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ABSTRACT 
 
 The response of geomaterials to low-strain dynamic loading is of foremost importance in a variety 

of situations in soil dynamics and earthquake geotechnical engineering including foundation 
design of vibrating machines, assessment of vibrational impact induced by railway, subway and 
roadway traffic, ground response analysis at stable sites. Yet, the current methods to determine the 
low-strain parameters of soil dynamic behavior are characterized by a number of inconsistencies 
and flaws. Even the very same definition of these parameters is approximate. This has relevant 
implications when these parameters are used to solve boundary-value problems, particularly 
through advanced numerical modeling. The article, after a critical review of a couple of widely 
used laboratory and field tests, introduces non-conventional techniques to carry out and interpret 
the very same tests to measure dynamic soil properties. The preliminary results obtained from 
these emerging methods are encouraging, despite some technical difficulties that still need to be 
overcome. 

 
Introduction 

 
The expression “dynamic properties of geomaterials” or the more popular “dynamic soil 

properties” denote the set of mechanical parameters controlling the response of soils and rocks to 
dynamic loading. Though very popular in the earthquake geotechnical engineering community, it 
is a rather unfortunate expression as already noted by Kramer (1996) at page 184 of his 
monograph entitled “Geotechnical Earthquake Engineering” where he states that “…the 

properties themselves are not dynamic (indeed, they apply to a host of nondynamic 

problems)…”. Perhaps we could go even further and claim that the word “properties” is the most 
inappropriate in the sentence. Is the undrained shear strength a soil property or rather a soil 
parameter describing a certain hydro-mechanical behavior or, even better, a soil parameter of the 
Tresca constitutive model ? The description of soil response to any type of “loading” (e.g. 
mechanical, hydraulic, electric, magnetic, thermal, etc.) is often carried out through the adoption 
of a constitutive model linking a set of response functions to the perturbation of one or more 
external fields. If of interest is the mechanical response, than the components of the strain tensor 
may be the response function to the perturbation of the existing stress field (e.g. the 
lithostratigraphic stresses). The constitutive model coincides in this case with the stress-strain 
law. However, we could use different stress-strain laws to describe the mechanical response of 
soils to static and dynamic loading being the elastic, viscoelastic or elastic-plastic only few 
examples. Of course, different constitutive models will depend on different constitutive 
parameters and these models may still be used to describe the same physical phenomenon. For 
instance, the speed of propagation of a mechanical perturbation in a soil mass is a quantity that 
can be measured independently from any constitutive assumption (although the result of the 
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measurement may depend on the frequency of the monochromatic wave used for the test). 
However, the nearly automatic association of this physical quantity with the stiffness of the 
medium implies in reality a selection of a specific constitutive model, in this case that of a one-
constituent, isotropic, linear elastic solid whose constitutive parameters are the shear and 
oedometric moduli (or a different pair of constants). Actually, the very same idea of measuring 
the “stiffness” of a soil specimen does not make sense without specifying the speed of 
application of the loading. Let us consider for instance the Young modulus: depending on the 
degree of saturation and hydraulic conductivity, if the load is applied very fast, the corresponding 
uniaxial deformation may be small and vice versa. Even after the application of the load up to its 
final value, the strain may not remain constant but increase with time. Only in a purely elastic 
material, the mechanical response is independent from the speed of application of the load (see 
Clapeyron’s theorem). Whether instantaneous or quasi-static, the Young modulus will continue 
to be a constant because the strain will not change once the load has reached its final value. 
However, it cannot be taken for granted that soil response is purely elastic particularly when it is 
subjected to time-varying loading, even though at low-strain. Thus, while it seems natural to 
determine the elastic shear and oedometric moduli from the measurement of the shear and 
compression wave velocities VS and VP respectively, indeed this is only one possibility, perhaps 
the most common, among others. For example, if choosing a poro-elastic constitutive model 
(Biot, 1956), the same physical quantities VS and VP may be used to determine the porosity of 
the medium (Foti et al., 2002). Furthermore, in measuring the speed of propagation VS and VP it 
is customary to assume these quantities to be frequency-independent. Depending on the specific 
applications, this may be a reasonable approximation. However, if not VS and VP but rather 
VS(ω) and VP(ω) are measured in case of frequency-dependence, then the use of a viscoelastic 
constitutive model would allow to estimate the damping ratio spectra DS(ω) and DP(ω) as it will 
be shown later in the paper. 
 
From the aforementioned considerations, it appears that despite “dynamic soil properties” is a 
rather common idiom in geotechnical engineering, it is indeed ambiguous, since the word 
“properties” suggests something intrinsic to the soil that in reality does not exist. Perhaps a more 
appropriate wording to use would be “parameters” of specific constitutive models. There are 
consequences of using this terminology that go beyond semantics. They may be at the origin of a 
biased habit of mind which imposes unnecessary restrictions when interpreting the results of 
experimental measurements and not only in geomaterials. 
 

Dynamic Response of Soils in Brief 

 
Describing the mechanical behavior of soils is difficult because soils are multi-phase, particulate 
materials composed of small solid particles interacting with one (or more) fluid phases. From a 
phenomenological point of view the response of geomaterials to mechanical perturbations is in 
general non-linear, anisotropic, elasto-visco-plastic with strong stress and/or strain history 
dependence. Furthermore, due to their particulate nature, soils have pronounced microstructural 
properties, which give rise to phenomena that are difficult to explain with classical continuum 
mechanics. Dilatancy is a distinctive example. Another feature contributing to the complexity of 
soil behavior is the coupling effect of soil responses to perturbation of external fields. Piezo-
electric and chemo-mechanical coupling is an example that has been recently exploited for 
subsurface exploration (Schakel et al., 2011). Fortunately, despite the complexity of their 



behavior, geomaterials do not always exhibit all their features with the same degree of 
importance. Depending on the nature of the problem, its intrinsic spatial and temporal scales, the 
strain levels involved and the dominant external fields, many of the features exhibited by soils 
may be regarded as second or even higher order effects. Thus, they may be neglected in 
modeling without appreciable changes in the results of the analyses. Focusing on the response to 
dynamic loading, a considerable amount of experimental research has been carried out over the 
past 40-50 years. These studies were performed using various laboratory techniques including 
resonant column, cyclic triaxial and cyclic torsional shear tests, bender element experiments. The 
outcome from these experiments helped identifying the most important factors affecting the 
dynamic behavior of soils. Among them, the one that plays a crucial role in strain-controlled 
tests is the magnitude of the deviatoric strain tensor. This quantity is a measure of the level of 
shear strains induced in the soil during dynamic loading. For uniaxial stress conditions, Vucetic 
(1994) recognized the existence of three distinct types of soil behaviors depending on the size of 
the induced shear strain. For strains below the linear cyclic threshold shear strain soils tend to 
exhibit a linear response under both static-monotonic and dynamic loading when the 
phenomenon of energy dissipation cannot be neglected even though it is small in magnitude. At 
shear strains exceeding the linear cyclic threshold but below the volumetric cyclic threshold 

shear strain, soils undergo some degradation of mechanical properties. The response in this 
region is weakly non-linear. The hysteretic loops become larger however they remain stable with 
the increase in the number of cycles. In this region dilatancy phenomena are minor if not 
negligible. With the increase of strain magnitude, the strain point trespasses the volumetric cyclic 
threshold shear strain and enters into the strongly non-linear region where the hysteretic loops 
become unstable as the number of cycles increases and the soil undergo severe stiffness and 
strength degradation. Furthermore, irrecoverable volume changes occur in drained tests and 
pore-water pressure develops in undrained tests. A three-dimensional, conceptual representation 
of these regions of soil behavior is shown in Figure 1. The dependence of the response from the 
magnitude of the deviatoric strain tensor is illustrated through the concepts of linear and 
volumetric cyclic threshold strain boundary surfaces in the principal strain space. 
 

