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ABSTRACT
This paper presents a numerical study of the effect of soil moisture content on induced vibration during the application of
dynamic compaction. Dynamic Compaction (DC) is known as one of the most cost-effective ground improvement
techniques because it can provide rapid improvement of the geotechnical properties of soils, and because it does not
usually need any off-site disposal of excess materials. However, DC may not be economically advantageous due to the
induced vibrations undesirably affecting other structures near the compaction zone. The inability to accurately predict the
magnitude and properties of the generated waves in the design phase of dynamic compaction can mean restricted
application of dynamic compaction or may result in unnecessary reduction of its efficiency. As a response to the demand
for a more reliable predictive method, in this paper a numerical framework is chosen based on the theory of mixtures,
which considers the simultaneous existence of the air, water and solid phases of the soil. This provides an analysis of the
dynamic compaction of soils at different moisture contents. It is shown that while the peak particle velocity (PPV) generally
follows an inverse relationship with moisture content it can be affected by characteristic parameters of the soil.

1

INTRODUCTION

This paper presents a numerical study of dynamic
compaction applied to partially saturated soils with the
focus on investigating the effect of the initial moisture
content of the soil on the induced vibration of the ground.
Among the many factors influencing the vibrations
generated during the application of dynamic compaction,
we limit the present investigation to the role of the air-entry
value, which is an important parameter in the mechanics of
partially saturated soils.
In this regard, the approach proposed earlier by
Ghorbani et al. (2016) and Ghorbani (2016) is chosen, in
which the governing global equations are derived in a fully
coupled framework and include the displacement of the
solids 𝐮, the pore water pressure 𝑝𝑤 and the suction 𝑝𝑐 as
the primary nodal degrees of freedom.
The governing equations of dynamic analysis of solid
and fluid interaction in a porous medium were first
developed by Biot (1956). The theory was later extended
to partially saturated soils by researchers such as Li et al.
(1989) and Li and Zienkiewicz (1992), who assumed that
no phase transfer nor any chemical reactions were
possible during the fluid flows. This kind of flow is called
“immiscible” and is the subject of this research. The
following finite element approach is founded on this
assumption.
The finite element discretisation interpolates the
unknown displacements, pore water pressures and
suctions, respectively shown by 𝐮, 𝑝𝑤 and 𝑝𝑐 , according to:

𝐮 = 𝐍𝐮 𝐔

[1]

𝑝𝑐 = 𝐍𝐩𝐜 𝐏𝐜

[3]

𝐌𝐮 𝐔̈ + 𝐂𝐔̇ + ∫𝛺 𝐁𝑇 𝛔′ d𝛺 − 𝐐𝐰 𝐏𝐰 − 𝐐𝐜 𝐏𝐜 = 𝐅𝐮

[4]

𝑝𝑤 = 𝐍𝐩𝐰 𝐏𝐰

[2]

where 𝐍𝐮 , 𝐍𝐩𝐰 and 𝐍𝐩𝐜 are shape functions for the
displacement, pore water pressure and suction,
respectively. Based on the above interpolation functions,
and considering pore water pressure as positive in
compression, the following system of fully-coupled
algebraic equations can be derived in a matrix form as:

𝐌𝐰 𝐔̈ + 𝐐𝑇𝐰 𝐔̇ + 𝐂𝐰𝐰 𝐏̇𝐰 + 𝐂𝐰𝐜 𝐏̇𝐜 + 𝐇𝐰𝐰 𝐏𝐰 + 𝐇𝐰𝐜 𝐏𝐜 =
𝐅𝐰
[5]

𝑇
𝐌𝐜 𝐔̈ + 𝐐𝑇𝐜 𝐔̇ + 𝐂𝐜𝐰 𝐏̇𝐰 + 𝐂𝐜𝐜 𝐏̇𝐜 + 𝐇𝐰𝐜
𝐏𝐰 + 𝐇𝐜𝐜 𝐏𝐜 = 𝐅𝐜 [6]

where 𝐁 is the strain-displacement matrix, 𝐂 is the
damping matrix and 𝛔′ represents the effective stress
vector. The superimposed dot denotes the derivative of the
variable with respect to time.
The actual permeability for each phase, 𝐤𝛽 (𝛽 = 𝑤, 𝑔),
can be obtained from the following equation:
𝐤𝛽 = 𝐤 𝑖𝑛𝑡 .

