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ABSTRACT 
 
A new model, Modified-Zarrabi model, for computing the sliding displacements of retaining walls during seismic loading 
has been proposed in this study that considers the relative movement between wall and soil wedge such that velocity 
compatibility is achieved along with the acceleration compatibility between them. Using a simplified limit equilibrium 
approach, Zarrabi (1979) proposed a procedure to compute sliding displacements of gravity retaining wall during 
earthquake motion. This procedure gives different yield accelerations for wall and soil wedge considering them as distinct 
rigid bodies unlike Newmark’s formulation. It assumes that sliding of soil wedge will occur only tangentially along the back 
face of the wall and the rupture plane. Their approach of considering different yield accelerations during ground motion 
has resulted into computation of relatively realistic displacements for a gravity wall. However, under certain conditions such 
as when wall, soil wedge and ground all are under motion and perfect contact is maintained between soil wedge and wall, 
soil wedge in reality can never attain velocities higher than wall since soil wedge cannot go past wall. Zarrabi’s model 
however does not capture this condition. Thus, the assumptions taken in the Zarrabi’s model can sometimes violate 
realistic situations and may produce unrealistic results. The proposed model has been implemented in a software code 
and results are recalculated for the configurations discussed by Zarrabi (1979). It has also been applied for bridge 
abutments in the form of cantilever retaining wall by assuming the soil wedge to slide along the vertical plane passing 
through the heel of wall. Four case studies have been discussed and permanent sliding displacement for the same has 
been obtained by the proposed model and compared with the actual displacement and those obtained from conventionally 
adopted Newmark sliding block model. 
 
 
 
1. Introduction 
 
Seismic design of retaining structures currently follows 
force based approach, wherein, a suitable horizontal 
earthquake acceleration coefficient is assumed to 
compute the seismic lateral earth pressure on the back 
face of wall by using Mononobe-Okabe method (Okabe, 
1926, Mononobe, 1929). Selection of this coefficient 
involves a lot of uncertainties (Whitman and Liao, 1985) 
and the design of walls using this approach has proved 
to be over-conservative. Also, damage can be observed 
and measured in terms of deformations that the structure 
has undergone rather than the forces exerted on it. This 
evoked need of performance based design methodology 
to be adopted for the design of retaining structures. In 
this regard, since 1979, literature has witnessed 
permanent displacement based design approaches for 
these structures.  

Richards and Elms (1979) proposed a methodology 
to design a gravity wall assuming a translational 
displacement that the structure can comfortably undergo 
causing distress to the adjacent structures in acceptable 
limits. The yield acceleration coefficient was determined 
using Franklin and Chang’s (1977) expression for the 
expected displacement. This expression was proposed 
after studying 169 corrected horizontal earthquake 
motions using Newmark’s sliding block method 
(Newmark, 1965). But Newmark sliding block method 
computes permanent displacements considering the 
same yield acceleration for both wall and the soil wedge. 

It does not consider relative movement between wall and 
soil wedge which is not the real scenario. 

 Zarrabi (1979) proposed a methodology to compute 
permanent sliding displacements of gravity wall 
considering different yield accelerations for both wall and 
soil wedge. Whitman and Liao (1985) proposed a design 
methodology on the basis of Wong’s expression (Wong, 
1982) for probabilistic permanent displacements which is 
extended form of Zarrabi’s model. While implementing 
Zarrabi’s model it has been observed that, the model is 
capable of taking acceleration compatibility into 
consideration but fails to consider velocity compatibility. 
As a result, the displacements undergone by the soil 
wedge are observed to exceed the displacements of the 
wall. This numerical result violates the physical condition 
that the soil cannot traverse past the wall if full contact is 
assumed to be maintained between them. In this paper, 
issue with respect to velocity compatibility at the 
interface between soil wedge and wall has been rectified 
in the Zarrabi’s model by the proposed new model. The 
examples considered by Zarrabi are re-evaluated by the 
proposed model and the difference in their results have 
been listed. The proposed model has also been applied 
to bridge abutments which are essentially a form of 
cantilever retaining walls. Four case studies on 
cantilever retaining wall has been studied and results 
have been computed using Modified-Zarrabi’s model. 
The obtained displacement has been compared with the 
actual displacement and those obtained by conventional 
Newmark Sliding block model.  