 
 

Figure 1. Scheme of soil mechanical response to multi-axial dynamic loading (Foti et al., 2014) 



Importance of Low-Strain Parameters of Soil Dynamic Behavior 
 
The focus of this article is on experimental measurement of constitutive parameters controlling 
the response of soils to low-strains dynamic loading. This is a relevant subject in soil dynamics 
and earthquake geotechnical engineering since several are the situations in which geomaterials 
are strained at levels below the linear cyclic threshold shear strain. Examples include the 
assessment of vibrational impact induced by the railway, subway, roadway traffic (Figure 2). 
The transmission of ground-borne vibrations from the source (e.g. a train) to the receiver (e.g. a 
person placed inside a building) under free-field conditions may be modeled using a linear soil 
constitutive model due to the low-strain level induced in the medium by the passage of the 
mechanical waves. 
 

 
 

Figure 2. Schematic representation of the vibrational impact induced by the passage of a train in 
an underground tunnel (Lai et al., 2005) 

 
Earthquake ground response analysis is another example where the assumption of soil linearity 
may be an acceptable approximation in stable soils or when modeling complex geological 
structures such as deep alluvial basins using advanced numerical modeling (Stupazzini et al., 
2009). In general, the low-strain parameters of soil dynamic behavior control the amplification or 
de-amplification of ground motion even in 1D modeling. These parameters play an important 
role also if accounting for soil nonlinear behavior as for instance in linear equivalent site 
response analysis where the normalized modulus reduction curve is scaled to the value of the 
low-strain modulus. The parameters of soil dynamic behavior at low-strains are relevant also in 
problems of dynamic soil-foundation interaction. Foundations of vibrating machines (e.g. 
compressors, turbo-generators, etc.), wind turbines, radio antennas, structures exposed to sea 
wave motion (e.g. wharves, off-shore platforms) are examples of geotechnical systems whose 
response to dynamic loading is strongly affected by these parameters (Figure 3). These are the 
low-strain stiffness, specifically the elastic shear modulus 𝐺𝐺 and material-damping ratio 𝐷𝐷. 
However, these parameters are in conflict to each other since elastic modulus and damping ratio 
are oxymora. They refer to two different and incompatible constitutive models. Also, in inelastic 
materials like soils, stiffness is not an absolute “property” since its value, in a given mode of 
deformation, may depend on the rate of loading and the same applies to energy dissipation and 
thus to material-damping ratio. 



  

Figure 3. Modes of vibrations and degrees of freedom of a soil-foundation system. Shallow (left) 
and piled (right) foundation. System response depends on soil parameters 𝐺𝐺,𝐷𝐷, 𝛾𝛾 

 
The situation is further complicated by the fact that stiffness and energy dissipation are not 
independent response parameters, as it will be shown later in the paper. Yet, in the current 
practice of experimental soil mechanics, these parameters are measured separately using 
different methods, as it is briefly recalled in the next section. 
 

Current Practice to Measure Low-Strain Stiffness and Material-Damping Ratio 

 
In the current practice, the low-strain stiffness in soils is typically measured through in-situ 
geophysical seismic methods such as the borehole cross-hole and down-hole tests, SCPT, VSP, 
SDMT, SASW, MASW, ReMi, PS-suspension logging, seismic tomography just to mention the 
most widespread techniques. Geophysical seismic methods are particularly suitable to determine 
the low-strain stiffness in geomaterials because the level of strain induced by the seismic waves 
is very low (< 10−5), certainly below the linear cyclic threshold shear strain. In addition, some 
of these tests like SASW and MASW are carried out directly from the ground surface without the 
need to drill boreholes or insert special probes like in SCPT or SDMT. The physical quantity that 
is measured when using seismic geophysical methods is the speed to propagation of mechanical 
body waves or, alternatively, of surface Rayleigh or Love waves as in MASW testing. Technical 
standards exists for the cross-hole (ASTM D4428-14) and down-hole (ASTM D7400-14) 
seismic testing specifying protocols for the execution and interpretation of results of these 
geophysical methods to determine the low-strain stiffness in geomaterials. In-situ seismic 
methods can also be used to estimate the low-strain material-damping ratio. Techniques have 
been developed for SASW and MASW testing based on measuring the spatial attenuation of 
surface Rayleigh waves (Rix et al., 2000; Badsar et al., 2010; Foti et al., 2014; Misbah and 
Strobbia, 2014). Attempts have also been made to measure damping ratio from the attenuation of 
body P and S waves in cross-hole, down-hole and SCPT tests (Mok et al., 1988; Jongmans, 
1990; Liu et al., 1994; Michaels 1998 and 2006; Hall and Bodare, 2000; Crow et al., 2011). 
However, the results obtained so far have only been moderately successful mainly due to the 
difficulties of separating geometric and intrinsic attenuation. Laboratory tests are also performed 
to determine both the low-strain stiffness and damping ratio using the resonant column apparatus 
since the early days of experimental soil dynamics. After the pioneering work of Japanese 
engineers Ishimoto and Iida (1936) and Iida (1938), the resonant column test became popular in 
the United States and worldwide during the 60’s and 70’s by the work of Hall and Richart 
(1963), Drnevich et al. (1967), Hardin and Black (1968), Richart et al. (1970), Hardin and 
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Drnevich (1972) just to name a few contributors. Other laboratory tests are used to determine the 
low-strain parameters of soil dynamic behavior including the cyclic triaxial and cyclic simple 
shear tests (Ishihara, 1996). About 25-30 years ago (Dyvik and Madshus, 1985; Viggiani, 1991), 
wave propagation methods have started to be used also in laboratory specimens in a sort of 
miniaturized geophysical seismic tests. The key component of these experiments are the bender 

elements, thin piezo-ceramic plates that can be used both as a wave source and receiver. The 
shear wave velocity is typically measured within the triaxial apparatus after placing one bender 
element at the top and one at the bottom of the soil specimen. These tests allow investigating 
how variables such as confining stress, porosity, anisotropy influence the low-strain stiffness in 
soils however, due to the size of the specimen, measurements are made at large frequencies 
(order of kHz). This raises questions upon the applicability of the results obtained with this 
technique in the seismic bandwidth. A further discussion of field and laboratory tests to measure 
the low-strain stiffness and damping ratio in soils is beyond the scope of this paper. Yet, the next 
two sections will briefly summarize the most salient aspects of two specific experiments: the in-
situ cross-hole seismic method and the laboratory resonant column test. This is done since it lays 
down the groundwork for the introduction of non-conventional methods to measure the low-
strain parameters of soil dynamic behavior. In fact, these methods are based on a fundamentally 
different way to perform and interpret these two standard techniques commonly used for 
geotechnical characterization. 
 
In-Situ Cross-Hole Seismic Testing 
 
Cross-hole seismic testing is a borehole seismic technique used for measuring the shear wave 
and compression wave velocity profiles in 1D soil stratigraphies. It was introduced for 
geotechnical characterization of soil deposits in the late 70’s (Ballard, 1976; Hoar and Stokoe, 
1977; Woods, 1978) and it is still one of the most widespread in-situ seismic test in the world. 
The P and S wave velocity profiles are determined from measurements at different depths of the 
travel times of P and S waves propagating between points separated by a known distance (Figure 
4). 
 