𝑘𝑟𝛽
𝜇𝛽

[7]

in which 𝐤 𝑖𝑛𝑡 is the intrinsic or absolute permeability
matrix of the soil, 𝜇𝛽 denotes the viscosity of each fluid,
and 𝑘𝑟𝑤 and 𝑘𝑟𝑔 are the relative permeabilities of the
water phase and the air phase, respectively.

The matrices and vectors in equations [4]-[6] are
defined by:
𝐌𝐮 = ∫𝛺 𝐍𝐮𝑇 𝜌𝐍𝐮 𝑑𝛺

[8]

𝑇

𝐌𝐰 = ∫𝛺 (𝛁𝐍𝐩𝐰 ) ( 𝐤𝑔 𝜌𝑔 + 𝐤 𝑤 𝜌𝑤 )𝐍𝐮 𝑑𝛺
𝐐𝐜 = ∫𝛺 𝐁𝑇 𝜘(1 − 𝑆𝑤 )𝐦𝐍𝐩𝐜 𝑑𝛺
𝐐𝐰 = ∫𝛺 𝐁𝑇 𝜘𝐦𝐍𝐩𝐰 𝑑𝛺

𝐌𝐂 = ∫𝛺 (𝛁𝐍𝐩𝐜

)𝑇 𝐤

𝑔 𝜌𝑔 𝐍𝐮 𝑑𝛺

𝑇

𝐇𝐰𝐰 = ∫𝛺 (𝛁𝐍𝐩𝐰 ) ( 𝐤𝑔 + 𝐤 𝑤 )(𝛁𝐍𝐩𝐰 )𝑑𝛺
𝑇

𝐇𝐜𝐜 = ∫𝛺 (𝛁𝐍𝐩𝐜 ) ( 𝐤𝑔 )(𝛁𝐍𝐩𝐜 )𝑑𝛺
𝑇

𝐇𝐰𝐜 = ∫𝛺 (𝛁𝐍𝐩𝐰 ) ( 𝐤𝑔 )(𝛁𝐍𝐩𝐜 )𝑑𝛺
𝐂𝐰𝐰 =

𝑇
𝐶1∗ 𝐍𝐩𝐰 𝑑𝛺
∫𝛺 𝐍𝐩𝐰

[9]

[13]
[14]
[15]
[16]

[19]

[18]

where 𝑆𝑤 is the water saturation degree, 𝜌𝑔 represents the
density of air, 𝜌𝑤 is the density of water, 𝜌𝑠 represents the
density of solid and 𝐦 is the vector {1,1,1,0,0,0} for a threedimensional case.
The total density of the mixture, 𝜌 is also defined as:

𝜘 =1−

𝐾𝑡

𝐾𝑠

≤1

[20]

𝐶1∗ =

(𝜘−𝑛)
𝐾𝑠

+

𝑛𝑆𝑤
𝐾𝑤

+

𝑛(1−𝑆𝑤 )
𝐾𝑔

[22]

𝐾𝑠

(𝜘−𝑛)
𝐾𝑠

𝜕𝑆𝑤

(1 − 𝑆𝑤 − 𝑝𝑐

(1 − 𝑆𝑤 − 𝑝𝑐

(𝜘−𝑛)(1−𝑆𝑤 )
𝐾𝑠

𝐮=𝐮
̅

on

𝑝𝑤 = 𝑝̅𝑐

on

𝑝𝑤 = 𝑝̅𝑤

+

𝜕𝑝𝑐

𝜕𝑆𝑤
𝜕𝑝𝑐

𝑛(1−𝑆𝑤 )

) + (1 − 𝑆𝑤 )

𝑛

𝐾𝑔

−𝑛

𝑛

) + (1 − 𝑆𝑤 )

𝐾𝑔

𝜕𝑆𝑤
𝜕𝑝𝑐

[23]
[24]

[25]

𝐾𝑔

𝛤𝑢

[26]

𝛤𝑝𝑐

[28]

𝛤𝑝𝑤

on

[27]

whereas the Neumann boundary conditions on the
prescribed tractions and fluxes are:
𝐭̅ = 𝐈𝑇 𝛔 on 𝛤𝑡

[29]

̅̇ 𝑤 = 𝐤 𝑤 [−𝛁𝑝𝑤 + 𝜌𝑤 (𝐛 − 𝐮̈ )]. 𝐧∗ on 𝛤𝑞
𝑤
𝑤

[30]

̅̇ 𝑔 = 𝐤𝑔 [−𝛁𝑝𝑔 + 𝜌𝑔 (𝐛 − 𝐮̈ )]. 𝐧∗ on 𝛤𝑞
𝑤
𝑔

[31]