 



2. Zarrabi’s model 

Zarrabi (1979) proposed a formulation to compute 
permanent sliding displacements of the gravity wall. They 
computed the yield acceleration of the wall and soil wedge 
separately as represented by Figure 1. Newmark’s sliding 
block model computes the yield acceleration of the wall 
along with the soil wedge and the computed yield 
acceleration depends only on the geometry of the wall and 
soil properties only. The yield accelerations computed by 
Zarrabi’s model also depends on the ground acceleration 
coefficients along with the properties of wall and backfill. As 
a result, this model computes the dynamic inclination of 
rupture planes unlike Newmark’s model wherein the 
inclination of rupture plane remains constant. This model 
considers only wall to have same vertical acceleration as 
that of ground and not for soil wedge, considering wall to 
have enough weight to resist its movement in the upward 
direction. As a result, the soil wedge undergoes relative 
movement in both horizontal and vertical direction at its 
interfaces along the rupture planes. The formulation 
assumes that the soil wedge moves tangentially along the 
rupture planes and not normal to them. Also, full contact 
between wall and soil wedge has been assumed to be 
maintained during the ground motion. The movement of 
wall is considered to take place in the direction away from 
backfill which is assumed to exert high passive resistance. 
Under such conditions, the movement of soil wedge cannot 
cover more displacements than the wall. However, 
numerical results obtained by implementing Zarrabi’s 
model have been observed to violate this physical 
phenomena. In an attempt to maintain acceleration 
compatibility, at certain time instants, soil wedge is 
observed to have undergone movement in the upward 
direction numerically, thus signifying movement of wall in 
reverse direction. This is contradictory to the assumption 
that movement of wall can only take place away from the 
backfill. This issue in a way was taken care of along the 
interface between ground and wall above it but was not 
taken care of along the wall-soil wedge interface. Velocity 
of wall has been always maintained greater than or equal 
to ground velocity but this compatibility was not considered 
between wall-soil wedge interfaces. Modified-Zarrabi’s 
model has been proposed to overcome this anomaly in the 
Zarrabi’s model.  
 
                                
3. Modified-Zarrabi’s model for gravity retaining walls 

In Zarrabi’s formulation, it has been ensured that there is 
no movement of wall with respect to soil wedge along 
normal direction. The relative normal acceleration along the 
rupture planes is zero. Thus, the acceleration compatibility 
has been considered only along normal direction. As a 
result, soil wedge is not assumed to collapse on wall but is 
assumed to move along tangential direction without losing 
contact with wall face at any time instant. In order to 
achieve acceleration compatibility, the direction of 
horizontal and vertical accelerations of soil wedge and wall 
getting reversed is fairly acceptable. This is because it only 
signifies deceleration along rupture planes and not the 
reverse movement along the wall and soil wedge which can 
be understood by velocities. However, the formulation is 

silent on the direction of velocities. For the movement of 
wall away from the backfill, it is important that soil wedge 
should slide in downward direction as represented by 
downward arrow in Figure 1. The reaction from soil wedge 
due to its downward movement will exert outward pressure 
on the wall as indicated by the arrow pointing towards wall. 
Thus, the downward vertical velocity of soil wedge should 
always be greater than that of wall for this outward 
movement to happen.  This criteria has not been satisfied 
in Zarrabi’s formulation. At several instants, it has been 
observed that the results show reverse behaviour, wherein 
numerically, the wall appears to move towards the backfill.  

 

Fig 1 Yield acceleration components for wall and soil 

wedge are represented separately and mechanism during 

movement of soil wedge in downward direction 

 

 

In order to tackle this issue, the problem was analysed 

numerically. It was observed that, in an attempt to achieve 

acceleration compatibility, at several time instants, the 

direction of horizontal and vertical acceleration 

components get reversed and remains sustained until a 

strong amplitude signal is encountered which again 

accelerates the movement of wall and soil wedge in the 

outward direction. During this complete exercise the 

downward vertical velocity of soil wedge is always greater 

than that of wall. However, under certain conditions, before 

the occurrence of this time instant, vertical velocity of wall 

exceeds the velocity of soil wedge at a particular time 

instant. Let this time instant be known as crossing time 

instant, x, as shown in Figure 2. Let Vvw1 and Vvs1 represent 

the vertical velocity of the wall and soil wedge, respectively, 

at the time instant T1. Let Vvw2 and Vvs2 represent the 

vertical velocity of wall and soil wedge, respectively, at the 

time instant T2 at the end of the time interval ∆t.  Let ahyS1 

and ahyS2 represent the yield acceleration of the soil wedge 

at the beginning and the end of the time interval.                                       
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The following steps are followed to implement 

subroutine which modifies the original Zarrabi’s model as 
Modified-Zarrabi model. 