 
 

Figure 4. Typical configuration of cross-hole seismic testing 



The execution of the cross-hole test requires drilling a minimum of two boreholes within which 
to insert a source of mechanical energy and a receiver respectively for the measurement of the 
travel time. However, according to the ASTM D4428-14 standard, the preferred method requires 
drilling three in line boreholes to eliminate the travel time error associated with the identification 
of the instant of trigger at the source. The spacing between the boreholes varies between 3.0 to 
5.0 m depending on the impedance of the soil. During travel time measurements, source and 
receivers are located at the same depth so that the velocity of propagation of P and S waves is 
measured within soil layers along horizontal paths. Thus, in cross-hole testing the propagation of 
seismic waves is postulated to occur along straight paths in laterally homogeneous, layered soil 
deposits. The P and S wave travel time measurements are repeated after simultaneously moving 
source and receivers at different depths. Due to sensitivity of the measured P and S wave 
velocities from the distance between receivers, particularly at depths greater than 15 m, a 
deviation survey to assess the verticality of the boreholes and precisely define the distance along 
depth between the boreholes is mandatory. The two most common techniques adopted to 
estimate the travel time of P and S waves from the source to the receivers are the visual method 
and cross-correlation. With the visual method, the travel time is estimated from the difference at 
the two receivers of the arrival times of P and S waves (Figure 4). Crucial in this method is 
therefore the identification (picking) of the first arrivals of both S and P waves on the 
seismograms detected at the two receivers. The cross-correlation technique provides more 
objective results than those given by the visual method, however it is reliable only with signals 
of very good quality. To facilitate the picking of S wave first arrival, a 180° reversed polarity 
source is used whenever possible. Usually the receivers are three-dimensional velocity 
transducers or geophones that are able to detect the particle motion in the vertical direction and 
in two horizontal directions that are mutually perpendicular. These geophones have therefore the 
capabilities of detecting the particle motion associated to three types of waves namely P, SV and 
SH waves (soils are anisotropic materials and in general 𝑉𝑉𝑆𝑆𝑆𝑆 ≠ 𝑉𝑉𝑆𝑆𝑆𝑆). However, to improve the 
signal-to-noise ratio, best measurements are made using specialized sources, namely sources 
capable of generating impulses rich in either P, SV or SH waves. Knowing travel paths and 
travel times of P and S waves, their speed of propagation can be easily computed. If ∆𝐿𝐿 is the 
distance between the two receivers (Figure 4), ∆𝑡𝑡𝑃𝑃 and ∆𝑡𝑡𝑆𝑆 the travel times of P and S waves 
respectively, then VP and VS are obtained from the following relations: 
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It is important to point out that the speed of propagation of P and S waves calculated with 
Equation (1), for the method used to calculate it, is assumed frequency-independent. Thus in the 
conventional interpretation of cross-hole seismic testing, P and S waves are assumed non-

dispersive. Actually, in dissipative media high frequencies travel faster than low frequencies and 𝑉𝑉𝑆𝑆 (or 𝑉𝑉𝑃𝑃) computed with Equation (1) corresponds to the speed of propagation of the wave front 
whose energy is carried by high frequencies. From Equation (1), the low-strain oedometric and 
shear elastic moduli 𝑀𝑀 and 𝐺𝐺 can be easily calculated from standard equations of 
elastodynamics: 
 

2 2,= ρ ⋅ = ρ ⋅P SM V G V  (2) 
 

where 𝜌𝜌 is the mass density of the soil. 



Torsional-Resonant Column Apparatus 

 
The torsional-resonant column apparatus is a laboratory device that can be used to measure both 
the low-strain stiffness and material-damping ratio of soils. The ASTM D4015-07 standard 
provides instructions for experimentally determining these parameters of soil dynamic behavior 
for solid, cylindrical specimens in undisturbed as well as remolded conditions. Sometimes 
hollow specimens are used to obtain a more uniform distribution of shear strain amplitude across 
the cross-section of the specimen. In the conventional resonant column test, low-strain stiffness 
and material-damping ratio are measured using different procedures and interpretation methods 
as reviewed below. 
 
Low-Strain Shear Modulus 

 
Prior to the dynamic phase, the soil specimen is consolidated following a procedure similar to 
that used in a standard triaxial test. Next, the specimen is subjected to a harmonic torsional 
excitation by an electromagnetic driving system (Drnevich, 1985). Impulsive excitations can also 
be adopted when the device is used to determine the low-strain damping ratio (Tallavo et al., 
2014). A typical configuration of the resonant column apparatus is shown in Figure 5 with the 
soil specimen fixed at the base and free to rotate at the top where the driving torque is applied. 
 

 

Figure 5. Layout of the resonant column instrumentation to measure the low-strain 
elastic moduli and material-damping ratio of soils (Tallavo et al., 2014) 

 
The frequency and amplitude of torsional loading can be independently controlled when the 
specimen is set into harmonic oscillation. The objective of the test is to determine the first 
resonant frequency of the soil specimen. This is achieved by setting the sample to low-amplitude, 
torsional oscillations of gradually increasing frequency. The response of the specimen is tracked 
through an accelerometer attached at the top of the column. The shear strains are measured by 



means of proximity transducers (Figure 5). The amplification function is then computed through 
a spectrum analyzer and the lowest frequency 𝜔𝜔0 at which resonance is attained, represents the 
fundamental frequency of the specimen for torsional oscillations. The resonance frequency can 
be linked to the shear wave velocity 𝑉𝑉𝑆𝑆 of the soil specimen via the following equation (Richart 
et al., 1970): 
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where ℎ is the height of the specimen, 𝐽𝐽0 is the rotational moment of inertia of the mass mounted 
at the top of the specimen and 𝐽𝐽 = 𝜌𝜌ℎ ∙ 𝐼𝐼 is the mass polar moment of inertia of the specimen 
having a mass density 𝜌𝜌 and area polar moment of inertia of the cross section 𝐼𝐼. Equation (3) is 
obtained by searching the first natural frequency of vibration of an elastic, fixed-free, circular 
cylinder undergoing forced, harmonic torsional oscillations (Ishihara, 1996). From Equation (3), 
the low-strain shear modulus is calculated using Equation (2). 
 
Low-Strain Shear-Damping Ratio 
 
As mentioned earlier, the torsional-resonant column test can also be used to determine the low-
strain shear-damping ratio of soils. The two most frequently used procedures are the so-called 
free-vibration decay and half-power bandwidth methods. In the free-vibration decay method, 
material damping is obtained from the amplitude decay of torsional oscillations exhibited by a 
soil specimen set into free vibration. Damping ratio is determined from the ratio, in logarithmic 
scale, of peak rotation amplitudes measured over a number of consecutive cycles (logarithmic 

decrements). An alternative approach is the half-power bandwidth forced-vibration method that 
exploits the dependency on damping ratio of the shape of the frequency response curve obtained 
when measuring the low-strain shear modulus (Figure 5). It can be shown that, for small values 
of damping, the following result holds (Kramer, 1996): 
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where 𝜔𝜔1 and 𝜔𝜔2 are the angular frequencies at which the amplitudes of response equal 1 √2⁄  
times the amplitude at the resonance frequency (maximum). The mean value of time-average rate 
of energy dissipation at frequencies 𝜔𝜔1 and 𝜔𝜔2 caused by damping is in essence equal to one-half 
the peak average power input and this is the motivation for the name given to the method 
(Clough and Penzien, 1993). Recently Wu (2015) derived a formula to determine material 
damping ratio from the half-power bandwidth technique, which is also valid for large values of 
damping ratio. 
 
