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ABSTRACT 
A new constitutive model (cookie model) for clay was proposed by Iai, et al. (2015) based on the framework of the strain 
space multiple mechanism model of granular materials. This model has been developed as an extension of a model for 
liquefiable sandy soil, also proposed by Iai, et al. (2011). These models have been installed in a two-dimensional 
dynamic effective stress analysis program “FLIP”. 
 
The proposed model has advantages over the conventional elasto-plastic models for clay. For example, Seismic 
response analysis of multi-layered soil with both sandy layers and clayey layers can be done precisely with the 
consideration of the consolidation of clay layers before the earthquake. Performance of the proposed model is 
demonstrated through simulation of drained/undrained behavior of clay under monotonic and cyclic loading.Primary 
findings on the performance of the proposed model are: 
(1) An arbitrary initial K0 state can be analyzed by static gravity analysis; (2) Stress induced anisotropy  in the steady  
state can be analyzed based on Shibata’s dilatancy model (1963); (3) Over-consolidated clay can be analyzed by 
defining the dilatancy at the steady state based on over-consolidation ratio; (4) Strain rate effects for monotonic and 
cyclic shear can be analyzed based on Isotach models proposed by Tatsuoka et al (2002); (5) These advantages of the 
proposed model were confirmed by the seismic response analysis after a consolidation settlement analysis. The 
application of the proposed model is expected to open the door to solve challenging problems of combined geotechnical 
hazard. 
 
 
 
1 INTRODUCTION 
 
Combined Geotechnical Hazards, provides a forum on 
new and challenging issues, including combined failure 
due to tsunami after earthquake, effects of deformation 
due to consolidation of clay before an earthquakes. These 
issues have not been studied in the past but have been 
exposed by recent case histories during earthquakes as 
new engineering problems to be solved by advanced and 
sophisticated approaches. 

This paper presents the formulation and fundamental 
performance of a new constitutive model for clay based 
on the framework of the strain space multiple mechanism 
model of granular materials. Although numerous elasto-
plastic models of conventional Cam-clay type have been 
proposed for clay over the years, the application of these 
models to seismic response of clayey ground or clay and 
sand mixtures in engineering practice is non-existent or 
extremely limited to the knowledge of the authors. Major 
drawbacks of these conventional elasto-plastic (or visco-
elasto-plastic) models for clay are: (1) initial K0 state 
which has significant effects on deformation due to 
seismic load is specified as soil parameters, not analyzed 

through static gravity analysis for representing realistic 
initial stress field in soil-structure systems, (2) viscous 
effects of clay is typically formulated for simulating the 
secondary consolidation behavior and not for earthquake 
loading which may include extremely high strain rate in 
shear strain. This study aims to solve these problems 
through the frame work of a strain space multiple 
mechanism model.  
 
 
2 MODELLING OF COHESIVE SOILS IN A STRAIN 

SPACE MULTIPLE MECHANISM MODEL 
 
2.1 The basic form of the strain space multiple 

mechanism model 
 
The basic form of the strain space multiple mechanism 
model for sand is given in two dimensions as a relation 
between macroscopic stress tensor σ  and strain tensor 

ε  by (Iai et al. 2011)  

                
  [1] 


d

0  ntΙσ qp tnntnt 



 

 

Where Ι  denotes the identity tensor, n  and t  denote 

the direction vectors normal and tangential to particle 
contacts within granular materials, and the scalars p and 
q are functions with history of volumetric strain εv 
volumetric strain due to dilatancy εd, and virtual simple 
shear strain γ by: 
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In particular, q is given as hysteretic function and 
approximates the hysteretic hyperbolic curve of 
macroscopic shear stress and shear strain in cyclic simple 
shear. Tangential bulk modulus and elastic shear 
modulus are given with power functions of a confining 
pressure p from the values at reference state p=pa as: 
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Under the condition of K0 consolidation where lateral 
normal strain is fixed, vertical normal strain governs both 
volumetric and deviator strains. Using the same power 
index nK=mG=m, this K0 consolidation leads to the 
following equation which relates the coefficient of earth 

pressure at rest K0 to an internal friction angle f , as 
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For the analysis, the power index can be set m=0.5 (or 
any number except for 1) for static gravity analysis for 
achieving realistic K0 state level ground.  

