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ABSTRACT
Nonlinear deformation analyses (NDAs) are increasingly being used to assess the expected performance of sites affected
by earthquake-induced liquefaction. Using the results of NDAs in performance-based design requires an understanding of
the sources and magnitudes of uncertainty in the predicted responses, such as the spatial variability of soil properties
across a site. Stochastic modeling approaches, such as spatially correlated random fields, offer a means to directly
incorporate spatial variability into NDAs. However, this approach has not commonly been applied to case histories. This
paper describes the application of stochastic modeling techniques to the Wildlife Liquefaction Array (WLA) to evaluate the
effects of spatial variability on the computed response. WLA is underlain by young flood plain deposits and the upper silty
sand and sandy silt layers liquefied during the 1987 Superstition Hills Earthquake (Mw = 6.6). The response of the site was
recorded by piezometers, an inclinometer, and an accelerometer array that had been installed prior to the earthquake.
Subsurface investigations at the site show significant heterogeneity in the cone penetration resistance within the liquefiable
layers, which have commonly been modeled using homogeneous layers in previous studies. In this paper, the response
of the WLA to the 1987 earthquake is simulated with properties of the liquefiable layers represented using spatially
correlated random fields. These random fields are conditioned on CPT soundings at the site to more closely approximate
the field conditions. The results of the numerical simulations are compared to the recorded response at the site to validate
the approach and identify aspects of the recorded response that are influenced by the inclusion of spatial variability, such
as the rate of pore pressure generation within the liquefiable layer.
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INTRODUCTION

Nonlinear deformation analyses (NDAs) are increasingly
being used to assess the expected performance of sites
affected by earthquake-induced liquefaction. NDAs allow
for the direct estimation of displacements and strains, but
the use of these results within a performance-based design
framework requires an understanding of the uncertainty in
these estimates. One major source of uncertainty is the
spatial variability of soil properties across a site. This
variability may be directly incorporated into NDAs using
stochastic modeling techniques. These techniques have
previously been applied to examine earthquake-induced
liquefaction (e.g., Popescu et al. 1997, Montgomery and
Boulanger 2017), but their application to case histories is
less common.
This paper describes the application of stochastic
modeling techniques to the case history of the Wildlife
Liquefaction Array (WLA). The goals of this work are to
evaluate: 1) the effects of spatial variability on the
computed response, and 2) the improvement/merit of
employing such a simulation protocol relative to previous
efforts of simulating WLA, where spatial variability was not
considered. Properties of the liquefiable layers are
represented using spatially correlated random fields.
These random fields are conditioned on cone penetration
test (CPT) soundings previously performed at the site to
more closely approximate the field stratigraphy. The results
of the numerical simulations are compared to the recorded
response at the site to validate the approach and identify
aspects of the recorded response that are influenced by the
inclusion of spatial variability, such as the rate of pore
pressure generation within the liquefiable layer.

2

WILDLIFE LIQUEFACTION ARRAY

The WLA site is located on the flood plain of the Alamo
River in the Imperial Valley desert of Southern California,
where sand boils developed during the 1981 Westmorland
earthquake (Youd and Wieczorek 1982). The site is on
level ground, but river channel runs along the east side of
the site. It was established by the USGS in 1982 (Bennett
et al. 1984) and recently re-established at a nearby location
as part of the U.S. National Science Foundation (NSF)
Network for Earthquake Engineering Simulation (NEES)
(UCSB 2007). This paper will focus on the instrumentation
and properties of the original site. Today, the site is one of
the permanently instrumented geotechnical test sites
designed to improve the understanding of the effects of
surface geology on strong ground motion. The study
presented herein will refer only to the original 1982 site.
Instrumentation at the site included piezometers, an
inclinometer, and an accelerometer array. There was also
a variety of investigations to characterize the properties of
the site (Bennett et al. 1984). The locations of the
instrumentation and CPT soundings are shown in Figure 1.
The site is primarily underlain by young floodplain deposits.
CPT tip resistance at the site showed significant
heterogeneity within the liquefiable silty sand to sandy silt
layer (Figure 2).
2.1

Response to the Superstition Hills Earthquake

Liquefaction was observed at the site during the 1987
Superstition Hills Earthquake (Mw = 6.6). Water and muddy
sediment erupted and covered much of the land surface
after the earthquake. Cracks in the ground surface
indicated that permanent displacement occurred in the
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Figure 1. Plan view of the Wildlife Liquefaction Array (after Bennett et al. 1984).