̅̇ 𝛽 (𝛽 = 𝑤, 𝑔)are the prescribed values of the
where 𝑤
outflow rate of the non-solid phase on the permeable
boundaries 𝛤𝑞𝛽 (𝛽 = 𝑤, 𝑔), and 𝐈𝑇 is given by
𝑛𝑥
𝐈𝑇 = [ 0
0

0
𝑛𝑦
0

0
0
𝑛𝑧

𝑛𝑦
𝑛𝑥
0

0
𝑛𝑧
𝑛𝑦

𝑛𝑧
0]
𝑛𝑥

[32]

with 𝑛𝛼 (𝛼 = 𝑥, 𝑦, 𝑧) as unit outward normal vector to the
boundaries in x, y and z directions.
The load and the flow vectors are defined by:
𝐅𝐮 = ∫𝛺 𝐍𝐮𝑇 𝜌𝐛𝑑𝛺 + ∫𝛤 𝐍𝐮𝑇 𝐭̅𝑑𝛤
𝑇

[33]

𝑡

𝐅𝐰 = ∫𝛺 (𝛁𝐍𝐩𝐰 ) ( 𝐤𝑔 𝜌𝑔 + 𝐤 𝑤 𝜌𝑤 )𝐛 𝑑𝛺 −
𝑇 𝑤
̅̇ 𝑤 𝑑𝛤 − ∫
∫𝛤 𝐍𝐩𝐰
𝛤

∫𝛤

𝑞𝑤

𝑃𝑐 ∩ 𝛤𝑞𝑤
𝐰̇𝑔𝑇

[21]

where 𝐾𝑡 is the bulk modulus of the porous medium
and 𝐾𝑠 is the bulk modulus of the solid grains.
By defining 𝑛, 𝐾𝑤 , 𝐾𝑔 as porosity of the medium, the
bulk modulus of the water, and the bulk modulus of the
air, we obtain

(𝜘−𝑛)

The imposed Dirichlet boundary conditions for the
primary variables on the boundaries are:

[12]

𝑇 𝐶 ∗ 𝐍 𝑑𝛺
𝐂𝐜𝐰 = ∫𝛺 𝐍𝐩𝐜
4 𝐩𝐰

The Biot coefficient, 𝜘, is described by

𝐶4∗ =

[11]

[17]

𝜌 = (1 − 𝑛)𝜌𝑠 + 𝑛𝑆𝑤 𝜌𝑤 + 𝑛𝑆𝑔 𝜌𝑔

𝐶3∗ =

[10]

𝑇 ∗
𝐂𝐜𝐜 = ∫𝛺 𝐍𝐩𝐜
𝐶2 𝐍𝐩𝐜 𝑑𝛺

𝑇
𝐂𝐰𝐜 = ∫𝛺 𝐍𝐩𝐰
𝐶3∗ 𝐍𝐩𝐜 𝑑𝛺

𝐶2∗ = 𝑆𝑔

𝜌𝑔

𝑞𝑤∩ 𝛤𝑞𝑔

𝑇 𝑤
̅̇ 𝑔 𝑑𝛤 −
𝐍𝐩𝐰
𝑇
𝐰̇𝑤

𝑇 𝐰̇ 𝑇 𝐧∗ 𝑑𝛤 −
𝑇 (
𝐍𝐩𝐰
∫𝛺 𝐍𝐩𝐰
𝑔

𝛁𝜌𝑔 ) 𝑑𝛺
𝑇

𝜌𝑤

𝛁𝜌𝑤 +

𝑇 𝑤
̅̇ 𝑔 𝑑𝛤 −
𝐅𝐜 = ∫𝛺 (𝛁𝐍𝐩𝐜 ) 𝐤𝑔 𝜌𝑔 𝐛 𝑑𝛺 − ∫𝛤 𝐍𝐩𝐜
𝑇

Also,

𝑇 𝐰̇𝑔
∫𝛺 𝐍𝐩𝐜
𝜌𝑔

𝛁𝜌𝑔 𝑑𝛺

𝐊 = 𝑑(∫𝛺 𝐁T 𝛔′ d𝛺)/𝑑𝐔

𝑞𝑔

[34]

[35]

[36]

where 𝐛 represents the vector of body force and 𝐧∗ denotes
the normal vector to the surface.
𝛽

Also, 𝑤̇𝑖 is defined by
𝛽

𝑤̇𝑖 = (𝑘𝛽 )𝑖𝑗 [−𝑝𝛽,𝑗 + 𝜌𝛽 (𝑏𝑗 − 𝑢̈𝑗 )]