 

  

Fig 2 Crossing of velocities of wall and soil wedge 

 

 

1. Identify the time interval, ∆t during which the 
vertical velocity of wall is observed to exceed that 
of soil wedge. 

2. The acceleration is assumed to vary linearly 
between two consecutive time instants as the time 
interval is small.  

3. The crossing time instant in the time interval, x, as 
shown in Figure 2, at which both wall and soil 
wedge have same velocities should be 
determined.  
 
 𝑥 = (𝑉𝑣𝑠1 − 𝑉𝑣𝑤1)∆𝑡(𝑉𝑣𝑤2 − 𝑉𝑣𝑠2 + 𝑉𝑣𝑠1 − 𝑉𝑣𝑤1)  
 
 

4. As the focus of the paper is to compute horizontal 
sliding displacements, the further calculations 
would consider parameters in horizontal direction 
only. The horizontal velocities and displacements 
of both soil wedge and wall at the crossing time 
instant have been calculated considering the 
acceleration values at the beginning of the time 
interval ∆t for time interval x. 

5. The yield acceleration of the soil wedge, at the 
crossing time instant, ahySx has been determined 
from the acceleration values known at the end 
points of the time interval, ahyS1 and ahyS2 
respectively by linear interpolation. 

6. At crossing time instant, wall is assumed to have 
the same acceleration as soil wedge since the 
slope of line joining soil wedge velocities is 
positive.  

7. At crossing time instant, both wall and soil wedge 
are moving together. The relative movement 
between them with wall moving in outward 
direction may take place when excited by next 
signal of amplitude higher than the yield 
acceleration of wall. Till then, both wall and soil 
wedge would traverse like a single body but 
reverse wall movement will not take place.  

8. The yield acceleration of wall and soil wedge are 
recalculated afresh at the end of the time interval. 
The velocities and displacements for the 
remainder of the interval have been computed 
using numerical integration with initial velocity and 
displacement as the values computed at crossing 
time instant and considering acceleration 
assumed at the crossing time instant and that 
calculated afresh at the end of the interval.   

These steps are repeated at all those time instants at 
which reverse wall movement is observed in the duration 
of ground motion. Using this modification, in the 
formulation, compatibility with respect to both acceleration 
and velocity has been achieved at the interfaces along the 
rupture planes.  

 
 

4. Comparison between the results obtained by Zarrabi’s 
model and Modified-Zarrabi’s model  

The examples for San Antonio, Pacoima and Taft ground 
motion from Zarrabi’s thesis have been resolved using 
Modified-Zarrabi’s model and the results are given in Table 
1. The interface friction angle between wall and foundation 
soil has been considered as 30ᵒ. The interface angle of the 
soil with back face of the wall has been considered 0ᵒ. 
Backfill has been considered horizontal for the analysis. 
The ground motion data for the considered earthquakes 
were extracted from PEER data base as shown in Figure 
4. Only horizontal component of the ground motion data 
was used for the analysis. These ground motions were 
recorded during the Mw 6.7 1971 San Fernando 
earthquake in California. The earthquake data for all the 
three ground motions was scaled to 0.5g. The Zarrabi’s 
model was firstly implemented by writing its code in 
software and the obtained relative displacements were 
normalized to 600mm/s normalizing velocity.  As San 
Antonio ground motion has been observed by Zarrabi 
(1979) to be more destructive when normalizing 
acceleration and velocity is 0.5g and 600mm/s, these were 
adopted in calculations. Modified Zarrabi’s model was then 
implemented by writing the subroutine along with Zarrabi’s 
model in software code.  

For Pacoima earthquake the displacements are as 

shown in Figure 4. The displacements computed using 

Zarrabi and Modified Zarrabi’s model for all the three 
ground motions are listed in Table 1. It can be observed 

that the difference in the displacements is up to 10%. 

The displacements computed using Modified-Zarrabi’s 
model are comparatively higher than Zarrabi’s model. This 
shows that, no consideration of reverse movement of wall 
by Zarrabi’s model has underestimated the computed 
displacements. 
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Fig 3  a. Kern County horizontal earthquake acceleration 

data b. Pacoima horizontal earthquake acceleration data c. 

San Fernando horizontal earthquake acceleration data 

 

 

Fig 4 Displacement by Zarrabi and Modified-Zarrabi’s 
model for Pacoima Earthquake 

 

 

For non-zero back face angle of wall, the difference in 

results is comparatively lesser than with zero back face 

angle. It means that the possibility of reverse movement of 

soil wedge in this numerical analysis has been observed to 

be more for vertical wall than for wall with sloping back face. 