Inconsistencies of Current Methods to Measure VS and DS 

 
The review, in the previous sections, of the techniques for measuring the low-strain parameters 
of soil dynamic behavior has been limited only to the in-situ cross-hole seismic testing and the 
laboratory resonant column method. This, however, does not imply any loss of generality in the 
current discussion since other conventional field and laboratory tests are based on the same 



principles and similar procedures to measure the low-strain stiffness and material-damping ratio 
of soils. Thus, the flaws listed below can be assumed to hold for general conventional methods: 
 
• VS and DS are measured independently using different experimental procedures and 

interpretation methods sometimes inconsistent to each other. For instance with the resonant 
column apparatus, VS is measured assuming soil behaving as a linear elastic material, 
however the same equipment is used to determine for the same soil specimen damping ratio 
which is a normalized measure of energy dissipation due to inelastic phenomena. This means 
that VS and DS are soil parameters assumed to belong to incompatible constitutive models. 
Instead, a consistent, unified framework of soil behavior should be used to interpret the 
results of a dynamic experiment, in this case the laboratory resonant column test. 

• Current methods to determine low-strain stiffness and material-damping ratio of soils 
completely disregard the fact that these parameters of soil dynamic behavior are coupled and 
they exert an influence to each other. In some cases, this coupling effect may be neglected, in 
some other cases it cannot be neglected. In the experimental practice however, they are 
always treated as if they were two uncoupled parameters. 

• Frequency-dependence of low-strain shear modulus and material-damping ratio of soils is 
usually overlooked in conventional field and geotechnical laboratory tests. As a result, rate-
independent (i.e. hysteretic) damping ratio is often invoked a-priori in several situations of 
earthquake geotechnical engineering like in linear or linear-equivalent ground response 
analyses. Even when other approaches are used where the frequency-dependence of stiffness 
and damping ratio is taken into account (e.g. Yoshida et al., 2002; Assimaki and Kausel, 
2002; Meng, 2007; Park and Hashash 2008), conventional field and laboratory tests measure 
these parameters at different frequencies. For instance in cross-hole seismic testing, phase 
velocity measurements of shear waves are made at frequencies that fall in the range of 
hundreds of hertz if not more depending on the source. In the resonant column device, the 
low-strain shear modulus and damping ratio are measured at lower frequencies, usually 
between 20 to 150 Hz. 

 
In light of the aforementioned considerations, it appears that a fundamentally different, novel 
approach is needed to measure the low-strain parameters of soil dynamic behavior. This 
approach should be based on assuming the same constitutive model to determine all the 
parameters required to describe soil response to low amplitude, uni-axial or multi-axial dynamic 
loading. Furthermore, the new methodology should be feasible from an experimental point of 
view. Two applications of this novel approach to experimental soil dynamics will be presented in 
the forthcoming sections with reference to non-conventional ways to perform and interpret the 
laboratory resonant column test and the in-situ cross-hole seismic method. Presentation of these 
non-conventional tests to measure VS and DS will however be preceded by a section dedicated to 
the theoretical background. 
 

Dynamic Response of Soils at Low-Strains: An Account of Viscoelasticity Theory 
 
Constitutive Relations in Time and Frequency Domain 

 
The simplest formal theory that can be used to describe the mechanical response of dissipative 
materials to low-amplitude dynamic strains is linear viscoelasticity. Despite its simplicity, the 
theory of viscoelasticity has proved to be quite effective in describing phenomena of wave 



propagation in materials like soils and rocks at low-strain levels (Ishihara, 1996). Experimental 
evidence shows in fact that geomaterials subjected to low-strain dynamic loading exhibit both 
the ability to store strain energy and to dissipate strain energy over a finite time interval. Both 
these phenomena can quite accurately be described by the theory of linear viscoelasticity. Its 
formulation is based on the validity of a) the small strain assumption, b) the time-translation 

invariance postulate which states that material response is assumed independent of any time 
shift, c) the inheritance postulate which states that at any point of the material, the current value 
of the Cauchy stress tensor is only a function of the current value of the strain tensor and of its 
past strain history, and d) the fading memory assumption, which states that the current state of 
stress depends more strongly on the recent rather than on the distant strain history. With these 
assumptions, the Riesz representation theorem (Christensen, 2010) guarantees the existence of a 
unique constitutive relation between the Cauchy stress tensor and the strain history via the 
following linear functional: 
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where G(t) is a fourth order tensor-valued function called the relaxation tensor function of the 
material, 𝝈𝝈(𝑡𝑡) and 𝜺𝜺(𝑡𝑡) are the time-dependent Cauchy stress tensor and small strain tensor 
respectively. Equation (5) is sometimes called the Boltzmann’s equation. The relaxation tensor 
function G(t) has 81 components, however, only 21 are independent in a general viscoelastic 
anisotropic material. These components represent the stress response of a material subjected to a 
strain history specified as a Heaviside or step function. Alternatively to the relaxation function, 
the response of a viscoelastic material could be specified in terms of the creep tensor function 
J(t) whose components represent the strain response of a material subjected to a stress history 
specified as a Heaviside function. For an isotropic, linear, viscoelastic material, the relaxation 
tensor function has only two independent components which can be for instance the shear GS(t) 
and bulk GB(t) relaxation functions, respectively. These functions are sufficient to completely 
characterize the mechanical response of the material and they are the analogous of the shear and 
bulk moduli of linear elasticity with the important difference that the relaxation functions are 
time-dependent. Often the constitutive relationships of viscoelastic materials are given a physical 
interpretation in terms of rheological models formed by various combinations of elastic springs 
and viscous dashpots. One such combinations is the Kelvin-Voigt model in which a linear spring 
and a dashpot are combined in parallel. Although the use of rheological models to formulate 
viscoelastic stress-strain laws may be useful, by no means it is necessary. Worse than that, it 
imposes restrictions on the corresponding stress-strain law. Far more general viscoelastic models 
may be constructed which do not admit a representation in terms of networks of a discrete 
number of springs and dashpots such as models characterized by a continuous spectrum of 
relaxation times. Once GS(t) and bulk GB(t) have been specified, Equation (5) may be used to 
compute the stress response of the material to a prescribed strain history, although this operation 
may not be trivial. If however, the strain history is specified as a harmonic function of time like 
 𝜺𝜺(𝑡𝑡) = 𝜺𝜺𝟎𝟎 ∙ 𝑒𝑒𝑖𝑖𝑖𝑖𝑖𝑖, then integral Equation (5) reduces to the following algebraic equation: 
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where 𝑮𝑮∗(𝜔𝜔) = 𝑮𝑮(1)(𝜔𝜔) + 𝑖𝑖 ∙ 𝑮𝑮(2)(𝜔𝜔) is the fourth order complex-valued tensor modulus. For 
isotropic viscoelastic materials, the mechanical response in the frequency domain is completely 
defined by the shear 𝐺𝐺𝑆𝑆∗(𝜔𝜔) and bulk 𝐺𝐺𝐵𝐵∗(𝜔𝜔) complex moduli. 
 
Material Damping Ratio 

 
One important feature of the constitutive relationship of a viscoelastic material undergoing a 
steady state harmonic oscillation is that stresses and strains are in general out of phase. The 
amount by which the stress lags behind the strain is measured by the argument or the imaginary 
part of the complex modulus. Thus, the latter is a measure of the amount of energy dissipated by 
the material during cycles of harmonic oscillations. It can be shown that the shape of the stress-
strain loop predicted by the theory, for a general viscoelastic material undergoing harmonic 
oscillations is elliptical (Pipkin, 1986) which compares fairly well with experimental stress-strain 
hysteretic loops obtained in soils at low strains (Dobry, 1970), below the linear cyclic threshold 
shear strain. The area enclosed by the ellipse for shear deformation is equal to: 
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Although Equation (7) has been obtained for the simple case of shear, uni-axial oscillation, it can 
be easily generalized to the case of multi-axial loading. 
 
