
INTERNATIONAL SOCIETY FOR 

SOIL MECHANICS AND 

GEOTECHNICAL ENGINEERING 

This paper was downloaded from the Online Library of 
the International Society for Soil Mechanics and 
Geotechnical Engineering (ISSMGE). The library is 
available here: 

https://www.issmge.org/publications/online-library 

This is an open-access database that archives thousands 
of papers published under the Auspices of the ISSMGE and 
maintained by the Innovation and Development 
Committee of ISSMGE.   

https://www.issmge.org/publications/online-library


 

6th International Conference on Earthquake Geotechnical Engineering 
1-4 November 2015 
Christchurch, New Zealand 

 

Shear Wave Velocity Uncertainty and Its Relation to Variability in Site 

Response Using a Dispersion Misfit Approach 

 

 

B. R. Cox
1
, S.C. Griffiths

2
, E.M. Rathje

3
, D.P. Teague

4
 

 

ABSTRACT 
 
 A number of parameters contribute to the uncertainty in site response estimates including, analysis 

methods, input ground motions, nonlinear dynamic soil properties, and shear wave velocity 

profiles. This paper focuses on uncertainty in shear wave velocity (Vs) and how it impacts 

variability in site response estimates. Specifically, surface wave data from a site in Mirandola, 

Italy was utilized to develop three distinct groups of Vs profiles. These groups are: (1) Vs profiles 

determined directly from surface wave inversion, (2) simple statistical Vs profiles derived 

indirectly from the surface wave Vs profiles (including bounding-type, median, and other 

percentile Vs profiles), and (3) statistically-based, randomly-generated Vs profiles. The effects of 

using each approach to account for Vs uncertainty in site response are investigated by linking the 

dispersion misfit values for each Vs profile to variability in equivalent linear site response 

estimates. Clear trends exist between variability in site response estimates and dispersion misfit 

values at the Mirandola site. Thus, in this case, the experimental dispersion data can be used to 

help select suites of Vs profiles, generated either directly from inversion or through a 

randomization model, that account for uncertainty in a meaningful way without including 

unrealistic statistical profiles that result in too much site response variability.     

 

Introduction 

 

Note that much of the information discussed below is presented in greater detail in Griffiths et al. 

2016a and 2016b.  The reader is directed to these jouranl articles for additional information.   

 

The shear wave velocity (Vs) profile has a large influence on the amplitude and frequency 

content of predicted ground surface motions derived from site response simulations. Therefore, 

the development of appropriate Vs profiles for use in site-specific site response analyses is of 

paramount importance. While standard engineering design codes stress the importance of 

ccounting for uncertainty in Vs when performing site response analyses (e.g., ASCE 2010, 

AASHTO 2011), no firm guidelines regarding how to account for this important effect are 

provided. As a survey of thirty state Departments of Transportation (DOT) indicates, a variety of 

techniques are currently being used (Matasovic and Hashash 2010). Two commonly used 

methods are: (1) bounding-type profiles developed from a single reference Vs profile by 

arbitrarily increasing and decreasing the reference Vs profile by a constant factor such as +/- 

20% to 30%, and (2) statistical-type profiles developed directly from either a large number of 

individual Vs profiles measured across a site and/or indirectly from Monte Carlo/randomization 
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models. Either way, the resulting Vs profiles are often used blindly to account for Vs uncertainty 

in site response and are rarely evaluated in a quantitative manner in order to judge if they 

realistically represent potential subsurface stiffness/layering conditions.  

 

Shear wave velocity profiles can be measured using invasive or non-invasive techniques. While 

the uncertainty associated with Vs measurements from invasive methods such as downhole, 

crosshole, and P-S suspension logging is an important topic, this paper will focus on the 

uncertainty associated with Vs profiles derived using non-invasive surface wave methods. This 

paper uses surface wave data collected at a site in Mirandola, Italy during an international blind-

study to explore the validity of a number of different methods that can be used to account for Vs 

uncertainty in site response. A surface wave dispersion approach is used to judge if a given Vs 

profile matches the experimentally measured dispersion data (i.e., the “site signature”).  

Specifically, the Vs profiles investigated are categorized into three groups: (1) Vs profiles 

determined directly from surface wave inversion, (2) simple statistical Vs profiles (including 

bounding-type, median, and other percentile Vs profiles), and (3) statistically-based, randomly-

generated Vs profiles developed through a procedure such as that proposed by Toro (1995). 