2

[37]

APPLICATION OF THE MODEL TO THE CASE OF
DYNAMIC COMPACTION

The presented model can be accompanied by an elastoplastic constitutive model to account for the modelling of
the response of partially saturated soils under dynamic
compaction.
As for Dynamic Compaction, it is performed by dropping
heavy weights on the ground surface. Since its
introduction, dynamic compaction has exhibited its
versatility and simplicity of use in a wide range of civil
engineering projects around the world, including building
structures, container terminals, highways, airports,
dockyards, and harbours, as, reported by Miao et al.
(2006), Mayne et al. (1984), Van Impe and Bouazza
(1997), Hansbo (1996) and Jia et al. (2016), among others.
The predictive methods available for dynamic
compaction can be generally classified into three
categories, viz., empirical equations proposed by
researchers such as Slocombe (1993) and Menard and
Broise (1975), analytical solutions suggested by
researchers such as Scott and Pearce (1975), Chow et al.
(1990), Chow et al. (1992) and Gunaratne et al. (1996), and
numerical simulations. Among the numerical methods
available in the literature for the analysis of dynamic
compaction, the finite element method has been widely
used, mainly due to the application of modern
computational approaches in this method.
By using the Drucker-Prager-type elasto-plastic models
within the framework of large deformations analysis, Poran
and Rodriguez (1992) were among the pioneers who
studied the soil response under dynamic compaction. Pan
and Selby (2002) modelled the response of loose granular
soil under impact load by the Mohr-Coulomb constitutive
model, with a non-associated flow rule.
López‐Querol et al. (2008) employed a coupled finite
element code (displacements with pore water pressure) to
simulate dynamic compaction. The theory of consolidation,
proposed by Biot (1956) for saturated media, was used
together with the constitutive law developed by Pastor et
al. (1990) to simulate the nonlinear response of the soil.
They illustrated that the results of a u-𝑝𝑊 -w formulation
(with u as displacement, w the relative velocity of the fluid
and 𝑝𝑊 as pore pressure) are similar to those of a
displacement-pore pressure (u-𝑝𝑊 ) formulation. However,
the latter framework yields fewer degrees of freedom, thus
increasing the speed of the analysis.
More recently, Ghassemi et al. (2010) investigated the
efficiency of dynamic compaction in saturated granular
soils. They carried out a sensitivity analysis to see how the
depth of improvement in dynamic compaction can be
affected by the coefficient of permeability of the soil.

So far, none of the theoretical methods mentioned
above have been able to explain the complicated response
of partially saturated soils subject to dynamic compaction,
yet experimental reports by different researchers indicate
that the behaviour of soils under dynamic loadings also
depends on the degree of saturation at which the impact
loads are applied. This dependency may generally be
expressed in the form of a compaction curve where the
water content at which the dry density is at its maximum
can be found for a given compaction energy (Proctor
(1933). Furthermore, Lukas (1986) also suggested that the
water content of the clayey soils before applying dynamic
compaction should be below the plastic limit of the soil.
Rollins et al. (1998) evaluated the efficiency of dynamic
compaction of soils at different degrees of saturation and
illustrated that there is an optimum water content, like other
compaction methods, at which the maximum efficiency can
be achieved for a certain level of compaction energy.
Despite the wide use of dynamic compaction as an
economically attractive ground improvement technique
and an abundance of experimental data, previous
numerical simulations were mostly unable to accurately
predict the behaviour of partially saturated soils subjected
to dynamic compaction. The presented finite element
approach can predict and explain the complicated nature
of dynamic compaction when the soil is unsaturated and
moisture content of the soil varies.

Table 1. Constitutive model and material parameters for
the problem of dynamic compaction.
Parameter type
The slope of critical state
line
The slope of loading line in
fully saturated state
Poisson’s ratio of the
mixture
The slope of
unloading/reloading line in
fully saturated state
Specific volume at 𝑝′ = 1
kPa

The initial size of the yield
surface
Unsaturated material
parameter
Unsaturated material
parameter
Density of the solid
skeleton
Density of the water
Density of the air
Elastic modulus of the
mixture

Symbol

Value

Unit

𝑀

1.2

-

𝜆

0.25

-

𝜇

0.3

-

𝜅

0.05

-

𝛤∗

2.8

-

15

kPa

𝛽

0.012

1/(kPa)

