

translation mode (T), and b) rotation about the top mode (RT). The continuous line stands for Granular

Mechanics.
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were: γ = 15.99 kN/m3; φ = 40.1°; δ = 20.05°; i = w = 0°. As seen in Figure 5a, the lateral
pressures found for seismic coefficients of 0.00, 0.26 and 0.40 fit very well to the bilinear distri-
bution for which: θ1 = θ0 and θ2 = θfp. However, when the system is requested by a strong
harmonic movement of a seismic coefficient of 0.52, the experimental data are better adjusted
to the juxtaposition of distributions of lateral earth pressure pertaining to the rotation about
the top and horizontal translation (RTT), (Figure 5b).
In the Ishibashi and Fang (1987) tests, the backfill used was the Ottawa silica sand, whose

properties were: γ = 15.99 kN/m3 and φ = 40.1°. The wall could move in three modes: transla-
tion (T), rotation about the base (RB) and rotation about the top (RT). Figure 6a shows the
good agreement of equation (2) with the linear distributions of Mononobe-Okabe, except in
the base, where there is an overlap of the chain of forces in the ultimate state and the chain of
forces in the at rest state. Figure 6b compares the experimental pressure with the juxtaposition
of the distributions of the lateral earth pressure pertaining to the rotation about the top and
horizontal translation (RTT).

Figure 5. Comparison of distributions of lateral earth pressures obtained experimentally by Sherif and

Fang (1984) in the shaking table of the University of Washington, and the granular theory, for a wall

rotating about the top (RT) for: a) moderate earthquake, and b) strong earthquake. The continuous line

stands for Granular Mechanics.

Figure 6. Comparison of distributions of lateral pressures obtained experimentally by Ishibashi and

Fang (1987) in the shaking table of the University of Washington, and the granular theory, for: a) Rota-

tion about the base (RB), and b) Rotation about the top (RT).
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8 CONCLUSIONS

The granular mechanics, based in linear and conjugated chains of contact forces, offers a
more adequate and rigorous description of the lateral pressure of the backfill than that of
Mononobe-Okabe, yielding very simple and practical formulas, under very general boundary
conditions, if the shear band is assumed to be a straight line. Under this hypothesis, the theory
predicts that the distribution of the lateral pressure is linear for the walls that rotate around
the base and is bilinear for the walls that move horizontally and the walls that rotate about
the top. The equations predict that the type of movement of the retaining wall affects little to
the resultant lateral force, but changes markedly the location of the point of application. The
comparison of the theoretical lateral pressures with the experimental data reported by several
authors is good.
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