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ABSTRACT 
When conducting seismic stability analysis on reinforced slopes, the slip surface must be determined. To evaluate the 
stability of reinforced slopes comprising a homogenous foundation material, a seismic stability analysis using the circular 
slip surface is highly practical; however, for evaluating the seismic stability of reinforced slopes that have complex strata 
with weak layers, the safety factors obtained by using this method are not always the minimum values. One of the 
appropriate methods that evaluate the seismic stability of reinforced slopes is the analysis using a noncircular slip 
surface. To evaluate the seismic stability, the constraint conditions need to be set, and the slip surfaces having the 
minimum safety factor need to be determined. However, although reasonable slip surfaces even for reinforced slopes 
with complex strata can be obtained using stability analysis via a noncircular slip surface, there are issues regarding the 
complexity of its computation algorithm and the high computation cost for obtaining appropriate solutions. These 
problems arise because of the need to solve a multimodal function with slip surface coordinates as variables for 
determining the noncircular slip surface of reinforced slopes, resulting in the optimization of a multimodal function that 
meets the objective of a minimum safety factor. This study proposes an efficient stability analysis method using a 
noncircular slip surface based on the Spencer method, which is the safety-factor computation method, and the particle 
swarm optimization method, which is the slip-surface search algorithm. In addition, a numerical technique that evaluates 
the limit state exceedance probability of the reinforced slopes using a low-discrepancy sequence Monte Carlo method is 
proposed. The result of the analysis shows that the proposed method is practically useful and efficient for performance-
based design of reinforced slopes. 
 
 
 
1 INTRODUCTION 
 

The stability of slopes with a safety factor is evaluated 
from the ratio of the sliding force to the resistive force of 
the soil mass that follows along the slip surface in a limit 
equilibrium state. Since many years, this method has 
been essential for evaluating the stability of slopes. The 
stability analysis methods can be classified based on the 
method used for computing the slip surface and safety 
factor. Some of the methods that assume slip surfaces as 
circular are the Fellenius and Bishop methods (Fellenius 
1936 and Bishop 1954). These methods compute a safety 
factor that will satisfy the force equilibrium equation with 
simple assumptions. These classical methods are widely 
used in practice, as they do not generate major errors 
compared to the exact solutions, and the safety factors 
obtained are usually slightly small. Furthermore, the 
methods that assume slip surfaces as noncircular are the 
Janbu method (Janbu 1955), Morgenstern–Price method 
(Morgenstern and Price 1965), and Spencer method 
(Spencer 1967, 1973). The Morgenstern–Price method 
and the Spencer method determine the safety factor by 
satisfying both the force and moment equilibrium 
equations considering the forces between the slices; 
hence, they can be considered exact methods. 

When conducting a stability analysis, the slip surfaces 
must be determined. In the circular slip-stability analysis 
methods, only the arc center and the radius require 
searching, which help determine the slip surfaces quite 
easily. To evaluate the stability of embankments or other 
structures comprising a homogenous foundation material, 
the circular slip-stability analysis is a highly practical 

method; however, for evaluating the stability of natural or 
reinforced slopes that have complex strata with weak 
layers or a nonuniform arrangement of reinforcement, the 
safety factors obtained by this method are not always the 
minimum. Moreover, to improve the computation 
efficiency and eliminate unrealistic slip surfaces, the 
noncircular slip-stability analysis sets the constraint 
conditions and determines the slip surfaces having a 
minimum safety factor. However, although reasonable slip 
surfaces even for natural or reinforced slopes can be 
obtained using the noncircular slip-stability analysis, the 
complexity of its computation algorithm and the high 
computation cost required to obtain appropriate solutions 
are major problems. These problems arise because, 
when computing the safety factors based on the 
assumption of noncircular slipping, the equation that 
calculates the safety-factor becomes a multimodal 
function with slip surface coordinates as variables, and 
reduces to the problem of optimizing a multimodal 
function that meets the objective of a minimum safety 
factor. 