At the microscopic level, different mechanisms have been proposed (Biot, 1956; Stoll, 1974; 
Johnston et al., 1979; White, 1983; Leurer, 1997; Santamarina et al., 2001) to explain the 
process of energy dissipation occurring at very low strains in soils subjected to dynamic 
oscillations. These studies indicate that an interactive combination of several individual 
mechanisms is responsible for most of the phenomena macroscopically called energy dissipation. 
For coarse-grained soils, the two mechanisms that have been postulated are frictional losses 
among soil particles and fluid flow losses due to the relative movement between the solid and 
fluid phases. In fine-grained soils, energy dissipation at low strain is controlled by 
electromagnetic interactions among water dipoles and microscopic solid particles. For practical 
applications, a dimensionless definition of the amount of energy (per unit volume) dissipated by 
a viscoelastic material undergoing harmonic oscillations has actually proved to be more 
effective. In soil dynamics this definition is represented by material-damping ratio: 
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where 𝑊𝑊𝑆𝑆𝑚𝑚𝑚𝑚𝑚𝑚 is the maximum stored strain energy per unit volume, during a cycle of harmonic 
loading. Although Equation (8) is written with reference to shear deformation, it is actually valid 
also for bulk and oedometric loading. One of the problems associated with this definition of 
damping ratio is that the maximum stored energy per unit volume of a harmonically excited 
viscoelastic material depends not only on 𝐺𝐺(1)𝑆𝑆 but also on 𝐺𝐺(2)𝑆𝑆 as well as on their derivatives 
with respect to frequency (O’Connel and Budiansky, 1978). Thus, Equation (8) would lead to a 
rather complicated relation for damping ratio if this is to be expressed as a function of 
viscoelastic constitutive parameters. The problem is solved if in Equation (8), 𝑊𝑊𝑆𝑆𝑚𝑚𝑚𝑚𝑚𝑚 is replaced 



by 𝑊𝑊𝑆𝑆𝑚𝑚𝑎𝑎𝑎𝑎, the average stored energy over a cycle of harmonic oscillation. In fact, it can be shown 
that the following result holds (Tschoegl, 1989): 
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If damping ratio in Equation (8) is re-defined by replacing in the denominator 4𝜋𝜋 ∙ 𝑊𝑊𝑆𝑆𝑚𝑚𝑚𝑚𝑚𝑚 with 
8𝜋𝜋 ∙ 𝑊𝑊𝑆𝑆𝑚𝑚𝑎𝑎𝑎𝑎, substitution of Equations (7) and (9) in Equation (8) yields: 
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When the energy losses in the material are small (a situation occurring for strains below the 
linear cyclic threshold shear strain), damping ratio defined by Equation (8) and that involving 𝑊𝑊𝑆𝑆𝑚𝑚𝑎𝑎𝑎𝑎 yield the same results. However, the latter has the advantage of linking damping ratio to 
viscoelastic material functions and of being independent from the magnitude of the energy 
losses. For damping ratio defined by Equation (10) it can be shown that at very low (𝜔𝜔 → 0) and 
very large (𝜔𝜔 → ∞) frequencies, a viscoelastic material behaves as an elastic solid and thus the 
limiting values of damping are both zero (Meza-Fajardo and Lai, 2007). Therefore, the spectrum 
of damping ratio is nonzero and positive over a closed and bounded set of frequencies and thus 
its integral is finite. 
 
Relation between Complex Moduli and Wave Parameters 

 
It can be shown that the Fourier-transformed field equations of linear viscoelasticity are formally 
identical to those associated with linear elasticity except that the elastic shear and bulk moduli 
are replaced by the shear GS∗(ω) and bulk GB∗ (ω) complex moduli (Pipkin, 1986). This analogy 
between the field equations of linear elasticity and viscoelasticity forms the basis of the “elastic-

viscoelastic correspondence principle” (Read, 1950). This principle states that elastic solutions 
to steady state boundary-value problems can be converted into viscoelastic solutions for identical 
boundary conditions by replacing the elastic shear and bulk moduli G and B with the 
corresponding complex moduli GS∗(ω) and GB∗ (ω). Although the validity of the correspondence 
principle is restricted to problems where the prescribed boundary conditions are time-invariant, 
its exploitation in elastodynamics is quite advantageous. If applied to Navier’s equations of 
motion of linear elastodynamics, yields a pair of wave equations governing the propagation of P 
and S viscoelastic waves. Their speeds of propagation are complex-valued and related to 
constitutive parameters GS∗(ω) and GB∗ (ω) of the medium through the following pair of 
equations: 
 

( ) ( ) ( ) ( ) ( )* * *4
* *3 ;

ω + ω ω
ω = ω =

ρ ρ
B S S

P S

G G G
V V

 
(11) 

 
These relations simultaneously define phase velocity and attenuation of monochromatic bulk 
viscoelastic waves as shown, for S waves, by the following relations (Lai and Rix, 2002): 
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Analogous relations hold for longitudinal P waves. In Equation (12) 𝑅𝑅𝑒𝑒(𝑉𝑉𝑆𝑆∗) and 𝐼𝐼𝐼𝐼(𝑉𝑉𝑆𝑆∗) denote 
the real and imaginary part of the complex-valued shear wave velocity defined by Equation (11). 
Equations (12) suggests two important remarks. The first is the frequency-dependence of phase 
velocity and damping ratio inherited by constitutive parameters GS∗(ω) and GB∗ (ω) through 
Equations (11) and (12). Thus a viscoelastic medium is inherently dispersive, that is the speed of 
propagation of viscoelastic waves is frequency-dependent (Futterman, 1962). The second remark 
is that phase velocity VS(ω) and damping ratio DS(ω) are a pair of material functions alternative 
to the real and imaginary parts of the complex modulus GS∗(ω). The same applies also to VP(ω) 
and DP(ω) with respect to GP∗ (ω) = GB∗ (ω) + 43 ∙ GS∗(ω). 
 
Causality Constraint and Kramers-Krönig Equations 
 
For each mode of deformation (say e.g. shear), only one material function is required in the time 
domain (say e.g. the shear relaxation function) to completely specify the mechanical response of 
a viscoelastic material. Thus in the frequency domain the real and imaginary parts 𝐺𝐺𝑆𝑆(1)  and 𝐺𝐺𝑆𝑆(2)  of the complex shear modulus GS∗(ω) cannot be independent since in the time domain the 
shear relaxation function is real-valued and it would not be acceptable that more information 
would be needed in the frequency domain to fully describe the mechanical response of a 
viscoelastic material. As a matter of fact, their relationship can be easily derived using the 
Fourier integral theorem. For the shear complex modulus the result is (Christensen, 2010): 
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where 𝐺𝐺𝑆𝑆(𝑎𝑎) = 𝐺𝐺𝑆𝑆(𝑡𝑡 → ∞) is known as the equilibrium response of the shear relaxation function 
GS(t). Equation (13) is one form of the Kramers-Krönig relation which states that the real and the 
imaginary part of the complex shear GS∗(ω) (bulk) modulus are Hilbert transforms pairs. Thus, 
from Equations (11) and (12) some kind of relationship is expected to exist between the two 
functions VS(ω) and DS(ω) for exactly the same reason that the real and imaginary parts of the 
complex modulus are related through Equation (13). This relation does exist and it represents 
another form of the Kramers-Krönig equation, perhaps the most important for applications in 
earthquake geotechnical engineering and soil dynamics in general (Meza-Fajardo and Lai, 2007): 
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Formally, Equation (14) is a Fredholm, singular, integral equation of 2
nd

 kind with Cauchy 

kernel. It establishes an integral relation between material functions VS(ω) and DS(ω) and as a 
result, they cannot be assigned independently despite in the usual practice they are determined 
separately using different experimental procedures and often ignoring their frequency-
dependence as discussed above. It can also be demonstrated that Equations (13) or (14) 
constitutes the necessary and sufficient conditions for material functions GS∗(ω) or VS(ω) and 
DS(ω) to satisfy the physical principle of causality which states that a disturbance originated at a 
point of a viscoelastic medium (source) is not allowed to arrive at a different point of the same 
medium (observer) before the time 𝑑𝑑 𝑐𝑐⁄  has elapsed where 𝑑𝑑 is the distance between the source 
and the observer and 𝑐𝑐 is the speed of propagation of the disturbance in the medium (VS or VP). 
Full exploitation of Equations (13) and (14) is the essence of “non-conventional methods” for 
measuring the low-strain parameters of soil dynamic behavior as it will be shown in the 
remaining sections of this article. 
 