These three groups of Vs profiles are are then used in equivalent linear site response analyses. 

The variability  in site response estimates is then linked to how well or poorly the Vs profiles in 

each group match the “site signature.” 

 

Although there are numerous techniques to collect and analyze surface wave data, all generally 

consist of the following three steps; (1) field data acquisition, (2) dispersion processing, and (3) 

shear wave velocity inversion (Stokoe et al. 1994, Foti et al. 2011, Cox et al. 2014). Data 

acquisition involves measuring wavefields with strong surface wave content using an array of 

receivers. Commonly, several arrays are used to measure both active-source (e.g., using a drop 

weight or dynamic shaker) and passive-source (e.g., cultural noise/ambient vibrations or seismic 

microtremors) surface waves, as illustrated in Figure 1a. Experimental data from each array are 

then used to develop a relationship between surface wave phase velocity and frequency (i.e. 

dispersion curve), as shown in Figure 1b. Uncertainty estimates in the experimental dispersion 

curve are obtained by computing statistics (e.g., standard deviation) of individual dispersion 

curves from multiple arrays and/or time windows in the passive-source time histories. Prior 

studies indicate that the dispersion curve can be derived robustly by different analysts using a 

wide variety of processing methods with minimal uncertainty (Cox et al. 2014 and Garofalo et al. 

2016a). Therefore, the experimental dispersion data measured at a site may be considered as a 

robust “site signature”, which includes important information about how seismic waves 

propagate across the site. Because surface wave methods sample over a broad spatial area, 

experimental surface wave data inherently includes information on aleatory/lateral variability. 
 

The inversion process consists of finding one or more layered earth models whose theoretical 

dispersion curve(s) suitably match the experimentally determined data.  The layered earth 

models are comprised of thickness, Vs, compression wave velocity (Vp) or Poisson’s ratio, and 

the mass density for each layer. Numerous inversion techniques are available, but the direct 

determination of a single, unique Vs profile from an experimental dispersion curve is generally 

not possible, regardless of which technique is used, due to the nonlinear, ill-posed, and mixed 

determined nature of the inverse problem (Foti et al. 2014).  However, it is possible to obtain a 

number of different Vs profiles that satisfactorily fit the experimental dispersion data (Foti et al. 

2009).  



 
 

Figure 1. Schematic detailing potential methods for accounting for Vs uncertainty associated 

with surface wave methods:  a) a hypothetical site showing typical layout of active and passive 

receiver arrays, b) experimental active and passive dispersion data with 10 theoretical dispersion 

curves that fit within the uncertainty bounds of the experimental data, and c) 10 corresponding 

Vs profiles that fit the experimental dispersion data. 

 

Figure 1c shows 10 hypothetical Vs profiles whose theoretical dispersion data fit the 

experimental data in Figure 1b. While the inversion uncertainty is strictly epistemic, it is 

influenced by the aleatory variability contained in the experimental data. Thus, Vs profiles 

derived from surface wave testing are influenced by both aleatory variability and epistemic 

uncertainty. Moreover, it would be very challenging to uncouple these two sources of 

uncertainty/variability in the final Vs profiles. A suite of Vs profiles such as the ones shown in 

Figure 1c may be used to create the three previously mentioned groups of candidate Vs profiles 

for site response.    

 

Processing of Mirandola, Italy Surface Wave Data 

 

A suite of invasive and non-invasive geophysical testing was conducted in Mirandola, Italy as 

part of the InterPacific (Intercomparison of methods for site parameter and velocity profile 

characterization) project (Garofalo et al. 2016a and Garofalo et a. 2016b). A detailed description 

of the surface wave dataset is provided in Garafalo et al. (2015a). Although many teams 

analyzed the invasive and non-invasive data collected at Miradnola, only the surface wave data 

analyzed by the authors are discussed here. Active and passive-source data were analyzed 

individually and subsequently combined to develop the experimental dispersion curve in Figure 

2. Uncertainty bounds represent +/- one standard deviation. Both Rayleigh and Love wave data 

were considered (Figures 2a and 2b, respectively). Additionally, horizontal-to-vertical (H/V) 

spectral ratios were computed for the three-component passive-source data. The maximum H/V 

ratio from the 3-component passive-source data was found to occur at 0.73 Hz with a standard 

deviation of 0.03 Hz. The frequency at which the H/V spectrum peaks has been shown to 

coincide with the first maximum in the fundamental mode Rayleigh wave ellipicity at sites 

containing a strong velocity contrast (Poggi and Fah 2010). Thus, the peak frequency in the H/V 

spectrum may be used to constrain the inversion process at sites with a strong velocity contrast.  

