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ABSTRACT 
 

Constitutive models for liquefiable soils have limitations in their ability to model all the 

details of behaviors that are important to the system-level analysis of geotechnical structures. 

Without critical examinations, most users are unaware that even at the element level, 

constitutive models can produce results inconsistent with known behaviors of soils for many 

practical loading conditions. Constitutive model limitations at the element-level can propagate 

to the system-level. This paper demonstrates, through a selected example, how validation 

protocols of constitutive models for liquefiable soils should explore a broad range of 

conditions that are of practical importance and subsequently document the degree of fit/misfit 

between numerical simulation results and empirical relationships. It is concluded that the 

adoption and documentation of validation protocols for constitutive models used in practice 

can contribute to a more rational understanding of potential biases and foster improvement in 

the application of numerical methods in modeling liquefaction effects. 

 

Introduction 
 

The increasing availability of computational resources (hardware, software, numerical and 

computational tools etc.) over the last few decades has significantly pushed engineers 

towards more frequently employing computer simulations of physical processes in their 

practice. The goals and applications of such simulations typically range from the analysis and 

design of a non-existing structure, to the response prediction and subsequent evaluation of an 

existing structure to an extreme loading scenario, or to the forensic investigation and analysis 

of a failed or damaged structure. With such a vast range of applications and associated 

impacts, the evaluation of the simulations’ credibility should become a priority of the 

community, and verification and validation as tools for assessing the accuracy of conceptual 

and computerized model (Oberkampf 2002) should receive a great amount of attention. 
 

Validation is the assessment of the accuracy of a computational simulation by comparison 

with the body of available data compiled from case histories and experiments, and provides 

the link between reality and its computerized representation (Figure 1a). In geotechnical 

engineering, the available body of reported or recorded data cumulatively constitutes the 

validation domain, will rarely fully coincide with the application domain, i.e. the systems that 

simulations are employed for. The two domains will however share similarities so developers 

and users should invest the effort of extensively validating their tools and thus building the 

confidence needed in applying their procedures in new applications (inference in Figure 2b). 
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This paper focuses on nonlinear deformation analyses for problems involving liquefaction 

that are increasingly common in earthquake engineering practice. Such simulations rely –

amongst other components (e.g. the numerical platform or even the user) – on the constitutive 

model’s ability to approximate liquefaction behavior across a range of seismic hazard levels  

(e.g. different shaking intensities and durations) and in-situ stress conditions (e.g., different  

overburden stresses and initial static shear stress ratios). Constitutive models for sand that are 

used in practice range from relatively simplified, uncoupled cycle-counting models to more 

complex plasticity models and have been implemented on a variety of platforms. Within this 

plethora of models the adoption of validation protocols and the establishment of ways of 

demonstrating their performance becomes increasingly important. 
 

Constitutive models for liquefiable soils have inherent limitations in their ability to model all 

the details and the complexity of behaviors that can be important to the system-level analysis 

of geotechnical structures. Most users are however unaware that even at the element level, 

constitutive models can produce results that are inconsistent with known behaviors of soils 

for many practical loading conditions. This problem stems in part from a shortage of critical 

examinations of constitutive model behaviors for the broad range of loading conditions that 

users in practice may need to account for. Advantages and limitations of constitutive models 

can be established through extensive validation exercises and subsequently illustrated by 

documents showing the constitutive response of the model in element tests that cover a broad 

range of the conditions that may be important to various applications in practice (e.g., Beaty 

and Byrne 2011, Boulanger and Ziotopoulou 2015). Such an examination and documentation 

should be the responsibility and priority of both developers and users; it can demonstrate the 

credibility of the constitutive model, reveal limitations and provide motivation for new 

developments, and contribute to a deeper understanding of the overall simulation 

performance. 
 