 
2.2 Steady State and Stress-Induced Anisotropy 
 
In the strain space multiple mechanism model, the steady 
state line in the p-ε plane is defined by a vertical shift of a 
normal consolidation curve as Figure 1. The normal 
consolidation curve for analysis of clay is given with a 

reduction factor Kr  with the power index lK=lG=1. Where 

the subscript 0 implies initial state for consolidation or 
dynamic analysis after static gravity analysis for 
representing the initial stress-strain field: 
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The integrated form of volumetric mechanism in Equation 
(5) with lK=1 is given as a typical straight line in e-lnp 
plane. The vertical shift of the curve is measured by the 
contractive component of dilatancy at the steady state 

c

dus  where the subscript US implies the steady (ultimate) 

state. This component is defined based on Shibata’s 
dilatancy model (Shibata 1963) as: 
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Figure 1. Normal and over consolidation curves and 
steady state line in volumetric strain – effective confining 
pressure diagram 
 

Where the initial stress ratio term 0/ p
0

σ represents the 

stress-induced anisotropy (Sekiguchi and Ohta 1977).  
The parameter D is related with the parameters for 

Cam-clay model M, λ, κ, and initial void ratio e0 as (Iizuka 
and Ohta 1987).  
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Consequently, the contractive component of dilatancy at 
steady state is given by the following equation and is 
substituted for the upper limit of the contractive 

component of dilatancy 
cm

d  in the strain space multiple 

mechanism model:  
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Where the stress ratio at the steady state 
*

us  is indicated 

by the length of an arrow in the Figure 2, and represents 
the stress-induced anisotropy of clay.  
 
 
 
 
 
 
 
 
 
 
 
 

Figure 2. The stress ratio at the steady state 
*

us  

 
For the analysis of over-consolidated clay, the curve for 
governing the volumetric mechanism is defined by a 
vertical shift of the normal consolidation curve. The initial 

confining pressure 0p  at the over-consolidated state and 

the corresponding confining pressure at the normal 
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consolidation line 
n0p  is defined by a parameter as 

0n0 n0
prp p , and 

n0p
r  is related with over-consolidation  

ratio OCR,   and  :  

 
  /1

0n0 OCR,
n0n0

 pp rprp     [9] 

 
Then the dilative component of dilatancy at steady state is 
given by the following equation. Over-consolidated clay 
can be analyzed by defining the dilatancy at the steady 
state based on over-consolidation ratio.  
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Consequently, the dilatancy at the steady state is given by 
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2.3 Shear strength of over-consolidated clay 
 
Typical undrained shear tests of over-consolidated clay 
indicate that the stress path once goes across the shear 
failure line of cohesionless soil, and then, gets back to the 
point of the steady state on the shear failure line. In order 

to model this complex behavior, the cohesion 
fcosc  is 

added to the cohesionless shear strength 
fsinp . The 

added cohesion is given by a parameter 
ac  at reference 

confining pressure
ap  as follows: 
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2.4 Strain rate effects 
 
Strain rate effects in the proposed model are formulated 
in the strain space multiple mechanism model with 
Isotach/TESRA mechanism for representing viscosity 
during shear (Tatsuoka et al. 2002) in addition to the 
conventional creep mechanism for representing 
secondary consolidation. The constitutive equation is 

written by adding the viscous terms 
σ  to Equation 1 as: 
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The term of viscous effect 
q  is formulated in the strain 

space multiple mechanism model by regarding the 
viscosity function of Isotach model as the upper limit of 
linear viscous damping at the given strain rate regime. 
The formulation has advantage in stability in numerical 
analysis of clayey ground during earthquakes over the 
original formulation of Isotach/TESRA model by Tatsuoka 
et al (2002).The formulation is written as: 
 