Solutions of Kramers-Krönig Relation 

 
In seismology, a well-known, particular solution of Equation (14) is that obtained under the 
assumption that damping ratio DS(ω) is frequency-independent over the seismic bandwidth (i.e. 
0.001–100 Hz). For shear waves it is given by the following relation (Aki and Richards, 2002): 
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where 𝜔𝜔𝑟𝑟𝑎𝑎𝑟𝑟 denotes a reference angular frequency usually assumed equal to 2𝜋𝜋. A similar 
equation has also been proposed for P waves. Equation (15) is a dispersion relation and predicts 
a shear wave velocity that increases monotonically with damping ratio for a specified frequency. 
On the other hand, for a particular value of damping ratio, Equation (15) predicts an asymptotic 
increase of VS(ω) with frequency. Equation (15) is often postulated a-priori not only in 
seismology but also in soil dynamics owing to the rate-independence of damping ratio exhibited 
by many soils (and rocks) at low-strains in the seismic bandwidth (Shibuya et al., 1995; Lo Presti 
and Pallara, 1997; Ling et al., 2007; Wang and Santamarina, 2007; Tatsuoka et al., 2008; 
Tatsuoka, 2009). Frequency or rate-independent damping ratio is also termed hysteretic, a word 
used in physics to denote memory effects processes that are scale independent (Visintin, 1994). 
However, other studies are of opposite sign and seem to demonstrate that in geomaterials 
damping ratio is sensitive to the loading frequency even in the seismic band and at low-strain 
(Kim et al., 1991; Leroueil and Marques, 1996; Lin et al., 1996; d’Onofrio et al., 1999; 
Darendeli, 2001; Matesic and Vucetic, 2003; Rix and Meng, 2005; Zambelli et al., 2007; Araei 
et al., 2012). Thus, the experimental results are controversial and they do not allow to draw a 
definitive conclusion upon the presumed hysteretic nature of damping ratio in geomaterials at 
low-strain. Actually, this way of posing the problem is even conceptually incorrect. The 
frequency-dependence or independence of damping ratio in soils should not be a matter that can 
be postulated a-priori. It is as if instead of measuring the relaxation function GS(t) of a 
viscoelastic material (whatever it is), a particular functional form of GS(t) is specified in advance 
when interpreting given experimental test results. Indeed, the damping ratio spectrum can be 



viewed as the material function that needs to be measured to fully characterize the response of 
geomaterials subjected to low-strain dynamic excitations. Once DS(ω) is specified, the 
frequency-dependent shear wave velocity can be computed from Equation (14). Of course, the 
role of DS(ω) and VS(ω) as dependent and independent material functions may be reversed. 
However, certain constraints are prescribed by the theory. It can be shown in fact that a constant 
damping ratio over the entire frequency range 𝜔𝜔 ∈  ]−∞, +∞[ would imply a frequency 
independent shear (or compression) wave velocity and this violates the principle of causality 
since no Hilbert transform pair may satisfy the Kramers-Krönig Equation (14) with a constant 
damping ratio (Aki and Richards, 2002). Therefore, some type of frequency-dependence should 
be admitted outside the seismic band even for a hysteretic damping ratio. Using the theory of 
singular, integral equations, Meza-Fajardo and Lai (2007) obtained an explicit, closed-form 
solution of Equation (14) both for the case when VS(ω) is prescribed and for the case when the 
specified function is the damping ratio spectrum DS(ω). For the former situation, the result is: 
 

2 2

0
2

2 2

0

2 ( ) (0)

(0) ( )
( )

2 ( ) (0)
1

(0) ( )

∞

∞

 ω ω t⋅ π t t − ω ω =
  ω ω t

⋅ −  π t t − ω  

∫

∫

S S

S S

S

S S

S S

V V d

V V
D

V V d

V V
 

(16) 

 
where 𝑉𝑉𝑆𝑆(0) = lim𝑖𝑖→0 𝑉𝑉𝑆𝑆(𝜔𝜔). Equation (16) represents an explicit material dispersion relation 
for arbitrary dissipative, linear viscoelastic materials like soils excited dynamically at low-
strains. By measuring the frequency-dependence of shear wave velocity VS(ω), this equation 
could be used to calculate the damping ratio spectrum DS(ω) entirely from phase velocity 
measurements. 
 

Laboratory Non-Resonance Column Methods 

 
In conventional resonant column testing, the low-strain shear modulus is determined by relating 
the experimentally measured torsional resonance frequency of a soil specimen to the analytical 
solution of the corresponding elastic eigenproblem. Instead, damping ratio is obtained from the 
free-vibration decay or half-power bandwidth methods briefly described in the previous sections. 
Nevertheless, the same resonant column apparatus may actually be used to experimentally 
determine the frequency-dependent, shear complex modulus GS∗(ω) of a soil specimen idealized 
as a linear viscoelastic solid. Shear wave velocity and shear damping ratio can then be calculated 
from Equations (11) and (12) which also allow investigating the frequency dependence of these 
parameters. The use of this approach has been initially proposed by Lai and Rix (1998), 
preliminarily realized by Lai et al. (2001) and fully demonstrated by Rix and Meng (2005) who 
also proposed the name of non-resonance column method after the application of the method to 
polymers (Read and Dean, 1978). 



 