Through the example of a centrifuge test simulation, this paper demonstrates how validation 

protocols of constitutive models for liquefiable soils should explore the range of conditions 

that are of practical importance and subsequently document the degree of fit/misfit between 

numerical simulation results and empirical relationships for a number of key loading 

conditions. The test configuration and initial simulations are briefly described, followed by a 

discussion on how selected constitutive models approximate the important loading paths at 

the element level. Available data from the literature (experiments, case histories, empirical 

 
 

Figure 1: (a) Phases of modeling and simulation and the role of verification and validation 

(after Oberkampf et al 2002), and (b) the most common case of non-overlapping validation 

and application domains highlighting the importance of inference from the one to the other. 

Analysis



correlations) serve as a basis for this evaluation showing that the limitations are essentially 

identical between the element-level and the system-level initial simulations. The last section  

of the paper presents revisited system-level simulations of the test with a constitutive model 

that was reformulated on the basis of the recognized limitations. It is concluded that the 

adoption of extensive validation protocols and the publication of documentation for 

constitutive models used in practice can contribute to a more rational understanding of 

potential biases and will foster improvement in the application of numerical methods in the 

modeling of liquefaction effects.  

 

Numerical Modeling of a Delayed Flow Failure 
 

Kamai (2011) presented simulations performed for the centrifuge test EJM02 (Malvick et al. 

2008). This test essentially consisted of a submerged slope of loose Nevada sand with an 

embedded silt arc and two embedded horizontal silt planes (Figure 2). The model was 

subjected to two shaking events, each being of long duration. Post-shaking photographs (e.g., 

Figure 2) show that deformations were localized in a thin shear band at the silt–sand 

interface. Simulations were performed using the finite different mesh shown in Figure 2 with 

the PM4Sand Version 2 model and a baseline set of properties, followed by a sensitivity 

study covering a range of cyclic strengths, hydraulic conductivities, mesh size, and other 

parameters. The simulations captured the trends and magnitudes of the recorded accelerations 

and pore pressures during shaking reasonably well. The simulations were in reasonable 

agreement with the final deformed geometry, but did not reproduce the delayed timing of the 

post-shaking slope deformations that were observed in the experiment and overstimated the 

amount of deformation sustained by the embankment during shaking. Details of the 

numerical modeling procedures and comparisons of the simulations with recordings are given 

in Kamai (2011). 
 

Before the system-level analysis of a geotechnical problem, it is important that the analyst 

recognizes and validates the model for the loading paths and operating conditions important 

for the problem at hand, and the constitutive behaviors activated by those. Two features of 

EJM02 predominantly guide the response: the sloping ground and the permeability contrast 

between the silt interfaces and the sand. In what follows, the importance and effects of these 

 
 

Figure 2: Centrifuge test EJM02: numerical mesh (Kamai 2011) indicating the location of 

lower-permeability layers and photograph of the model after application of the earthquake 



two features are discussed together with the targeted constitutive behaviors behind them. 
 

Constitutive Model Validation against Recognized Loading Paths and Soil Conditions 
 

Sloping ground conditions 
 

Cyclic mobility behavior associated with the undrained cyclic loading of sand under sloping 

ground conditions (i.e. nonzero static shear stress ratio) has been shown to be vastly different 

from the cyclic mobility behavior under level ground conditions (e.g. Harder and Boulanger 

1997). Its accurate prediction can become important for numerically simulating earthquake-

induced deformations of slopes, like the embankment in the centrifuge test under 

consideration. It is thus important that the constitutive model employed for the numerical 

analyses is capable of capturing the effect that a non-zero static shear stress has on the cyclic 

mobility behavior of a liquefiable soil. 
 

Ziotopoulou et al. (2014) performed an extensive validation study on the ability of selected 

constitutive models for liquefiable soils, to capture the effects of sloping ground conditions 

on cyclic mobility and cyclic strength. They performed single element simulations and 

compared them to a set of applicable design correlations, empirical relationships and 

available experimental data (Figure 3). This examination showed that all models face some 

limitations in replicating the full range of liquefaction behaviors observed in the lab. The 

recognition of these limitations has provided the motivation for two constitutive models to 

revisit the model formulation and improve it (Figure 3c and 3d and Beaty and Byrne 2011; 

Figure 3e and 3f and Boulanger and Ziotopoulou 2012, 2013, 2015; Ziotopoulou and 

Boulanger 2013a; and Ziotopoulou 2014). For these reasons, it is particularly important that a 

validation study employing single element simulations be used to demonstrate a constitutive 

model's behavior under these types of loading conditions as part of any study of a problem 

including sloping ground. 
 