Also, the difference in results is high for Pacoima 
earthquake which has peaks of higher amplitude 
concentrated in the time period of ground motion unlike Taft 
and San Antonio earthquake which has uniformly 
distributed peaks with lesser amplitude. This is because in 
Zarrabi’s model there are more chances of reversibility 
taking place if an earthquake signal of higher amplitude 

than yield acceleration is not encountered at an immediate 
instant to set the movement of wall in outward direction.  
This shows that ground motion data with larger amplitude 
concentrated peaks can result in more velocity 
compatibility issues than ground motion data with uniformly 
distributed peaks of lower amplitude.  
 
 
Table 1: Normalized sliding relative displacements (m) of 
wall obtained from Zarrabi and Modified-Zarrabi’s model for 
gravity retaining walls 

 
 

 Zarrabi 
model 

Modified 
Zarrabi 
model 

Difference 
(%) 

 
Taft 

Β=0ᵒ 0.6077 0.6305 3.75 

Β=5ᵒ 0.6349 0.6390 0.65 

 
Pacoima 

Β=0ᵒ 0.1289 0.1407 9.15 

Β=5ᵒ 0.1345 0.1462 8.70 

   San 
Antonio 

Β=0ᵒ 1.1320 1.1767 3.95 

Β=5ᵒ 1.1821 1.2236 3.51 

 
 

Table 2 Normalized sliding relative displacements (m) of 
wall obtained from Zarrabi and Modified-Zarrabi’s model for 
gravity retaining walls considering friction between wall and 
soil wedge 

 
 

 Zarrabi 
model 

Modified 
Zarrabi 
model 

Difference 
(%) 

          
Taft 

Β=0ᵒ 0.6368 0.6575 3.25 

Β=5ᵒ 0.6659 0.6881 3.33 

 
Pacoima 

Β=0ᵒ 0.1351 0.1456 7.77 

Β=5ᵒ 0.1412 0.1516 7.37 

   San 
Antonio 

Β=0ᵒ 1.1876 1.2300 3.57 

Β=5ᵒ 1.2416 1.2838 3.40 

 
 
Analysis was performed again considering the interface 

friction between wall and soil wedge and the results of the 
analysis are listed in Table 2. It is evident from most of the 
results that by considering friction angle the difference in 
the results reduces. This can be attributed to the fact that 
there is less probability for numerical results to show 
reverse behaviour of wall and soil wedge due to considered 
friction. 

The magnitude of difference in the displacements 
obtained by both the models can be observed to vary. This 
can be attributed to the fact that this magnitude of 
difference does not depend solely upon a single parameter 
but is a function of different parameters like geometry, 
material and ground motion. However, as the results 
obtained by Modified-Zarrabi’s model are comparatively 
higher and numerically appropriate than Zarrabi’s model, 
the sliding displacements can be computed using the 
proposed model. 
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5. Computation of sliding displacements for cantilever 
retaining walls 

Permanent displacement based design of bridge 
abutments which are essentially cantilever retaining walls 
has been performed considering the lateral earth pressure 
on the vertical face passing through heel of the wall 
(Anderson et al., 2008) Modiifed-Zarrabi’s model has been 
applied to these type of walls assuming soil above heel to 
be a part of the wall. A cantilever retaining wall is idealised 
as a gravity retaining wall of width equal to the heel of the 
wall and back face as the vertical passing through heel of 
wall. The weight of this idealized retaining wall is computed 
considering two different materials, i.e., wall material and 
backfill soil above heel. The interface angle between soil 
and wall material has been assumed to be equal to friction 
angle of soil.  

Four case studies of cantilever retaining wall, wherein 
the wall essentially underwent sliding failure have been 
used to compare the displacements obtained from the 
Modified Zarrabi’s model and conventionally adopted 
Newmark’s sliding block method. The results obtained by 
both the methods are compared with actual results and are 
listed in Table 3.  
Case study 1: Ortiz et al. (1983), performed dynamic 
centrifuge testing on a cantilever retaining wall model 
shown in Figure 5(a) with dimensions scaled down by 50 
times of the dimensions of prototype. The backfill soil was 
dry medium dense Nevada 120 silica sand, with unit weight 
of 14.55 kN/m3 and friction angle of 35ᵒ. The model was 
subjected to Park field California earthquake which 
occurred on 27th June 1977 recorded at station 2 of 
Cholame-Shandon array sourced from California Institute 
of Technology “Bluebook” series as shown in Figure 6(a).  
Case study 2: Mock et al. (2014) conducted full scale 
shaking table tests on the cantilever retaining wall at 
NEES-University of California, Sand Diego site. This 
geometry was subjected to Kobe earthquake (1994) at 
Takatori site. The geometry and material properties of the 
wall prototype is as shown in Figure 5(b). The soil-wall 
interface angle at the back face and base were considered 
32.5ᵒ.The ground motion data was extracted from PEER 
data base as shown in Figure 6(b).  
Case study 3: A series of centrifuge experiments were 
performed by Al Atik et al (2009) and Geraili Mikola et al 
(2016) on the model cantilever retaining wall shown in 
Figure 6(c) to study the distribution of magnitude of seismic 
earth pressure at the Centre of Geotechnical Modelling 
University of California, Berkeley. The structure was 
subjected to Kobe (1994) earthquake record from Takatori 
site, as sourced from PEER database and shown in Figure 
6(b). The interface friction angle at the base was chosen as 
30ᵒ. With respect to the PGA of 0.64g, the rigid body 