Figure 6. Scheme of the specimen in the non-resonance column apparatus 
 
The essence of the procedure is on solving a boundary value problem of elastodynamics 
associated to harmonic, torsional oscillations followed by the application of the elastic-
viscoelastic correspondence principle. Figure 6 shows a simplified scheme of an elastic, right-
cylindrical specimen fixed at the base and free to rotate at the top where the driving torque 𝑇𝑇0 ∙ 𝑒𝑒𝑖𝑖𝑖𝑖𝑖𝑖 is applied. Assuming the validity of the small-strain theory and of the usual kinematics 
for torsion (cross sections normal to the axis of the cylinder remain plane and normal to the axis), 
after introducing a system of cylindrical coordinates {𝑟𝑟,𝜗𝜗, 𝑧𝑧}, the equation of motion governing 
the vibrations of the elastic cylinder can be written as follows: 
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where 𝑢𝑢𝜗𝜗(𝑟𝑟, 𝑧𝑧, 𝑡𝑡) is the displacement component along the direction 𝜗𝜗. Solution of Equation (17) 
may be sought using the method of separation of variables coupled with the application of the 
boundary conditions, which are 𝑢𝑢𝜗𝜗(𝑟𝑟,ℎ, 𝑡𝑡) = 0 and 𝑀𝑀(0, 𝑡𝑡) = 𝑇𝑇0𝑒𝑒𝑖𝑖𝑖𝑖𝑖𝑖 −  𝐽𝐽0�̈�𝜗(0, 𝑡𝑡) where 𝑀𝑀(0, 𝑡𝑡) 
is the twisting moment at the top of the specimen. The result is: 
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where 𝜗𝜗(0, 𝑡𝑡) is angle of twist at the top of the specimen, 𝑅𝑅 is the radius of the specimen and 𝐽𝐽0 
is the mass moment of inertia of the added mass placed on top of the specimen. Application to 
Equation (18) of the elastic-viscoelastic correspondence principle yields: 
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where 𝑉𝑉𝑆𝑆∗ = �𝐺𝐺𝑆𝑆∗ 𝜌𝜌⁄  with GS∗ = GS∗(ω) being the shear complex modulus. Equation (19) suggests 
that experimental measurement of 𝜗𝜗(0, 𝑡𝑡) would allow GS∗(ω) to be determined (for example 
using the Newton-Raphson method) if the amplitude of the applied torque 𝑇𝑇0 ∙ 𝑒𝑒𝑖𝑖𝑖𝑖𝑖𝑖, the geometry 
of the specimen and the characteristics of the apparatus are known. Since the driving torque 𝑇𝑇0 ∙ 𝑒𝑒𝑖𝑖𝑖𝑖𝑖𝑖 and the angle of twist 𝜗𝜗(0, 𝑡𝑡) will be in general out of phase, the amplitude of 𝜗𝜗(0, 𝑡𝑡) 
will be in general a complex-valued number. If the analysis is carried out for a sufficiently large 
number of frequencies, it will then be possible to experimentally determine the frequency 
dependence of the shear complex modulus GS∗(ω) and correspondingly, via Equations (11) and 
(12), of VS(ω) and DS(ω). Note that through the non-resonance column method the shear wave 
velocity and material-damping ratio of a soil specimen are measured simultaneously at the same 
frequency of excitation and using the same experimental procedure thereby overcoming the 
major drawbacks of the conventional resonant column test. Figure 7 shows the results obtained 
by Rix and Meng (2005) using the non-resonance method to determine the low-strain parameters 
of soil dynamic behavior of a remolded kaolin. In this work the “shear modulus” was defined as 
the modulus of GS∗(ω) i.e. |GS∗(ω)|. In Figure 7 the shear modulus increases monotonically with 
frequency whereas damping ratio varies over the frequency range of 0.01 to 30 Hz exhibiting a 
minimum at about 1 Hz. 
 

  

Figure 7. Frequency-dependence of low-strain parameters of soil dynamic behavior determined 
with the non-resonance column test on a remolded kaolin (from Rix and Meng, 2005) 

 
Other contributions on the use of non-resonance methods to determine the low-strain parameters 
of soil dynamic behavior include the work of Khan et al. (2008) who investigated the frequency-
dependence up to 150 Hz of two dry-sands specimens and a sand–bentonite–mud sample at 
different confining pressures and shear strain levels. The results were compared with those 
obtained using the conventional resonant column apparatus. A good agreement was found for the 
low-strain shear modulus however, the conventional resonant column test does not allow 
measuring the possible dependence of this parameter on the frequency of excitation. The authors 
also point out the importance in the non-resonance method of eliminating possible flexural 
modes that may be excited in the specimen during the torsional oscillations. To overcome this 
problem they suggest using two accelerometers on the driving plate placed in opposite directions. 
Camacho-Tauta et al. (2012) used non-resonance methods in conjunction with standard resonant 
column and bender element experiments to study rate-effects on the shear wave velocity of three 
saturated sands in the frequency range 0.1 to 10 kHz. It was found that VS(ω) had the tendency to 
increase with the increase of the excitation frequency and this outcome was more pronounced in 



coarse saturated sands. The paper also describes the development of an automatic procedure to 
carry out, in a synergic mode, resonant column, bender element and non-resonance tests. 
Despite the non-resonance column method is not yet widely used in experimental soil mechanics 
to measure the low-strain parameters of soil dynamic behavior, it is superior with respect to the 
conventional resonant column test. First, it allows the determination of shear wave velocity and 
shear damping ratio simultaneously, at the same frequency of excitation and with same 
experimental procedure. This is consistent with viscoelasticity theory, the underlying constitutive 
model adopted to interpret soil response at low-amplitude, dynamic excitation. Secondly, the 
non-resonance method provides the natural mean for investigating the frequency-dependence 
laws of VS and DS. This is in contrast with the usual practice, where this aspect in the 
conventional resonant column device is inherently overlooked. The taking into account of the 
frequency-dependence of VS and DS has been shown to have practical implications in problems 
of earthquake geotechnical engineering like for instance ground response analyses (e.g. Meng, 
2007; Park and Hashash 2008). However, the ability to actually carry out these analyses is 
subject to the availability of an experimental procedure to determine VS(ω) and DS(ω). The non-
resonance column method seems ideal to reach this goal. Perhaps another possibility would be 
that of determining VS(ω) and DS(ω) in bender element experiments from the exploitation of 
Equation (16) after the pioneering work of Karl et al. (2008) focused on damping measurements 
with bender element tests. 
 

In-Situ Full Waveform Cross-hole Seismic Testing 

 
The interdependency of VS(ω) and DS(ω) stated by the Kramers-Krönig relation sets up the 
ground for developing a method to determine one of the two material functions from the 
measurement of the other. This is facilitated by the availability of the solution of Kramers-
Krönig relation represented for instance by Equation (16), which allows material-damping ratio 
spectrum DS(ω) to be entirely determined from the measurement of the dispersion function 
VS(ω) of shear waves. This has been suggested by Lai and Özcebe (2012) in connection with in-
situ cross-hole seismic testing. Determination of damping ratio spectra from phase velocity 
measurements of P and S waves using geophysical field testing is particularly attractive given the 
difficulties and costs of measuring damping through standard laboratory experiments. Although 
laboratory measurement of damping ratio using resonant column, torsional shear and other 
techniques is well established, the effect of specimen disturbance on the measured value of 
damping may not always be negligible. Furthermore, laboratory tests are performed on small size 
specimens and this limits considerably the applicability of the results to large volumes of soil. 
Conversely, field measurements provide the opportunity to assess low-strain damping ratio free 
from the undesirable effects of sample disturbance and at the same time encompassing a larger, 
more representative volume of soil. Yet, in the current practice borehole and other invasive 
seismic methods are used almost exclusively to measure the speed of propagation of P and S 
waves. Few attempts were made on attenuation measurements and most of them in a research 
environment. Recent contributions include the works of Hall and Bodare (2000), Michaels 
(2006) and Crow et al. (2011). The major challenges pointed out by these studies are the 
uncoupling of geometric and material attenuation as well as the influence of scattered waves. 
Moreover, in some of these applications, damping is a-priori assumed to be hysteretic (i.e. 
frequency-independent) and that may not always be acceptable depending on the specific soil. In 
other cases, a specific constitutive model, like the Kelvin-Voigt solid is enforced in the 