Post-liquefaction reconsolidation strains 
 

Post shaking, the developed excess pore pressures within a liquefied layer create an upward 

hydraulic gradient leading to seepage of pore water up through the soil profile, migrating 

away from (re)consolidating zones (Whitman 1985). The volume of water given off by 

consolidating zones is directly related to the amount of volumetric strains experienced by the 

soil skeleton. If this transient seepage is impeded by an overlying lower permeability soil 

layer, like the silt layer and the silt arc in EJM02, the accumulation of water near such an 

interface can lead to localized loosening, strength loss and possibly water film formation 

(e.g., Kokusho 1999, Kulasingam et al. 2004). These mechanisms can all locally diminish the 

shear resistance in a loosening zone leading to greater deformations and possibly instability. 

This process starts taking place after shaking is over and its timing is directly related to the 

time it takes for the water to dissipate and accumulate. Advancing our ability to replicate such 

effects in the analysis of the system requires a constitutive model capable of capturing post-

liquefaction volumetric reconsolidation strains. 
 

Ziotopoulou and Boulanger (2013b) presented a comprehensive examination and validation 

of PM4Sand Version 2 (Boulanger and Ziotopoulou 2012) for the effects of reconsolidation 

and the obtained volumetric strains. Again, single element simulations were performed and 

compared to a set of applicable empirical relationships and available experimental data 

compiled by Ishihara and Yoshimine in 1992 (Figure 4). It was shown that the model, as well 

as any other model that is stress-ratio controlled, does not incorporate a capped yield surface 



and relies on the elasto-plastic decomposition of strains, underestimates post-liquefaction 

reconsolidation strains, which can be expected to cause an underestimation of the magnitude 

of void redistribution and difficulties in simulating delayed slope deformations. Figure 4 

 
 

Figure 3: Effects of sloping ground conditions (slope represented by the static shear stress 

ratio α) on cyclic resistance (represented by the Kα correction factor – Seed 1983): (a & b) 

Experimental trends for sands at different relative densities DR’s and overburdens σ'vc < 

300 kPa, and for sands at different relative state parameter index, ξR , values; (c & d) 

Single-element simulation results for undrained cyclic direct simple shear loading using 

two versions of UBCSAND; (e & f) Single-element simulation results for undrained 

cyclic direct simple shear loading using two versions of PM4Sand: version 2 and 3. 

 



illustrates the body of data as well as the single-element numerical simulation predictions for 

two versions of PM4Sand (Version 2 and Version 3). PM4Sand Version 3 (Boulanger and 

Ziotopoulou 2015) incorporated modifications addressing the limitations pointed out by the 

validation study. Similar to before, it is again particularly important that a validation study 

employing single element simulations be used to demonstrate the constitutive model's ability 

to reasonably capture reconsolidation strains in problems where these are expected to play an 

important role. 

 

Synthesis: from the Element Level to the System Level 
 

The ability to numerically capture the measured response of EJM02 greatly relies on the  

 

selected constitutive model’s ability to replicate both: (i) the effects of sloping ground 

conditions on cyclic strength during shaking, and (ii) the volumetric strains experienced by 

the soil skeleton during the post-shaking reconsolidation phase. The initial analyses by Kamai 

(2011) utilized the constitutive model PM4Sand Version 2 for the liquefiable soil. As can be 

seen in Figures 3 and 4, Version 2 of PM4Sand is significantly limited in capturing both of 

the targeted responses.  
 