The particle swarm optimization (PSO) method is a 
type of probabilistic multipoint search-driven optimization 
method based on the herd intelligence seen in shoals of 
fish and flocks of birds (Kennedy and Eberhart 1995). 
This method is effective for solving complex 
nondifferentiable problems, and its convergence 
performance has enabled application to multimodal 
function optimization problems in various fields in recent 
years. Although previous researchers illustrate the 
application of the PSO method to the slope stability 
analysis, they set the parameters of the PSO method 



 

uniformly using prior analysis; moreover, they give 
insufficient descriptions of information such as the 
convergence conditions during the computation process 
(Cheng et al. 2007). Many examples that evaluate the 
slope stability considering the noncircular slip surface 
exist. However, fewer examples exist for the reinforced 
slopes having nonuniform arrangement of reinforcement. 

This study proposes an efficient noncircular slip-
stability analysis method that employs the Spencer 
method as the safety-factor computation method and a 
simple PSO method with few parameters as the slip-
surface search algorithm. The safety-factor computation 
method sets a force equilibrium equation that considers 
the seismic intensities in the horizontal and vertical 
directions. In the slip-surface search algorithm developed 
based on the PSO method, the previously proposed low-
discrepancy sequence (Faure 1982, Halton 1960, Sobol’ 
1967, Niederreiter 1988, and Tezuka 1995) is applied to 
the random numbers utilized in the method. In addition, 
the seismic limit state exceedance probability of the 
reinforced slopes was calculated by using the efficient 
slip-surface search algorithm. 
 
 
2 OBJECTIVE OF THE ANALYSIS 
 

The main objective of the analysis in this study is to 
propose methods for calculating the seismic stability and 
limit state exceedance probability of reinforced slopes. 
The proposed methods provide precise calculation 
techniques for computing the seismic stability and limit 
state exceedance probability of a wide geometrical range 
of reinforced slopes using the noncircular critical slip-
surface method. 
 
 
3 PSO-BASED CRITICAL SLIP-SURFACE SEARCH 

METHOD 
 

Figure 1 shows the procedure for the slip-surface 
search algorithm based on the PSO method. The specific 
computation method is briefly presented below with 
respect to the flow chart shown in Figure 1. 
 
3.1 Preconditions 
 

Figure 2 shows the definition of the function 
expressing the topography and slip surfaces along with 
the slip surface generation conditions. Here, the function y 
= t(x) expresses the land surface, the function y = l(x) 
expresses a stratum boundary, the function y = s(x) 
expresses the slip surface, and the function y = h(x) 
expresses the lower limit of a region generating a slip 
surface. 

The nodes of the slip surface are defined by (xi, yi) Ɐ i, 
i = 1···n, and the following constraint conditions are set for 
the x coordinates of the slip surfaces at the toe and top of 
the slope on the land surface: 
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Figure 1. Flow chart of the proposed algorithm to search a 
critical slip surface based on the particle swarm 
optimization (PSO) method 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

Figure 2. Notations of the earth slopes 
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where x1,min and x1,max are the minimum and maximum 
values of x1, respectively. xn,min and xn,max are the minimum 
and maximum values of xn, respectively. Furthermore, to 
generate a slip surface within an area having upper/lower 
limits, the following constraint condition is provided: 
 
 

     xtxsxh  .      [3]
 
 
For this condition, a group of coordinates configuring a 
given slip surface is defined as follows: 
 
 

 nn yxyxyxS ,,,,,, 2211  .     [4]
 
 
As the Spencer method was used for computing the 
safety factor in this study. As shown below, the variables 
in the function used for determining the safety factor are 
the slip coordinates (S) and the angle of inclination 
between the slices (θ). 
 
 

 ,SfFS         [5]
 
The noncircular slip-surface determination reduces to the 
problem of minimizing the objective function given by 
Equation 5. As this function is a multimodal function, it 
originates from the optimization problem of the multimodal 
function. In this study, the following geometric constraint 
conditions were set for the generated slip surfaces: 
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As the PSO method is used for these conditions, when 
the multiple slip-surface groups in the kth step are given by 
Sjk Ɐ j : j = 1···m, the slip surface coordinate group of the 
kth step can be defined as follows: 
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where S1k can be defined as  
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The slip-surface coordinate groups are updated in each 
step to minimize the safety factor. The safety factor 

corresponding to each slip surface group is updated as 
follows: 
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3.2 Evaluating the velocity and updating the slip-

surface coordinates 
 

To generate the slip-surface nodes using the PSO 
method, the slip-surface coordinates of the preceding step 
are updated by adding a velocity term, as shown in 
Equations 12 and 13: 
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where ݔݒ௝,௜௞ାଵ and ݕݒ௝,௜௞ାଵdenote the velocities in the x and y 
directions, respectively, which are given as follows: 
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