 



 
 

Figure 2. Experimental dispersion data, theoretical dispersion curves from the 1,000 lowest 

misfit models from surface wave inversion, and the minimum misfit theoretical dispersion curve 

at Mirandola, including: a) Rayleigh and b) Love wave data. Note that square brackets, [ ], 

indicate the misfit value(s). 

 

A joint inversion using the Rayleigh and Love dispersion curves along with the frequency 

corresponding to the maximum H/V ratio (which was assumed to be equal to the frequency of 

the peak in the Rayleigh wave ellipicity) was performed using the Geopsy software 

(www.geopsy.org). Theoretical dispersion curves (Rayleigh and Love) and Rayleigh wave 

ellipicity curves were generated for each trial layered earth model. The forward model 

calculations were originally developed by Thomson (1950) and Haskell (1953) and later 

modified by Dunkin (1965) and Knopoff (1964). A misfit value between the experimental data 

and the theoretical data was then computed for each trial layered earth model using Equation 1 

(Wathelet 2004). The misfit value represents how well or poorly the theoretical dispersion curve 

for a given ground model fits the experimentally measured dispersion data.  

 

misfit = �∑ (xdi−xci)2σi2nfnfi=1                                (Eq. 1) 

 

For dispersion data, xdi corresponds to the phase velocity of the experimental data at frequency fi, 

xci is the calculated phase velocity from the theoretical data at frequency fi, σi is the standard 

deviation associated with the experimental data at frequency fi, and nf is the number of frequency 

samples considered.  For ellipicity data, xdi corresponds to the experimental peak frequency 

(based on the H/V ratio), xci corresponds to the first frequency at which the theoretical Rayleigh 

wave ellipicity reaches a maximum, σi is the uncertainty associated with the experimental peak 

frequency, and nf is one.  The Geopsy software averages the dispersion and ellipicity misfits in 

order to develop a single misfit value.  This value is used to assess the overall quality of fit 

between the experimental and theoretical data for a given trial layered earth model.  A global-

search algorithm is used to explore regions of the parameter space with the lowest misfit values, 

thereby developing a suite of layered earth models while trying to obtain the model with the 

lowest possible misfit. 
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Figure 3. The 1,000 lowest misfit Vs profiles determined from the surface wave inversion 

procedure and the crosshole Vs profile at Mirandola. 

 

More than one million layered earth models were considered during the inversion. The 

neighborhood algorithm was utilized to explore the areas of the inversion parameter space that 

result in the lowest misfit values. The 1,000 lowest misfit Vs profiles are shown in Figure 3 and 

their corresponding theoretical dispersion curves are shown as grey curves in Figure 2. Misfit 

values for these profiles range from 0.29 to 0.51. Additional details regarding the dispersion 

processing and inversion procedures can be found in Griffiths et al. (2016a). 

 

Selection and Development of Vs Profiles 
 

Vs Profiles from Inversion and Simple Statistical Vs Profile 

 

Performing individual site-response analyses on all 1,000 lowest misfit profiles would require a 

long computation time, especially for multiple input ground motions.  Therefore, a smaller set of 

50 Vs profiles was randomly sampled from the 1,000 lowest misfit profiles for further 

investigation.  These profiles are referred to hereafter as the “50 Inversion” Vs profiles. The 

choice of using a sample size of 50 is arbitrary, but was justified by comparing the median Vs 

profile and standard deviation of the natural log of Vs (σlnVs) of both the 1,000 lowest misfit 

profiles and the set of 50 randomly selected Vs profiles. (Because the inversion Vs profiles were 

each generated using the same parameter space, they each have the same number of layers. This 

allows for the computation of a counted-median profile by computing the median Vs value and  

 

median thickness/depth for each layer). As discussed in Griffiths et al. (2016a), the median Vs 

and σlnVs profiles for the 50 inversion Vs profiles are essentially identical to those from the 1,000 

profiles. Thus, 50 randomly selected Vs profiles are sufficient to represent the 1,000 lowest 

misfit profiles. These 50 profiles and the corresponding median profile are shown in Figure 4a. 

0 400 800 1200
0

20

40

60

80

100

120

Shear Wave Velocity (m/s)

D
ep

th
 (

m
)

 

 

1000 lowest

misfits    

Minimum

misfit 

Crosshole



 

 
 

Figure 4. Suites of Vs profiles considered to represent the Vs uncertainty at Mirandola, Italy 

(top) and Grenoble, France (bottom). 