  [14] 

where 
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 . Isotach/TESRA parameters 

used by Tatsuoka et al (2002) are replaced by ISOr , 

ir

r/1   r , mq ISO
. Shear strength vq  and reference 

strain v  in virtual simple shear mechanism are given by 

macroscopic shear strength and reference strain as 

2/mv q  and   mv 4/   .  

The specific characteristics of Isotach/TESRA  model 
relative to the simple linear viscous damping are in the 

fact that the parameter ISOq  is typically very small so that 

the viscous term is insensitive to the strain rate level. With 

the parameter 04.0ISO q  for Kaolin, shear strain rate 

ranging from 510   to 
710

 corresponds to the 

magnitude of viscous function qr ranging from 0.1 to 0.9.  

 
 
 
 
 
 
 
 
 
 
Figure 3. Strain rate effects with Isotach mechanism for 
representing viscosity during shear 
 
2.5 Model parameters 
 
The model parameters described above are summarized 
in Table1. Many of the parameters for modeling of sand 
behavior are no longer required for modeling of clay and 
fixed to the default values. 

The specific parameters for clay are several as 
indicated below. Power index which prescribes confining 
pressure dependency of tangent stiffness is made 

0.1GK  ll  (0.5 in case of sand), a parameter which 

prescribes contractive and dilative dilatancy is made 

1
dε
r  (about 0.2 in case of sand), upper limit for 

contractive dilatancy 
c

duc

cm

d    (by substitution as part of 

algorithm). Steady state shear strength usq  is not used 

and replaced by the parameter   /1  for 

controlling dilatancy at the steady state.  
 
 

3 MODEL PERFORMANCE UNDER 
DRAINED/UNDRAINED MONOTONIC LOADINGS 

 
3.1 Performance under drained shear compounded 

with consolidation and shear 
 
Performance of the proposed model is studied for its 
capability to simulate strain behavior under drained 
monotonic loading. The parameters used for this study 
are shown in Table 2. A clay element is initially 
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consolidated under K0=0.6, and then strain-controlled 
tests are performed under various strain paths. Figure 
4(a) shows a group of strain paths where volumetric strain 
is larger than deviator strain, whereas Figure 5(a) shows 
a group of strain paths where deviator strain is larger than 
the volumetric strain. Both of the figures include a pure 
volumetric strain path as a reference. The computed 
results in the stress paths and the consolidation curves 
are shown in Figures 4 and Figures 5. Primary findings on 
the performance of the proposed model are: 
 

 After K0 consolidation, the stress path following 
the initial K0 line (Figure 4(b) (c) and Figure 5(b) 
(c), purple line) is given by the strain path with 
volumetric strain increase with constant deviator 
strain (Figure 4(a) and Figure 5(a), purple line). 

 After K0 consolidation, the stress path given by the 
strain paths with fixed lateral normal strain (i.e. 

 
yxyx   ) (Figure 5(a), green and 

yellow) are directed closer to the shear failure line 
(Figure 5(b), green and yellow). 

 After K0 consolidation, the consolidation curves 
approaches steady state lines affected by stress 
induced anisotropy (Figure 5(b) and (c)). 