0.9

-

𝜌𝑠

2650

kg m−3

𝜌𝑎

1.1

𝛼∗

𝑟

𝜌𝑤

997

𝐸

1.2 × 104

kg m−3
kg m−3
kPa

Bulk modulus of the solid
skeleton

𝐾𝑠

𝐾𝑤

Bulk modulus of the water

𝐾𝑎

Bulk modulus of the air

3

3.5 × 107

kPa

2.25 × 106

kPa

2

1.01 × 10

kPa

DESCRIPTION OF THE FINITE ELEMENT MODEL

The elastoplastic model proposed by Sheng et al. (2003) is
chosen here to simulate the elastoplastic response of the
partially saturated soil. As the model belongs to the family
of Cam-Clay models we limit our attention to cohesive soils
in this study. A brief description and formulation of the
model is given in appendix A.
A schematic representation of the axisymmetric finite
element model is presented in Figure 1. All boundaries are
considered impermeable except the top boundary. Viscous
boundary conditions with artificial damping were
considered along the outer cylindrical boundary and the
circular bottom boundary of the mesh to damp out reflected
waves. Isoparametric elements were used over the whole
domain. These elements are the 6-noded displacement
elements, which are coupled with a 3-noded element
corresponding to the degrees of freedom for suction and
pore water pressure.
The constitutive and material parameters selected for
this example are shown in Table 1, and the parameters of
the adopted soil water characteristic curve defined by
Brooks and Corey (1964) (see Appendix B) are shown in
Table 2. In the first step of the analysis the body force was
applied to generate the geostatic stresses inside the mesh
and to prepare the initial conditions for the next step of the
analysis. The impact load is also shown in Figure 2.

Five analyses have been performed with initial
saturation degrees of 0.4, 0.5, 0.6, 0.7 and 0.8 to observe
how the peak particle velocity varies with the initial
moisture content of the soil. The values of PPV are
measured at a point on the ground surface located at a
distance of 5.5 metres from the centre of impact. The
results are shown in Figure 3. The graph indicates that at
this location PPV decreases with an increase in the
moisture content. One reason for this effect is the
generation of higher values of pore water pressure in soils
with higher degrees of saturation, as shown in Figure 4.
The higher water pressure implies more energy is
absorbed by the water phase in the soil, decreasing the
speed of the generated wave.
Among the factors affecting the PPV, attention was
paid to the effect of the air-entry values. Generally, the airentry value can be considered as an index which indicates
the resistance of a fully saturated soil to becoming partially
saturated, or the ability of the soil to preserve its water
content. Therefore, it is expected that for a certain applied
energy, soils with lower air-entry values experience higher
changes in the moisture content. This is shown in Figure
5 where results are shown for three analyses performed
assuming air-entry values of 100, 300 and 500 kPa. On this
graph, a point located at 50 centimetres beneath the centre
of impact is chosen to observe the variation of degree of
saturation versus the air-entry value. As may be seen, an
inverse relationship is obtained.

Table 2. Water retention curve parameters for the problem
of dynamic compaction.
Parameter type
Bubbling pressure
Residual wetting fluid
saturation
Air entry saturation
Pore size distribution
Index

4

Symbol

Value

Unit

𝑃𝑑

40

kPa

𝑆𝑟𝑤

0.4

-

0.8

-

𝑣𝑏

3.0

-

𝑆𝑟𝑎

Figure 1. The finite element model.

RESULTS AND DISCUSSION
5

We define Peak Particle Velocity (PPV) as an indicator of
the magnitude of the velocity of the ground motion through
the following equation:
𝑃𝑃𝑉 = √𝑉𝑟 2 + 𝑉𝑧 2

[38]

where 𝑉𝑟 and 𝑉𝑧 represent the velocity of the soils in the
radial and vertical directions.

CONCLUSIONS

The effect of moisture content on the induced vibration of
the ground during the application of dynamic compaction
was studied numerically and the results described in this
paper. The results indicate that the peak particle velocity
decreases by increasing the degree of saturation of the
soil. Moreover, it is shown that that higher air-entry values
generally correspond to the higher PPV values. As the soil
becomes more saturated due to impact, it is anticipated

that the PPV should decrease as the portion of energy
absorbed by the water phase increases. This trend is
confirmed in Figure 6 where it is observed that increasing
the air-entry values increases the value of PPV.

51
49
47

Water Pressure (KPa)

80

60

Pressure (kPa)

53

40

45
43
41
39
37
35
0.4

0.6
0.7
0.8
Saturation Degree
Figure 4. The change of water pressure versus initial
saturation degree of the soil at 0.5 m below the centre of
impact area.