Here, w denotes the inertia weighting coefficient; c1 
indicates the local-solution weighting coefficient; c2 
represents the optimum-solution weighting coefficient; r1 
and r2 denote uniform random numbers at the interval [0, 
1], respectively; xlj,i and ylj,i indicate the local optimal 
solutions of the target particle in the x and y coordinates, 
respectively; xgi and ygi denote the global optimum 
solutions of the target particle in the x and y coordinates, 
respectively. The low-discrepancy sequence was used for 
the uniform random numbers, which has an extremely 
high uniformity even at higher dimensions. 

The new velocity is computed using the current 
particle velocity and its differences with the local and 
global optimum solutions. Here, the phrase “local 
optimum solution” implies the optimum solution for the 
target particle, and the phrase “global optimum solution” 
implies the optimum solution for all the particles. For the 
computation of the velocities given by Equations 14 and 
15, the following constraint conditions are set: 
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where ݒ௝,௜,୫୧୬௞  and ݒ௝,௜,୫ୟ୶௞  denote the minimum and 
maximum values of the velocity, respectively calculated 
using the equations given below. The minimum and 
maximum values for the velocity of the slip surface 
coordinates at the toe and top of the slope are calculated 
as follows: 
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The minimum and maximum values for the velocity of the 
slip-surface coordinates at positions other than the toe 
and top of the slope are calculated as follows: 
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where  denotes the parameter that determines the 
magnitude of the minimum and maximum values of the 
velocity; hence, to satisfy Equation 6, it must be set to a 
value below 0.5. Therefore, in this study, this value is set 
as 0.4, which remains constant. 
 
3.3 Safety-factor computation 
 

The Spencer method was used for computing the 
safety factor so that the force equilibrium equation in the 
horizontal and vertical directions and the moment 
equilibrium equation are satisfied.  

When using the Spencer method, if the predicted 
external forces on the slip surface are in a state of 
equilibrium, the sum of all the internal force vectors must 
be zero. In other words, the sum of each of the horizontal 
and vertical components of the internal force must be 
zero. Assuming that the inclination θi of the statically 
indeterminate internal force Zi with respect to the 
horizontal is constant throughout the slices, the following 
equation can be obtained: 
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where Qi and MRi are the resultant force and the resultant 
moment in the slice, respectively. To satisfy Equations 24 
and 25, the safety factor can be calculated. The 
relationship between the safety factor and the resultant 
resistance force acting along the bottom of the ith slice is 
given below: 
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where ci is the cohesion in the ith slice; li is the length at 
the bottom of the ith slice; Pi is the resultant force acting 
on the bottom of the ith slice; i is the internal friction angle 
of the ith slice; Ti is the tensile strength of the ith 

reinforcement; i is the inclination of the ith reinforcement 
from the horizontal plane; Smi is the resultant resistance 
force acting along the bottom of the ith slice. 
 
 
3.4 Updating local and global optimum solutions 
 

When a safety factor is computed with the updated 
slip surface coordinates, and a safety factor smaller than 
the local optimum solution or the global optimum solution 
is obtained, the slip-surface coordinates in the local 
optimum solution or the global optimum solution need to 
be updated as follows: 
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where SLj denotes the local optimum solution, and SG 
represents the global optimum solution. 
 
3.5 Convergence conditions 
 

No clear convergence conditions for the PSO method 
have been proposed thus far. Some applications of the 
slope stability analysis pre-set a number of repetitions 
deemed likely to converge and repeat the computation for 
the pre-set number of times, while others set a safety 
factor difference before and after a pre-set number of 
repetitions for the convergence condition. In this study, 
the basic approach was to set the absolute value of the 
velocity term given in Equations 14 and 15, and the 
difference in the safety factor before and after the number 
of trials for the convergence conditions. The convergence 