 The proposed model does not exhibit the 
phenomenon of “meta-stability” (Takeyama et al. 
2013) that traps a certain range of stress paths 
into a single stress path on the same K0 line 
(Figure 4(c)). 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

Table 1. Model parameters 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
Table 2. Model parameters for simulation (pa=135.5kPa) 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

(a)  Strain paths                                (b)  Computed stress paths              (c)  Computed consolidation curves

(a)  Strain paths                                (b)  Computed stress paths              (c)  Computed consolidation curves 

Figure 4. Performance under drained monotonic loading (for volumetric strain dominant regime) 

Figure 5. Performance under drained monotonic loading  (for deviator dominant regime) 
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3.2 Performance under undrained shear 
 
Performance of the proposed model is studied under 
undrained monotonic loading. Contractive dilatancy until it 
reaches the steady state is given by the following 
equation. The behavior approaching the upper limit of 

contractive dilatancy 
cm

d , can be controlled in a flexible 

and precise manner a parameter controlling an increment 

of contractive dilatancy c
d
r , and so on.  
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A clay element is initially consolidated at K0=0.6 with 

over-consolidation ratios of OCR=1, 2, 5 and 20 to 
achieve the same initial void ratio of e0=0.84, and then 
sheared in compression and extension. The parameters 
used for this study are shown in Table 3. ICSW =1, 
contractive dilatancy at the steady state is designated as 
Sekiguchi and Ohta model type.  
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Table 3. Model parameters for simulation 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
(a) e0 is fixed                                (b) e0 is variable 
Figure 6. Image of the element simulation. 
 

 
An image of an element simulation is illustrated in 

Figure 6(a). initial confining pressure 0p  for initial 

volumetric strain 0  can be defined based on formulation 

(9). By this formulation, over-consolidation state can be 
evaluated without consolidation and unloading analysis.  

Furthermore, to confirm the void ratio dependence of 
the steady state and stress-strain path, a clay element is 
initially consolidated at K0=0.6 with various kinds of  initial 

void ratio of e0=0.75,0.84,0.95 (OCR=2.21, 5, 13.5), and 
then sheared in compression and extension. An image of 
an element simulation is illustrated in Figure 6(b).  

The computed results indicate that the proposed 
model reasonably simulates the steady state strengths 
affected by stress induced anisotropy and also simulates 
contractive and dilative behavior in the over-consolidated 
stress-strain field. Primary findings are as followed. 
 

 Even if sheared from different over-consolidation 
ratio, initial void ratio is same, stress-strain curve 
reaches to the same steady state. (Figure 7(a)).On 
the other hand, if sheared initial void  ratio is 
different, stress-strain curve reaches to the 
different steady state. (Figure 8). 

 The behavior of the compression side is different 
from the extension side. Stress induced anisotropy 
at the steady state can be confirmed. (Figure 7(a)). 

 In the over-consolidated field, effective stress path 
exhibits contractive behavior at initial shearing 
stage, and effective stress path consists of a soft 
curved line. (Figure 7(a) and Figure 8). 

 Contractive and dilative behavior of the stress-path 
until reaches to steady state can be controlled 

precisely by a parameter c
d
r (Figure 7(a) and (b)). 

 Started from over-consolidated state, the stress 
path goes across shear failure lines and gets to at 
the steady state on the shear failure lines.  

 
 
 
 
 
 
 
 
 

(a)         ＝0.85 

 
 
 
 
 
 
 
 
 

(b)       ＝0.085 

Figure 7. Performance under undrained monotonic 
loading (e0 is fixed, OCR=1, 2, 5, 20, 

549.0 , ca=20kN/m2 ). 

 
 
 
 
 
 
 
 
Figure 8. Performance under undrained monotonic 

loading(e0 is variable as 0.75, 0.84, 0.95) 
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To confirm the application and the characteristic of 
proposed model, a comparative analysis is performed 
using computer code DACSAR for simulation based on 
Sekiguchi-Ohta model (1977) which recognized to design 
code of clay ground.  
 

 The steady state of the proposed model reaches 
the same of DACSAR. Consequently, Cookie 
model can express the stress induced anisotropy 
of  the Sekiguchi and Ohta model type. 