Figure 2. Cross-section of Wildlife Liquefaction Array showing explorations and instrumentation.
direction of the Alamo River. Liquefaction was attributed to
the upper silty sand and sandy silt layers which have a total
thickness of 4.3m (Holzer et al. 1989 and Figure 2). The
response of the site was recorded using the
instrumentation described above. Holzer and Youd (2007)
discussed the recorded response in detail. They concluded
that the observed delay in pore pressure rise in the
piezometer readings was due to the effects of long period
Love waves that were recorded approximately after
primary strong motion had decreased.
2.2

Previous Analyses

Multiple previous researchers have used numerical
simulations to study the response of the WLA (e.g.,
Ziotopoulou 2010, Kramer et al. 2011, Alkayyal and Awwad
2015). Many of the previous studies have used onedimensional (1D) profiles to study the response of the
downhole array and used uniform properties. Holzer and
Youd (2007) commented on the large natural lateral

variability of the liquefiable layer over distances of only 1
m, indicating that the spatial variability at the WLA site is a
topic that warrants further investigation. Exceptions to the
use of uniform properties include Fenton and Vanmarcke
(1998) who performed a series of 1D analyses using
properties from three-dimensional (3D) random fields to
analyze the effects of spatial variability on the potential
variability in liquefaction triggering across the site. Elkateb
et al. (2003) used two-dimensional random fields and
empirical liquefaction design relationships to estimate the
potential variability in damage indices at the site. The
authors also hypothesized that some of the delayed pore
pressure rise could be explained by heterogeneity in soil
properties, but were unable to test this hypothesis as they
did not perform any numerical modeling. This paper
extends the work performed by previous researchers by
employing two-dimensional NDAs with properties of the
materials represented using spatially correlated random
fields to examine the impacts of spatial variability on the
computed response.

Figure 3. Infinite slope mesh used for nonlinear deformation analyses of WLA.
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NONLINEAR DEFORMATION ANALYSES

NDAs of the WLA were performed using an infinite slope
model with a liquefiable layer sandwiched between a clay
crust and clay base. Simulations were performed using the
finite difference program FLAC 7.0 (Itasca 2011). The
geometry and mesh (Figure 3) had a total length of 30
meters and a total height of 7.5 meters with a base
inclination of 0.2 degrees. The mesh consisted of 50
columns and 32 rows for a total of 1,600 zones.
The boundary conditions for displacements and pore
pressures were selected to replicate infinite slope
conditions. The ground water table was set at 1.2 meters
below the ground surface with constant flow boundary
conditions imposed along the sides to model steady
seepage parallel to the slope. The displacement degrees
of freedom on the left boundary were slaved to move
together with their counterparts on the right boundary. A
rigid boundary was used along the base of the model to be
consistent with the downhole recording used for the
analyses. Rayleigh damping of 0.5% at a frequency of 5 Hz
was included to minimize numerical noise.
The recorded motions from the Superstition Hills
earthquake were obtained from the Strong Motion Virtual
Data Center (COSMOS 2017). All simulations were
performed using the downhole recordings of the 360degree component of the horizontal motion and the vertical
motion. These motions were applied unscaled and without
additional filtering to the base of the model as acceleration
time histories.
3.1

Soil Properties

Both the clay crust and clay base were modeled using the
Mohr—Coulomb constitutive model (Itasca 2011). The
crust was assigned an undrained shear strength (su) of 38
kPa and the base was assigned an su of 133 kPa, both with
a friction angle of 0. These su values represent average
values for each layer calculated from the CPT results
(using an Nkt of 14). The shear modulus for each layer was
calculated based on the shear wave velocity which was 99
m/s for the crust and 168 m/s for the base (Holzer and Youd
2007). The permeability of the clay crust was reasonably
assumed to be 1.0E-5 cm/s. No variability in properties of
the crust or base layers was considered in the in this study.

The liquefiable layer was modeled using the constitutive
model PM4Sand (Version 3; Boulanger and Ziotopoulou
2015, Ziotopoulou and Boulanger 2016). The variability of
the liquefiable soil was represented using spatially
correlated random fields of stress normalized, equivalent
clean sand cone tip resistance (qc1Ncs) values with all other
model parameters correlated to this value. This is
equivalent to assuming perfect correlation between these
parameters and qc1Ncs. Details of the random fields are
discussed in the next section. PM4Sand has three primary
input parameters, which were mapped to the qc1Ncs value
using a similar procedure to Montgomery and Boulanger
(2017). For a given qc1Ncs value, the relative density (DR)
was computed as,

DR  0.478  qc1Ncs 

0.264

 1.063

[1]

and the shear modulus number (Go) as,

 G  p 
Go   max   A 
 pA   p 

0.5

[2]

where Gmax was computed from the soil's shear wave
velocity (Vs) and mass density (ρ) as,