20

0.5

0.07
0
0

0.05

0.1

0.15

0.2

0.06

Change in saturation degree

Time (s)
Figure 2. Applied dynamic pressure.

7
6

PPV (mm/s)

5
4

0.05
0.04
0.03
0.02
0.01

3
2

0
0

1

200

400

600

Air-entry value(kPa)
0
0.4

0.5

0.6

0.7

0.8

Saturation Degree
Figure 3. The change of PPV versus initial saturation
degree of the soil.
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APPENDIX A. CONSTITUTIVE MODEL
The stress-strain model adopted here for partially saturated
soils, proposed by Sheng et al. (2003), is an extension of
the Modified Cam Clay (MCC) model first proposed by
Roscoe and Burland (1968) for saturated soils. An
associated plastic flow rule is assumed where the yield
surface, 𝑓, and the plastic potential surface, 𝑔, are
described by
𝑓=𝑔=

𝑞2

𝛼∗2

+ 𝑀2

𝑝′

𝛼∗

(1 +

𝑝′

𝛼∗

)

[A.1]

Similar to the MCC model, 𝑀 is the slope of the critical
state line in p'-q stress space. Also, 𝛼 ∗ determines the yield
surface size for unsaturated conditions, 𝑝′ represents the
effective mean stress and 𝑞 is the deviatoric stress.
To incorporate suction forces into the model, the
evolution of the yield surface is described by an expression
similar to that adopted in the Basic Barcelona Model
(BBM), but the net stress is replaced by a Bishop-type
constitutive stress. This is illustrated in the following
equation where the hardening parameter for unsaturated
soil, 𝛼 ∗ , depends on suction:
𝛼∗
𝑝𝑟

𝛼 (𝜆0 −𝜅)/(𝜆−𝜅)

=( )

where 𝑆𝑒 is the effective saturation defined according to:
𝑆𝑒 =

𝑆𝑤 −𝑆𝑟𝑤

𝑆𝑟𝑎 −𝑆𝑟𝑤

where 𝑆𝑟𝑤 is the residual degree of saturation at extremely
dry conditions, and 𝑆𝑟𝑎 is the residual degree of saturation
at the fully saturated condition. 𝑃 𝑑 represents the ‘‘air-entry
value’’ and 𝜈 𝑏 is a fitting parameter.

[A.2]

𝑝𝑟

where 𝛼 is the yield surface size at the fully saturated
condition, 𝑝𝑟 is a reference mean stress, usually equal to
1 kPa (Sheng et al., 2003), 𝜅 represents the slope of the
compression-recompression line, and 𝜆 and 𝜆0 are the
slopes of the normal compression lines for the saturated
and unsaturated conditions, respectively. The variation of
𝜆 with respect to the suction 𝑝𝑐 is also described by:
𝜆

𝜆0 ((1 − 𝑟) 𝑒𝑥𝑝(−𝛽𝑝𝑐 ) + 𝑟)

𝑝𝑐 >

𝑝𝑐2
𝛽

1
= 𝜆0 ((0.875 + √0.015625 − (𝛽𝑝𝑐 − 𝑝𝑐 )2 ) (1 − 𝑟) + 𝑟)

{

𝜆0

𝑝𝑐1

𝑝𝑐 ≤

𝑝𝑐2

𝑝𝑐1
𝛽

[A.3]

where
and
are dimensionless quantities given by
Sheng et al. (2003).
Moreover, the hardening law is defined by
𝛼̇ =

(1+𝑒)𝛼 𝑝
𝜀̇
𝜆0 −𝜅 𝑣

[A.4]
𝑝

where 𝑒 is the void ratio and 𝜀̇𝑣 is the rate of plastic
volumetric strain.
APPENDIX B- SWCC AND RELATIVE PERMEABILITY
The relative permeabilities of the water and gas phases are
defined, respectively, as:
(2+3𝜈 𝑏 )/𝜈 𝑏

𝑘𝑟𝑤 = 𝑆𝑒

[B.1]
(2+𝜈 𝑏 )/𝜈 𝑏

𝑘𝑟𝑔 = (1 − 𝑆𝑒 )2 [1 − 𝑆𝑒

]

[B.2]

and soil water characteristic based is given by:
𝑆𝑒 = (𝑃 𝑑 /𝑝𝑐 )𝜈

𝑏

[B.3]

[B.4]

𝑝𝑐1
𝑝𝑐2
< 𝑝𝑐 ≤
𝛽
𝛽