 

Also shown is the minimum misfit profile from all 1,000 profiles (cyan in Figure 4b), which 

matches the median of the 50 Inversion profiles quite well.  

 

A common method to account for epistemic uncertainty in soil properties when performing site 

response analyses is to use a median/base-case Vs profile along with upper- (i.e., stiffer) and 

lower-boundary (i.e., softer) Vs profiles.  To assess the ability of these bounding-type Vs profiles 

to realistically account for Vs uncertainty, two sets of upper- and lower-boundary Vs profiles 

were generated.  The first set was determined by computing the counted median of the 50 

Inversion Vs profiles and adjusting the Vs in each layer by +/- 20%, without changing any of the 

layer thicknesses.  The second set was determined by computing the counted 5
th

 and 95
th

 

percentile Vs profiles from the 50 Inversion Vs profiles.  This was accomplished by computing 

the counted 5
th

 and 95
th

 percentile Vs for each layer as well as the counted 5
th

 and 95
th

 percentile 

depth to the bottom of each layer (termed the bottom depth).  The 95
th

 percentile Vs profile 

represents the combination of the 95
th

 percentile Vs with the 5
th

 percentile bottom depth in each 

layer. Similarly, the 5
th

 percentile Vs profile was determined by combining the 5
th

 percentile Vs 

with the 95
th

 percentile bottom depth for each layer. The reason for pairing high velocities with 

shallow depths and low velocities with greater depths was to develop relatively stiff and soft 

boundary profiles that encapsulate the majority of the 50 Inversion Vs profiles under 

consideration. The median of the 50 Inversion Vs profiles, the +/- 20% Vs profiles, and the 5
th

 

and 95
th

 percentile Vs profiles are presented in Figure 4b. 

 

Randomly Generated Vs Profiles 

 

As discussed above, randomization procedures can be used to develop a suite of Vs profiles that 

account for aleatory variability.  The Vs randomization model proposed by Toro (1995), as 

programmed into STRATA (Kottke and Rathje, 2009) and described in Rathje et al. (2010), was 
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used to generate a suite of 50 statistically-based, randomly-generated Vs profiles that are referred 

to hereafter as the “50 Toro” profiles. Within STRATA (Kottke and Rathje, 2009) the Toro 

(1995) randomization model operates on three general sets of model parameters: (1) the Vs 

statistical parameters, (2) the layering model parameters, and (3) the depth to bedrock 

parameters. Statistical parameters include a baseline Vs profile and depth-dependent σlnVs values. 

The median of the 50 Inversion Vs profiles (magenta curve in Figure 4a) was used as the 

baseline Vs profile for the randomizations. Depth-dependent σlnVs parameters were based on 

values computed from the 50 Inversion Vs profiles. The parameters for the layering model and 

the depth to bedrock model were also determined on a site-specific basis using the 50 Inversion 

Vs profiles. Additional details regarding the development of the Toro randomization model 

parameters are provided in Griffiths et al. (2016a).   

 

The 50 Toro profiles are shown in Figure 4c with the median of the 50 Inversion profiles. As a 

whole, the 50 Toro profiles match the median Vs profile relatively well. However, the 50 Toro 

profiles clearly exhibit more variability in the top 60 m than the 50 Inversion profiles (Figure 

4a).  

 

Theoretical Dispersion Data for Vs Profiles Theoretical Dispersion Data for Vs Profiles 

 

In total, 106 different Vs profiles were considered to represent the Vs uncertainty at Mirandola, 

including the 50 Inversion profiles, the minimum misfit profile from all 1,000 inversion profiles, 

the median of the 50 Inversion profiles, the 5th and 95th percentile profiles, the +/  20% of 

median profiles, and the 50 Toro Vs profiles.  Theoretical dispersion curves were generated for 

the simple statistical profiles and the 50 randomly-generated Toro Vs profiles and compared with 

the measured dispersion data. In contrast to the 50 Inversion Vs profiles, which had 

corresponding Poisson’s ratio and mass density values resulting from the inversion process, the 

simple statistical profiles and the 50 Toro Vs profiles did not have accompanying Poisson’s ratio 

(or Vp) and mass density values. In order to compute theoretical dispersion curves for these 

profiles, the following assumptions were made: (1) the mass density for each layer was assumed 

to be 2000 kg/m3, except the half space rock layer, which was assigned a density of 2300 kg/m3, 

(2) the first layer in each model was assumed to be unsaturated with a Poisson’s ratio of 0.33, (3) 

all underlying soil layers with a Vs ≤ 750 m/s were assumed to be saturated, thus Vp was fixed at 

1500 m/s (i.e., Poison’s ratio near 0.5), and (4) rock layers with Vs ≥ 750 m/s were assigned a 
Poisson’s ratio of 0.33. These assumptions are consistent with those utilized during the original 

site inversion to obtain the 50 Inversion Vs profiles. After generating dispersion curves for these 

profiles, misfit values were computed using Equation 1.  