Gmax   Vs 

2

[3]

The value of Vs was computed using a modified version
of the relationship recommended by Boulanger and
Ziotopoulou (2015) as,

Vs  32.6 qc1Ncs 

0.303

 p 


 pA 

0.25

[4]

The modified equation was developed by mapping the
original equation to qc1Ncs through DR and adjusting the fit
to better match the median Vs values at WLA.
The contraction rate parameter, hpo, was calibrated
using single-element direct simple shear simulations to
match the desired cyclic resistance ratio (CRR). This value
was computed using the CPT-based liquefaction triggering
correlation recommended by Boulanger and Idriss (2014)
for M = 7.5 and σ'vc = 0.57 atm [i.e., CRRM7.5,σ=0.57] with an
upper limit on the triggering curve of 0.80. The lower

effective stress, which represents the stress at the center
of the liquefiable layer, was used to account for the
relatively shallow depths at the WLA. The calibration was
performed such that CRRM7.5, σ=0.57 caused 3% peak shear
strain (at which ru = ru/σ'vc ≈ 1.0) after 15 cycles of loading
in an element consolidated to σ'vc = 57 kPa with a
coefficient of lateral earth pressure at rest Ko = 0.5. The
calibration was performed for 42 individual values of qc1Ncs
ranging between 25 and 250, inclusively, which covers the
range of values used in this study. Values of hpo for
intermediate qc1Ncs values were calculated using linear
interpolation. The 18 secondary model parameters
retained the default values recommended in Boulanger and
Ziotopoulou (2015). Previous studies have identified the
lower tip resistances within the liquefiable layer at the WLA
can be classified as a sandy silt which are sometimes
modeled as a separate layer (e.g., Ziotopoulou 2010). In
the present study, the location of the low tip resistances is
random and so the correspondingly lower permeability of
the sandy silt layers was accounted for by correlating the
permeability in the liquefiable layer to the qc1Ncs. The mean
permeability was selected to be 1.0E-3 cm/s (after Fenton
and Vanmarcke 1998) and assumed to vary by an order of
magnitude as qc1Ncs varies from 50 to 150. This variation
was captured using the following equation,

k  10 3   qc1Ncs 

2

[5]

where k is the permeability in cm/s.
3.2

are located directly along section A-A (Figure 2). The
distribution from these CPTs falls below the distribution
using the full set and would be better fit by a mean qc1Ncs =
91 (calculated in natural log units). Simulations with
uniform properties were performed using both of these
qc1Ncs values (100 and 91, respectively).
Simulations were also performed with the sand layer
properties represented by non-homogenous, spatially
correlated random fields of qc1Ncs values. An exponential
correlation function was used and the fields were
generated through LU decomposition of the covariance
matrix (Davis 1987). This method is implemented for
normal distributions, so the lognormal distribution was
accounted for by simulating values for the natural log of
qc1Ncs, which are normally distributed. Two sets of values
were used for the scale of fluctuation (Vanmarcke 1983) as
shown in Table 1. θx represents the scale of fluctuation
parallel to the ground surface, while θy represents the scale
of fluctuation perpendicular to the ground surface. These
values were selected to be consistent with the range
identified by Elkateb et al. (2003) for WLA. The process for
implementing the random fields into FLAC has previously
been described by Montgomery and Boulanger (2017). The
fields were conditioned using the qc1Ncs values within the
liquefiable layer from CPT5g, 4g and 1g as the simulation
was based on section A-A (Figure 2).
Table 1. Properties of the random fields used for WLA

Distributions of properties in the liquefiable layer

The properties of the liquefiable layer were represented
using uniform and spatially correlated random fields of
qc1Ncs values. To select these values, the data from CPT1g5g (Figure 2) were processed using the methodology
presented by Boulanger and Idriss (2014). A cfc value of
-0.25 was used for the clean sand correction based on
fines content data at the site. The cumulative distribution of
qc1Ncs values from these 5 CPTs is shown in Figure 4. A
lognormal distribution was fit to this data using a mean
qc1Ncs = 100 (calculated in natural log units) and a standard
deviation (σln x) of 0.343. Also shown in the figure is the
cumulative distribution of CPT1g, CPT4g and CPT5g which

1

Characteristics

Set 1

Mean qc1Ncs1

100

Set 2
100

Standard Deviation (ln units)

0.343

0.343

θx (m)

10.0

20.0

θy (m)

1.0

2.0

qc1Ncs is simulated in natural log units for the random fields

Cumulative distributions of qc1Ncs values from the 100
random field realizations using each of the scales of
fluctuation are shown in Figure 4. The median distribution
from the random field realizations falls in between the
cumulative distribution using all the CPTs and the
distribution using the subset along section A-A. This is

Figure 4. Cumulative distributions from CPTs at WLA and from the zones in the random field realizations using two
different scales of fluctuation.