 At over-consolidated region, effective stress path 
of proposed model exhibits contractive behavior at 
initial shearing stage. On the other hand, effective 
stress path of DACSAR indicates the elastic 
behavior and dilatancy doesn't cause. Thus, it was 
confirmed that each models indicate characteristic 
behavior at over-consolidated region. 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
Figure 9. Performance of proposed model with reference 

to DACSAR(e0 is variavle as 0.75, 0.84, 0.95). 
 
 
4 MODEL PERFORMANCE UNDER UNDRAINED 

CYCLIC LOADINGS 
 
Performance of the proposed model is studied for its 
capability to simulate strain rate effects under undrained 
monotonic and cyclic loading (volmetric creep effect is not 
included in this analysis). Isotach parameters used for this 

study are 5.0TSR r , sr 610
, and 04.0ISO q  for 

representing Kaolin. A parameter controlling con-tractive 
dilatancy 85.0c

d



r , parameter for later phase of 

contractive dilatancy 01.02 q , parameter for controlling 

dilatancy at the steady state   544.01
us
 Kr . Other 

parameters used for this study are is same as shown in 
Table 3. 

First, strain rate effects of Isotach/Rayleigh viscous 
model under undrained step loading simulation is 
performed. Next, undrained monotonic loading simulation 
is performed. A clay element is initially consolidated at 
isotropic stress K0=1.0, and then strain controlled tests 
are performed under various conditions as shown in Table 
4. Case1 is a ordinary case with non-viscous model, 

Case2 is Isotach viscous model, Case3 is non-viscous 
model and strain rate are set 1000 times of Case1, Case4 
is Isotach viscous model and strain rate are set 1000 
times of Case2.  

Continuously, undrained cyclic loading simulation is 
performed. Stress controlled simulations are performed 
under the conditions that sinusoidal motion of 1Hz with 
cyclic numbers are 60 times and shear stress amplitude 

of 15.0md  , as shown in Table 5. Case5 is a basis 

case of non-viscous model, Case6 is case of Isotach 
viscous model.  
 
Table 4. Case of undrained monotonic loading. 
 
 
 
 
 
 
Table 5. Case of undrained cyclic loading. 
 
 
 
 
 
Primary findings on the performance of the proposed 
model are: 
 

 The strain rate effects of Isotach/Rayleigh viscous 
model under undrained step loading, can be 
analyzed based on Isotach models proposed by 
Tatsuoka et al (2002). (Figure10). 

 The strain rate effect of the Isotach viscous model 
type is take into consideration, extension of the 
shear strain and excess pore water pressure is 
reduced. And the degree of these reduction 
becomes remarkable in proportion to shear strain 
rate is rapidly (Figure11 and Figure12). 

 
 
 
 
 
 
 
 
 
 
 
Figure 10. Strain rate effects of Isotach viscous model 
under undrained step loading. 
 
 
 
 
 
 
 
 
 
Figure 11. Strain rate effects of Isotach viscous model 
under undrained monotonic loading.  
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Figure 12. Strain rate effects of Isotach viscous model 
under undrained cyclic loading. 
 
 
5 MODEL PERFORMANCE FOR SEISMIC 

RESPONSE ANALYSIS AFTER A 
CONSOLIDATION SETTLEMENT ANALYSIS 

 
To ensure the application to the more complex soil-
structure system, one-dimensional seismic response 
analysis after a consolidation settlement analysis are 
studied.  

The one-dimensional analysis model is shown in 
Figure 13. It consists of a uniform clay ground model, 
thickness is 10m, and three elements from upper end are 
subdivided by small mesh 0.1m. It is set initially K0=0.66 
state through static gravity analysis, and then 
consolidation load 100kPa is loaded at upper end, and 
continue analyzing until excess pore water pressure is 
disappeared. Continuously, seismic response analysis is 
performed under an earthquake motion and continued 
consolidation settlement analysis for about 100 days. 
Model parameters used for this study are shown in Table 