translation (/H) in accordance to the measurements was 
0.0165m for 5.67m high wall.  
Case study 4: Kloukinas et al (2014) performed a series of 
shaking table tests on cantilever retaining wall at 
Earthquake and Large structures laboratory (EQUALS) of 
University of Bristol, UK. The model retaining wall was 
made from concrete (ϒ=24kN/m3) and of the dimensions 
shown in Figure 5(d).  Both the backfill and foundation soil 
consisted of dry, yellow Leighton Buzzard silica sand of 

friction angle as 34ᵒ and unit weight 13.7 kN/m3. The 
interface angle of foundation soil was 19ᵒ. The model was 
subjected to an earthquake excitation shown in Figure 6(c) 
of Sturno record from Irpinia-Italy obtained from Penna et 
al (2014). 
 
 
 

 

Fig 5 Geometry of the wall and soil properties for four 
case studies 
 
 
 

 

 

 

 

 

 
 
 
 
 
 
 
 
 
 
 
 
 
Fig 6 (a) Case study 1: Ground acceleration time history of 
Parkfield, California Earthquake (Bluebook Series) (b) 



Ground acceleration time history of Takatori, Kobe 
Earthquake (PEER) (c) Digitized ground acceleration time 
history of Sturno-Irpinia Earthquake (Penna et al (2014)) 
 
 
Table 3: Sliding displacements (m) obtained from Newmark 
sliding block model and Modified-Zarrabi’s model for 
shaking table test of cantilever retaining wall  

Case study 
No. 

Actual 
values 

Newmark 
model 

Modified 
Zarrabi 
model  

1 0.1375 0.1203 0.1190 

2 0.0027 0.0007 0.0037 

3 0.0165 0.0095 0.0232 

4 0.0945 0.0286 0.0269 

 

 

It can be observed from the results that the 

displacements obtained using Modified Zarrabi’s model are 

comparatively equal or higher than those obtained using 

conventionally adopted Newmark Sliding block model for 

cantilever retaining walls. However, both the 

methodologies give approximate estimate of the 

displacements that the wall may undergo. This can be 

attributed to the fact that the assumptions applicable to 

gravity walls may not be completely applicable to cantilever 

retaining walls. Also, the wedge and the wall with soil above 

heel are assumed as rigid bodies in accordance with the 

assumptions of the Newmark’s theory and Modified 

Zarrabi’s theory which is not exactly true. The interface 

friction angle is chosen approximately as a ratio of soil 

friction angle. These uncertainties can be taken care of by 

considering suitable margin in permissible displacement. 

Hence, sliding displacement can be computed by both the 

methodologies for cantilever retaining wall to understand 

possible displacement of wall. As Modified-Zarrabi’s 
approach is more realistic, the results obtained using this 

approach can be suitably adopted in design.  

 

 

6. Conclusion 

Modified Zarrabi’s model has been proposed to take care 

of velocity compatibility issues along with the acceleration 

compatibility between wall and soil wedge.  The 

conclusions obtained by adopting Modified-Zarrabi’s model 
are as follows:  

1. Wall displacement estimated using Modified-Zarrabi 

model are relatively larger than Zarrabi’s model. 
2. For non-zero back face angle of wall, the difference in 

the results obtained for Zarrabi’s model and Modified-

Zarrabi’s model is comparatively lesser than with zero 

back face angle. 

3. Ground motion data with concentrated peaks of larger 

amplitude can result in more velocity compatibility 

issues than ground motion data with uniformly 

distributed peaks of lower amplitude.   

4. The Modified-Zarrabi’s model can be adopted to 

compute approximate displacements for cantilever 

retaining walls as it is more realistic as compared to 

other conventional approaches.  
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