Figure 5. Contours showing the distribution of qc1Ncs across the model for two different scales of fluctuation.
expected as the fields are conditioned on the three CPTs
along section A-A which have a slightly lower mean value.
Contour plots of qc1Ncs for two realizations are shown in
Figure 5. The larger scales of fluctuations generally result
in larger lenses of material with similar properties.
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RESULTS

Acceleration time histories at the ground surface for one of
the stochastic realizations and the uniform model using
qc1Ncs =100 are compared to the recorded motion in Figure
6. The acceleration time histories for the models are taken

Figure 6. Acceleration time histories from a uniform
and stochastic model compared with the recorded
motions.

at approximately the same location along the profile as the
surface seismometer. Both models compare reasonably
well with the early part of the motion, although the
stochastic realization overpredicts the peak response of
the site. Neither model is able to capture the long period
oscillations observed after approximately 18 seconds.
These oscillations have previously been attributed to the
influence of long-period (5.5 seconds) Love waves (Holzer
and Youd 2007) which cannot be captured in the current
model with or without the presence of random fields.
The comparison between the models can be extended
through examination of the response spectra for both the
stochastic and uniform models (Figure 7). Results are
shown for 100 realizations with each set of scale of
fluctuation considered along with uniform models with the
qc1Ncs values of 91 and 100. Spectra are computed using
acceleration time histories that are taken at approximately
the same location along the profile as the surface
seismometer. The numerical simulations all tend to
underestimate the response at long periods which is
expected as these simulations cannot fully capture the
influence of surface waves. Each of the uniform models fits
the recorded response better over different period ranges.
The stochastic models show significant variation between
individual realizations and the variability tends to increase
as the scale of fluctuation increases. The stochastic
models also tend to share features with each of the two
uniform models depending on the period showing the
influence of both looser and denser zones.
The numerical models overestimate the spectral
response at spectral periods of about 0.025 and 0.055 sec
at the ground surface, while being in good agreement with
the peak ground acceleration (i.e. zero period spectral
acceleration). Simulations using FLAC can produce high
frequency acceleration noise in some cases (e.g. Finn
1988, Green and Ebeling 2003, Bouckovalas et al. 2017,
Ziotopoulou 2017), particularly when simulating the
response of saturated sands near the ground surface, but
such noise also tends to affect peak ground accelerations.
Alternatively, the crust layer may develop a local
resonances when the underlying soils liquefy while the
crust is essentially in its elastic range of behavior. When
the underlying soils transiently reach an excess pore

pressure ratio of 100%, the impedance contrast is
temporarily large and the first fundamental period for the
crust with a zero shear stress lower boundary becomes
2Hcrust/Vs = 0.05 sec. When the underlying soils transiently
stiffen due to cyclic mobility, the impedance contrast is not
as large and the bottom boundary for the crust is no longer
stress free; the crust may then also vibrate at periods of
4Hcrust/Vs = 0.10 sec and 4Hcrust/3Vs = 0.03 sec. In addition,
the numerical model likely underestimates hysteretic
damping in the crust layer because the crust remains
largely linear elastic in the analysis and has a relatively low
level of assigned Rayleigh damping. The actual cause of
over-prediction of spectral accelerations at spectral periods
of 0.025 and 0.055 sec is likely due to a combination of the
above discussed factors.
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Figure 8. Pore pressure time histories from the uniform and
stochastic models compared with the recorded response of
piezometer P5.
The final comparison illustrated in Figure 9, shows the
displacements in the numerical models from the end of
shaking compared with the displacements estimated from
the inclinometer. The numerical simulations did not
account for post-liquefaction reconsolidation or strength
loss, so the displacements are entirely due to movements
during shaking. The uniform model with the median qc1Ncs
from the entire site (qc1Ncs = 100) significantly underpredicts
the displacement, while the uniform model with the median
qc1Ncs from section A-A (qc1Ncs = 91) properties
demonstrates a closer agreement. The two uniform models
predicted similar amounts of liquefaction (Figure 8) and so
these differences in displacement can primarily be
attributed to differences in the cyclic mobility response of
these models. The median displacement profiles for the

Pore pressure generation within the numerical models
is compared to the recorded response of piezometer P5 in
Figure 8. The pore pressure time histories from the
numerical model are taken at approximately the same
location and depth as the piezometer P5. Post-shaking
reconsolidation was not considered in this study. The
numerical models all show an initial jump in pore pressure
not observed in the recordings, but the largest increase in
pore pressure begins for both the numerical models and
the recording at approximately 15 seconds. The uniform
models show a similar response, but the stochastic models
show significant variation which is dependent on the qc1Ncs
value present at that location in the realization. The rate of
pore pressure generation varies between the looser and
denser zones, but diffusion can cause these values to rise
over time. This demonstrates the potential effect of soil
variability on the delayed excess pore pressure generation
which was also hypothesized by Elkateb et al. (2003).