interpretation of attenuation measurements. This also corresponds to the application of an 
unnecessary constraint. Yet, the method based on using Equation (16), is free from such 
constraints since damping is obtained from the inversion of P and S dispersion functions. The 
latter are fully computed from phase velocity measurements. The algorithm is based on solving 
Equation (16) for DS(ω). Applying the two-station method at the layout of cross-hole seismic 
testing (Figure 4) in a fashion similar to that used with the SASW method when determining the 
phase velocity of Rayleigh waves (Foti et al., 2014), the dispersion functions of S and P waves 
can be determined from the following equations: 
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where 𝑎𝑎𝑟𝑟𝑎𝑎(𝐺𝐺𝑅𝑅1−𝑅𝑅2𝑆𝑆 ) is the (unwrapped) phase of the cross-power spectrum of the signals 
detected at the two receivers after filtering the contribution of P-wave arrivals. An identical 
definition holds for 𝑎𝑎𝑟𝑟𝑎𝑎(𝐺𝐺𝑅𝑅1−𝑅𝑅2𝑃𝑃 ) after interchanging the role of P and S waves. Once VS(ω) and 
VP(ω) are computed for a sufficiently broad frequency band, Equation (16) allows to calculate 
damping ratio spectra DS(ω) and DP(ω). With this procedure, no a-priori assumption is made 
concerning specific rheological models of soil behavior or frequency-dependence law of 
damping ratio. Indeed the reverse is true since the shape of the damping ratio spectra is 
completely determined by the shape of the dispersion curves of S and P waves, as predicted by 
the Kramers-Krönig relation. A distinctive feature of the procedure is that unlike the 
conventional interpretation of cross-hole seismic data based on picking the first arrivals of P and 
S phases, the method exploiting the inversion of P and S dispersion functions uses the complete 
waveforms of the signals detected at the two receivers. Figure 8 shows the results obtained at 
Pisa, Italy after the application of the method to cross-hole data acquired at a depth of 14 m from 
the ground surface. The numerical integration of Equation (16) was performed using a robust 
quadrature scheme given the singularity of the integrand. To increase the accuracy and stability 
of the algorithm, the domain of integration was split into small sub-domains using an adaptive 
logarithmic frequency scale. The shear wave velocity measured at the same depth with the 
conventional interpretation of cross-hole data is 161.5 m/s which compares well with the 
experimental dispersion curve. Due to limitations of the frequency bandwidth emitted by the 
source, the usable frequency range to construct the dispersion curve of S waves is restricted to 
50–500 Hz (Figure 8, top). This in principle limits the ability to resolve the damping ratio 
spectrum at frequencies below 50 Hz, which includes the seismic band. The damping ratio 
shown in Figure 8 (bottom) has been calculated by enforcing the hysteretic assumption at 
frequencies below 50 Hz. 
 



 

Figure 8. (Top) Dispersion curve of S waves obtained from cross-hole seismic data measured at 
Pisa, Italy. (Bottom) Shear damping ratio spectrum from the inversion of 𝑉𝑉𝑆𝑆(𝜔𝜔) 

 
In Figure 8 (bottom) the values of damping ratio compare well with those obtained from 
independent measurements carried at about the same depth by Lo Presti et al. (1997) through 
laboratory tests. It should be remarked however that these lab measurements were performed at 
strains of the order of 0.01%. Figures 9 and 10 illustrate another application of the method at a 
different site in Italy. Figure 9 shows the wrapped (top) and unwrapped (bottom) phase of the 
measured cross-power spectrum. The “up” and “down” refer to measurements carried out with 
reverse polarity. The resolvable frequency range is limited to 30–300 Hz. The corresponding 
shear dispersion curve and damping ratio spectrum are shown in Figure 10. Given the 
narrowness of the experimental frequency spectrum, it was necessary to extend the dispersion 
curve beyond the measured bandwidth. This was done according to two alternative hypotheses. 
The first, denoted as “log linear extrapolation” considers a linear increase of VS with the 
logarithm of the frequency and perhaps corresponds to the “least-biased” assumption 
considering that some type of frequency-dependence of VS must be assumed to comply with the 
causality constraint. 
 

 

Figure 9. Wrapped (top) and unwrapped (bottom) phase measured at a site in Italy 



The second assumption, denoted in the legend as “Shibuya (1995)-like model”, refers to 
enforcing frequency-independence of damping ratio in the seismic bandwidth when performing 
the inversion of the shear dispersion curve. As discussed in previous sections, this hypothesis is 
often invoked for rock-like materials in seismology and it was proposed in soil dynamics by 
Shibuya et al. (1995). However, to comply with the theory of viscoelasticity, damping ratio has 
been set to approach zero at very low and very large frequencies (purely elastic response). No 
independent measurement of damping ratio is available at the site to compare the results shown 
in Figure 10 (right). 
 

 

Figure 10. Cross-hole seismic measurements at a site in Italy. (Left) Experimental shear 
dispersion curve. (Right) Shear damping ratio spectrum obtained from the inversion of 𝑉𝑉𝑆𝑆(𝜔𝜔) 

 
The loss of uniqueness in the inversion of the dispersion function and thus of the calculated 
damping ratio spectrum highlighted in Figure 10, may be overcome by adopting broadband 
seismic sources and receivers with an ultra-large dynamic range. The results shown above are 
preliminary and efforts are underway to develop a robust and reliable method to measure DS(ω) 
and DP(ω) in cross-hole and down-hole seismic testing from the inversion of VS(ω) and VP(ω). 
 

Concluding Remarks 

 
This article concerned with the experimental measurement of the small-strain dynamic properties 
of soils. It attempted to introduce a novel approach to the problem, which has been constructed 
around three main ideas. First, the definition of the low-strain parameters of soil dynamic 
behavior was revisited and reformulated within the framework of linear viscoelasticity. 
Secondly, a critical review of widespread in-situ and laboratory methods to measure these 
parameters was performed highlighting major flaws and inconsistencies. Thirdly, the principles 
of recently proposed, emerging methods that redefine the execution and interpretation of the 
standard cross-hole seismic test and the laboratory resonant column technique, were introduced 
and applied to few preliminary cases. These emerging methods offer the opportunity to 
overcome some of the main limitations of the corresponding parent tests. 
 
The motivation for this article originated from the observation that the current, widespread 
approach to model the low-strain dynamic behavior of soils is characterized by inconsistencies. 



For instance, elastic shear and Young moduli are measured and used in dynamic analyses while 
material-damping ratio is also measured and used in the same analyses despite this is a parameter 
of inelastic behavior. It is not only a problem of consistency between constitutive models but 
also of practical implications. Computational soil dynamics has experienced a tremendous 
progress in recent years and the recourse to high-performance, advanced numerical platforms to 
solve quite diverse and complicated boundary-value problems has become relatively frequent. 
Thus, introducing in numerical modeling the correct model parameters is of foremost importance 
and this calls for an adequate campaign of experimental measurements. 
 
Conventional field and laboratory methods provide the correct parameters for standard 
calculations and methods of analyses. However, they may fail to provide the analyst the right set 
of model parameters, even when restricting the analysis to low-strain dynamic response. This 
since a full characterization of a linear viscoelastic material requires, even for the simple case of 
uni-axial loading, two material functions, namely VS(ω) and DS(ω). Yet, in the usual practice, it 
is customary to neglect the frequency dependence of VS and DS as well as the interdependency of 
these parameters well established by the Kramers-Krönig relation. Problems may arise also with 
more advanced lab methods such as the laboratory bender element test. In fact, with these 
techniques soil parameters are measured at very large frequencies, far above most practical 
applications, and the frequency-insensitivity of soil parameters cannot be taken for granted, 
particularly when the frequency is on the order of kHz whereas for instance the seismic 
bandwidth is on the order of Hz. 
 
In light of these considerations, the paper presented the main features of a laboratory non-
resonance method and of a non-conventional in-situ cross-hole seismic test based on full 
waveform processing of the recorded seismograms. Although these techniques seem to overcome 
most of the deficiencies of the standard versions of these tests and the preliminary results are 
encouraging, there are still some technical difficulties to overcome. Perhaps the most important 
of these, shared by both tests, concerns with the limited frequency bandwidth at which the 
measurements are currently made. This prevents a broadband characterization of material 
functions VS(ω) and DS(ω) which is the ultimate goal of the tests’ upgrades. There are reasons to 
be moderately optimistic that these difficulties will be overcome soon by the advance of 
technological progress. 
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