 

conditions for the PSO method utilized in this study are as 
follows: 
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where v denotes the tolerance error of the velocity; FS 
denotes the difference in the safety factor before and after 
the number of trials; FS denotes the tolerance error of the 
safety factor. A prior analysis showed that, as the length 
of the slip surface increased, the amount of movement 
that the slip surface coordinates had, which affected the 
safety factor, decreased (i.e., the safety factor significantly 
changed by a slip-surface coordinate movement of 0.1 m 
for a slip-surface length of 1.0 m, and the safety factor 
changed slightly by a slip-surface coordinate movement of 
0.1 m for a slip surface length of 10.0 m). Hence, v was 
set in accordance with the length of the slip surface. In 
this study, the value was set to equal the length of the slip 
surface divided by 1500. Furthermore, FS was set as 
0.0001. When the PSO method is used, the velocity term 
given in Equations 14 and 15 may be slow to converge or 
may not converge depending on the parameter values. 
Therefore, in addition to the convergence conditions 
mentioned above, the proposed method sets an upper 
limit for the number of trials for each maximum number of 
nodes. In this study, a value of 300 was set as the upper 
limit for the number of repetitions based on a prior 
analysis. 
 
3.6 Increasing number of nodes 
 

If convergence occurs with the current number of slip-
surface nodes and the number of slip-surface nodes does 
not satisfy the target number of slip-surface nodes, the 
number of slip-surface nodes increases as shown below. 
First, the current slip-surface node number is updated as 
follows: 
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Next, the maximum number of slip-surface nodes is 
increased as follows: 
 

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Finally, a new node is set between the slip-surface nodes 
updated by Equations 30 and 31 as follows: 

 
 

02mod:
2

1,1,
, 


  ii

xx
x

k
ij

k
ijk

ij and  [34]

02mod:
2

1,1,
, 


  ii

yy
y

k
ij

k
ijk

ij .  [35]

 
 

As described previously, the initial maximum number of 
slip surface nodes is four; therefore, the maximum 
number of slip surface nodes will be 4, and then 7, 13, 25, 
and so on. 
 
 
4 QUASI-MONTE CARLO METHOD 
 

This method can be applied to a reliability analysis 
wherein the reliability of a structure can be evaluated by 
the sign of the performance function. For example, a 
reliable or safe structure has a positive performance 
function, whereas an unreliable or unsafe structure that 
exceeds the limit state has a zero or negative 
performance function. In this study, the following 
performance function was employed for the reliability 
evaluation: 

 

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where Z is the performance function. The safety-factor 
calculation is repeated by varying the input parameters up 
to the prescribed number of simulations. The limit state 
exceedance probability is then obtained as follows: 
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where P is the limit state exceedance probability; N is the 
total number of simulations; NZ1 is the number that 
corresponds to the cases wherein the performance 
function is equal to or less than 1.0. The aforementioned 
solution is known as the crude Monte Carlo (CMC) 
simulation. In general, the CMC simulation is 
computationally expensive for calculating the limit state 
exceedance probability. The non-uniformity of the input 
parameters is a practical problem of this simulation. The 
problem is due to random input parameters generated by 
the classical or conventional random sampling scheme, 
which is a non-uniformity distribution in a small number of 
simulations, inducing an impermissible numerical error. 

The uniformity of the random variable could be 
significantly improved by using the low discrepancy 
sequence (LDS). Based on the above results, it is 
reasonable to use the LDS for random numbers in the 
current Monte Carlo simulation. 
 



 

 
 
 
 
 
 
 
 
 

Figure 3. Nodal coordinate of the analytical model 
 
 
 
 
 
 
 
 
 
Figure 4. Reinforcement arrangement 
 
Table 1. Average soil properties. 
 
Soil property Layer 1 Layer 2 Layer 3 
Unit weight (kN/m3) 19.5 19.5 19.5 
Cohesion (kPa) 0.0 5.3 7.2 
Friction angle () 38.0 23.0 20.0 

 
Table 2. COVs of soil properties. 
 