6. Coefficient of permeability is given as 1.91×10－7
(m/s). 

The proposed model has advantages to analyze over-
consolidated clay by adopting a simple algorithm without 
introducing the concept of yield surface. In this algorithm, 
initial confining pressure 

0p  at the over-consolidated state 

is related with the corresponding confining pressure at the 
normal consolidation state with the same void ratio 
defined by 

0n0 n0
prp p  (Figure 1 and equation [9]). When 

the soil undergoes plastic behavior such as for undrained 
shear, the bulk modulus of the over-consolidated clay KU 
changes into that of normal-consolidation state KL. KL is 

given by KL=KU/ Ker , where Ker  is reduction factor 

of bulk modulus for consolidation 
The settlement analyses are performed with OCR=5,

138.0 , 045.0 , 0.3
n0
pr , 06.3Ker  and the initial 

confining pressure 
0p  at the over-consolidated state is 

estimated through a static gravity analysis. 
The analysis results are shown in Figure 15 and 16. 

Primary findings on the performance of the proposed 
model are:  
 
 
 
 
 
 
 

Figure 14. Earthquake motion. 
 

 
 
 
 
 
 
                                                                         No.23 
 
                                                                         No.18 
 
                                                                         No.14 
 
 

Figure 13. One-dimensional analysis model. 
 
Table 6. Model parameters for analysis. 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

(d)excess pore water pressure 
                                                           (consolidation) 
 
(a) effective stress path   
 
 
 
 

(e)excess pore water pressure 
                                                 (seismic and consolidation) 
 
 
 
 

(b) curve of Lnp’-ε 

 
(f) settlement 
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(c) p’ andε                                      (g)τxy and γxy 

(seismic and consolidation)                   (seismic) 
 
Figure 15. Performance under seismic response analysis 
after a consolidation settlement analysis. 
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(a) effective stress path             (b) curve of Lnp’-ε 

 
 
                                   
 
 
 
 
 
 
 

(c) p’ andε                                      (d)τxy and γxy 

(seismic and consolidation)                   (seismic) 
 
Figure 16. Performance under seismic response analysis 
after a over-consolidation settlement analysis. 
 
 

 Arbitrary initial K0 state can be analyzed by static 
gravity analysis (Figure 15 (a) green line). 

 After K0 consolidation, the stress path given by the 
consolidation settlement analysis does not 
followed K0-line, but closer to the shear failure 
line. It depends on dilatancy because of lateral 
normal strain is restricted (Figure 15(a) red line). 

 The stress-strain state including dilatancy at the 
end of consolidation settlement analysis can be 
succeeded as a initial state of seismic response 
analysis. (Figure 15(a) red line and blue line). 

 During a seismic response analysis, shear stress 
is reduced in proportion to excess pore water 
pressure increases. And through consolidation 
settlement analysis after an earthquake, shear 
stress is increased in proportion to excess pore 
water pressure disappears.(Figure 15(a)(c)and (e)) 

 The proposed model can simulate seismic 
response analysis after a consolidation settlement 
analysis (Figure 15(g)) and after a over-
consolidation settlement analysis (Figure 16(d)). 

 The gradients of consolidation curves shown in red 
lines in Figure 15(b) for normal consolidation and 
Figure 16(b) for over-consolidation correctly reflect 
the difference in the bulk moduli specified for 
normal consolidation and over-consolidation. 

 The stress path shown in red line in Figure 16(a) 
for over-consolidation is closer the broken line for 
K0 consolidation condition than that in Figure 15(a) 
for normal consolidation. The difference is the 
stress paths also correctly reflect the difference in 
the bulk moduli. These results indicate the 
applicability of the proposed model to over-
consolidated clay. 

6 CONCLUSIONS 
 
The strain space multiple mechanism model is adapted 
for idealizing stress-strain behavior of clay. The proposed 
model has advantages over the conventional elasto-
plastic models for clay. The application of the proposed 
model is expected to open the door to solve challenging 
problems of combined geotechnical hazard. 
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