The limitation of the system-level analysis of EJM02 (Kamai 2011) to reasonably capture the 

measured response, is tracked back all the way down to the elemental responses of PM4Sand 

Version 2 under loading paths and soil conditions important to the problem at hand. If the 

logic is reversed, one can argue that if the constitutive model is accompanied by an extensive 

documentation of its performance under the broad range of conditions expected in 

geotechnical problems or if the user/analyst tests the model against the loading conditions 

that are rationally expected to guide the behavior, then the response of a system-level analysis 

can be better understood. A documented examination will also assist the calibration phase of 

an analysis: if a limitation is inherent to the formulation of a constitutive model then it cannot 

be calibrated away. 
 

 

 
 

Figure 4: (a) Relationship between post-liquefaction volumetric strain and the maximum 

shear strain induced during undrained cyclic loading of clean sand (after Ishihara and 

Yoshimine 1992; redrawn in Idriss and Boulanger 2008). (b) Volumetric strain due to 

post-cyclic reconsolidation versus the maximum shear strain induced during undrained 

cyclic direct simple shear loading. Dashed lines correspond to PM4Sand Version 2 and 

solid lines correspond to Version 3. 

 



 
 

Figure 5: Dynamic acceleration response at three locations beneath the EJM02 (Malvick et al. 

2008) embankment. The red lines correspond to the experimentally recorded histories and the 

blue lines to the acceleration time histories obtained from numerical simulations with 

PM4Sand Version 3.  

 

 
 

Figure 6: Lateral displacement time histories recorded at the mid-height of the embankment 

for simulation with PM4Sand Versions 2 and 3 and during the centrifuge test (red line). 

 

PM4Sand Version 3 is expected to more reasonably capture the responses important to the 

centrifuge test. Selected responses are illustrated from such numerical simulations in Figures 

5 and 6. The default calibration of the model was used and the results are essentially a Class 

B prediction. Figure 5 shows the comparison between numerically obtained acceleration time 

histories at three selected locations beneath the embankment and the corresponding 

experimentally recorded acceleration time histories. It is shown that the dynamic features of 

the response are very reasonably captured. Figure 6 illustrates a comparison between the 

numerically obtained lateral displacement at the mid-height of the embankment for both 

versions 2 and 3, and the corresponding experimentally recorded displacement. Three aspects 

are of interest: the displacements during shaking which are largely controlled by the sloping 

ground effects, the final displacements and the time it takes for the latter ones to develop 

which are controlled by reconsolidation as well as the permeability and compressibility of the 



soil skeleton. The validation and subsequent reformulation of the model for sloping ground 

conditions significantly improved the computed accumulation of displacements during 

shaking. Similarly, the revisited and improved reconsolidation strains improved the post-

shaking phase of the analysis: the displacements are now displaying a time dependent 

evolution which was not captured before (Version 2). Analyses are currently undergoing 

evaluating the system- and element-level results closer in order to better capture the 

deformation of the embankment when it comes to final rest (PM4Sand Version 3 analyses in 

Figure 6 show that the deformed embankment has not stabilized). The preliminary data 

though show that the numerical tools have the ability to more reasonably capture the 

important features. 

Concluding Thoughts 
 

Through the example of a centrifuge test simulation, this paper demonstrated how validation 

protocols of constitutive models for liquefiable soils should at least explore the conditions 

that are of practical importance and subsequently document the degree of fit/misfit between 

numerical simulation results and empirical relationships for the key loading conditions. Such 

an investigation should start from the element-level. The case examined pointed out the 

importance of two constitutive behaviors and served as a paradigm of how limitations of the 

elemental constitutive response will propagate to the system-level. 
 

By knowing the capabilities and limitations of their tools, developers and users can rationally 

interpret results of analyses and draw conclusions. This knowledge base can be developed if 

constitutive responses are systematically documented and openly shared by model developers 

and if users exercise the constitutive models under the loading paths that are expected to 

drive the behavior of the system that they want to analyze. Particularly for problems 

involving liquefaction, the community now possesses a good understanding of the expected 

loading paths and the operating loading conditions as well extensive applicable design 

correlations, empirical relationships and available experimental data to serve as a validation 

domain. The critical examination of constitutive models for liquefiable soils is necessary for 

identifying weaknesses, fostering improvements, and increasing confidence in their use for 

evaluating the seismic performance of geotechnical structures affected by liquefaction. 
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