Soil property Layer 1 Layer 2 Layer 3 
Unit weight (kN/m3) 5.0 5.0 5.0 
Cohesion (kPa) 10.0 10.0 10.0 
Friction angle () 10.0 10.0 10.0 

 
 
5 NUMERICAL APPLICATION 
 
5.1 Numerical condition 
 
Figure 3 shows the nodal coordinates of the analytical 
model constituted by three layers. Table 1 lists the 
properties of the soil. This analytical model was selected 
because the researchers in the past have already 
computed a safety factor for the model without 
reinforcement. In a previous investigation related to this 
research, the static safety factor of the model without 
reinforcement was computed as 1.369, which is very 
close to that computed by Goh (1999), Bolton et al. 
(2003), and Cheng et al. (2007). Figure 4 shows the 
analytical model with reinforcements wherein the 
configuration of the strata is the same as that of the model 
without the reinforcements. The reinforcements were 
installed for layer 1 from the surface of layer 1 to the 
boundary between layers 1 and 2. For the calculation of 
the seismic limit state exceedance probability of the 
reinforced slope model, the COV of the unit weight was 
set as 5%. The COVs of the friction angle and cohesion 
were set as 10%. The average and COV of the tensile 
strength were set as 50 kN/m and  

 
 
 
 
 
 
 
 
Figure 5. Average slip surface obtained from the low-
discrepancy sequence Monte Carlo simulation 
 
 

 
 
 
 
 
 
 
 
 
 
 
 
 
 

Figure 6. Histogram of the safety factor 
 
 

10%, respectively. The horizontal and vertical seismic 
coefficients were set 0.15 and 0.1, respectively, which 
were constant values.  

To conduct an efficient numerical analysis, the 
minimum and maximum values were set at the slip 
surface of the x coordinates of the toe and top of the slope 
for setting the land-surface and slip-surface coordinates. 
The values for the area having x coordinates ranged from 
21.0 to 30.0 and from 50.0 to 60.0 at the toe and top of 
the slope, respectively, for the slip surface generation 
area. As described earlier, the value set for the tolerance 
error of the node velocity was the slip-surface length 
divided by 1500, and the value set for the tolerance error 
of the safety factor was 0.0001. The number of slip-
surface nodes was seven. The number of particle swarms 
used in the PSO method was 40. When the PSO method 
was used for evaluating the local and global optimum 
solutions after generating 40 slip surfaces at once, the 
number of trials was regarded as one trial at a point in 
time when 40 slip surfaces were generated. The analysis 
condition for the PSO method was w = 0.86, c1 = 0.86, 
and c2 = 0.86, which are explained in Equations 14 and 
15. The precision and convergence of the solutions 
obtained by using the parameters of the PSO method are 
beyond the scope of this study; however, the studies in 
this area will be conducted in the near future. 
 
5.2 Analytical results 
 

Figure 5 shows the average critical slip surface 
obtained from the low-discrepancy sequence Monte Carlo 
(LDSMC) method with 500 simulations. The average 
critical slip surface crosses the reinforced area in layer 1.  
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Figure 7. Limit state exceedance probability versus 
number of simulations 
 
 
In the current simulation, the number of vertices of the slip 
surface was only seven because the calculation was time-
consuming; hence, the analytical accuracy of the safety 
factor was insufficient. The numerical result considering 
more than seven vertices will be presented in future 
studies. 

Figure 6 shows the histogram of the safety factor 
wherein the average and standard deviation are 0.929 
and 0.074, respectively. The probability distribution is 
likely to be a normal distribution. The limit state 
exceedance probability can be evaluated by calculating 
the sum of the areas less than 1.0, seen in Figure 6. 
Figure 7 shows the limit state exceedance probability 
versus the number of trials for the LDSMC method. The 
limit state exceedance probability of 0.862 was obtained 
using the LDSMC method when the number of 
simulations reached 500. When the LDSMC method is 
applied for calculating the limit state exceedance 
probability, it is not practically useful because calculating 
the lower limit state exceedance probability takes longer 
time. In this case, the effective method for this calculation 
is to employ the advanced sampling method, such as the 
importance sampling, or approximate calculation, for 
example, the first-order reliability method. The 
effectiveness of such advanced and approximate 
methods on the limit state exceedance probability 
calculation with noncircular slip surface will be reported in 
future studies. 
 
 
6 CONCLUSIONS 
 

This study proposes an efficient noncircular slip-
stability analysis method using the Spencer method as 
the safety-factor computation method, including the 
reinforcement resistance, and the PSO method as the slip 
surface search algorithm. In addition, a numerical 
technique that evaluates the limit state exceedance 
probability of the reinforced slopes using the LDSMC 
method is proposed. The result of the analysis shows that 
the proposed method is practically useful and efficient for 
calculating the limit state exceedance probability. 
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