Depth (m)

Figure 7. Acceleration response spectra for the uniform
and stochastic models compared with the recorded motion.

Figure 9. Displacement profiles at the end of shaking from
the uniform and stochastic models compared with
displacements from the inclinometer at WLA. The shaded
region shows a 95% confidence interval on the median
displacement.

stochastic models are shown along with a shaded region
which represents the 95% confidence interval on the
median. The observed surface displacement falls within the
confidence interval of the stochastic models. The longer
which represents the 95% confidence interval on the
correlation length leads to larger displacements, which is
expected given the higher potential for similar properties
across a longer distance. Both the stochastic models show
a non-uniform pattern of displacement with depth which is
consistent with the displacement patterns noted by
Montgomery and Boulanger (2017).
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DISCUSSION

The above comparison demonstrates some of the possible
effects of spatial variability on the computed response from
the WLA. Both the uniform and stochastic models were
able to capture some aspects of the recorded response.
For example, the denser uniform model was better able to
capture the spectral acceleration in the range of 0.1 to 1
secs while the looser model was better able showed the
highest spectral accelerations at periods greater than 1
second and showed larger surface displacements. The
stochastic models include both looser and denser zones
and the response combines aspects seen in both the
looser and denser uniform models. In addition, the
stochastic models show significant variation in the pore
pressure response which may be another possible
explanation for the delayed response observed at WLA.
The response of the stochastic models relative to the
uniform models is also consistent with comparisons by
Montgomery and Boulanger (2017) and Boulanger and
Montgomery (2016). The median displacement from the
stochastic models falls slightly below the value from the
uniform model with a qc1Ncs = 91 which is close to the 50th
percentile value from the stochastic distributions (Figure 4).
The response spectra from the stochastic models ranged
between two uniform models showing the response of both
looser and denser zones which was not examined by the
previous studies.
The goal of this study was to present a first investigation
of the insights gained by explicitly considering the spatial
variability of the deposits at the WLA site. As such, the
current study examined a limited number of parameters.
The results in this paper are all from simulations of a 2D
infinite slope which is a simplification of the true 3D
geometry of the WLA. In addition, the results are only
presented for a single horizontal component of the ground
motion and a single set of statistical parameters. Additional
work is currently on-going to examine some of these other
factors. The current numerical approach is not able to
capture the influence of long period Love waves and this
limitation is acknowledged.
6

SUMMARY

The response of the Wildlife Liquefaction Array (WLA) to
the 1985 Superstition Hills earthquake was examined using
nonlinear deformation analyses (NDAs) with both uniform
and spatially variable properties. The spatially variable

properties were modeled using non-homogeneous
spatially correlated random fields conditioned on three of
the CPTs at the site. The uniform models were selected to
represent the median properties of the three CPTs used to
condition the random fields and the full suite of CPTs from
across the site. Results were compared to instrument
recordings at the site. Each of the uniform models was
better able to represent the recorded spectra from the
surface at different periods, but the spectra from the
stochastic models combined these responses and were
better able to capture the trends in the recording across a
larger range of periods. None of the simulations were able
to capture the long period motions which were observed at
the site which is attributed to the inability of the current
simulations to model the influence of Love waves. The
stochastic models also showed a large variability in pore
pressure generation between realizations as pore
pressures diffused between looser and denser zones
within the liquefiable layer. This offers a potential insight
into the role of spatial variability in the observed delayed
pore pressure response. The stochastic models and the
weaker of the uniform models were close to the observed
displacement, but the stochastic models showed a nonuniform patter of deformations with depth consistent with
shearing occurring through looser pockets.
The results shown in this paper aim at demonstrating
the possible impacts of spatial variability on the observed
responses at the WLA. The simulations covered a relatively
narrow range of conditions and utilized a simple infinite
slope geometry to model the site. The present study
illustrated that including spatial variability in the numerical
models can improve the agreement between recorded and
simulated accelerations and displacement patterns as well
as the rate of pore pressure generation. Future studies may
consider more realistic geometries, three-dimensional
effects, alternative distributions of material properties,
variability in the non-liquefiable layers, and the other
component of the recorded motion.
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