 

Figure 5 shows the dispersion data for the simple statistical profiles along with the experimental 

dispersion data. Also shown is the dispersion data associated with the minimum misfit Vs 

profile. Of all statistical profiles, only the median profile satisfactorily fits the experimental 

dispersion data. In contrast, the 5
th

 and 95
th

 percentile Vs profiles produce theoretical dispersion 

curves with high misfit values of 2.41 and 1.96, respectively. These misfit values are 

substantially larger than any of the misfit values from the 50 Inversion Vs profiles (even though 

they were developed using these profiles), and their theoretical dispersion curves are visibly 

outside of the estimated uncertainty bounds of the experimental data at frequencies between 4 – 

10 Hz. The dispersion curves associated with the -20% and +20% Vs profiles result in even 



poorer fits to the experimental data, with misfit values of 5.66 and 3.38, respectively. Thus, in 

this case, the bounding-type Vs profiles developed from simple statistics do not result in a 

satisfactory fit of the experimental dispersion data and, therefore, do not appropriately capture 

the experimentally-measured site signature. As such, one must question the use of such profiles 

to represent the subsurface stiffness characteristics of the site.  

 

 
 

Figure 5. Experimental dispersion data from Mirandola and the theoretical dispersion curves 

from the 50 Inversion Vs profiles, the minimum misfit, 5
th

, 95
th

 and +/- 20% Vs profiles for a) 

Rayleigh wave and b) Love wave data. 

 

 
 

Figure 6. Experimental dispersion data from Mirandola and the theoretical dispersion curves 

from the 50 Inversion Vs profiles and the 50 Toro Vs profiles for, a) Rayleigh wave and, b) Love 

wave data. 

 

The theoretical dispersion curves associated with the 50 Toro Vs profiles are presented with the 

experimental dispersion data in Figure 6. The misfit values for the Toro profiles range from 0.7 

to 9.24.  Visibly, many of the theoretical dispersion curves appear to fall within the uncertainty 

bounds of the experimental data, however, some of the them are extreme outliers (as evidenced 
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by the high misfit values), particularly at frequencies greater than 3 – 4 Hz.  The large range in 

Toro misfit values is not surprising, given the greater variability exhibited over the top 40 – 60 m 

in the 50 Toro Vs profiles relative to the 50 Inversion Vs profiles. (refer to Figures 4a and 4c).  

The thickness of the surface layers in the 50 Toro Vs profiles is quite variable, with some layers 

as small as 1 m thick and others up to 10 m thick, and the assigned velocities are between 110 

m/s and more than 200 m/s.  These features are not found in the 50 Inversion profiles because the 

surface velocities and thickness are well-constrained by the dispersion curve and its small 

uncertainty bounds at high frequencies.   

 

Influence of Vs Profiles on Site Response Results 

 

Site Response Analysis Procedures 

 

Equivalent linear site response analyses were performed on the 106 Vs profiles described in the 

previous section (refer to Figure 4). Analyses were completed using a Matlab script developed at 

the University of Texas at Austin (George Zalachoris, personal communication, 2014). This 

script was verified by comparing the predicted amplification factors and pseudo-acceleration 

response spectra with those computed using DEEPSOIL v5.1 (Hashash et al. 2012). The 

nonlinear shear stress-shear strain soil response was modeled using the modulus reduction 

(G/Gmax) and damping (D) relationship developed by Darendeli (2001). All materials were 

assumed to be normally consolidated (OCR = 1) and cohesionless (PI = 0). While these 

assumptions may be a simplification of the true subsurface conditions, the objective of this study 

was to quantify differences in site response resulting from uncertainties in Vs, not the nonlinear 

soil properties. 

 

The appropriate selection and scaling of input ground motions is crucial for studies that are 

focused on back-analyses that seek to replicate a measured surface response, or forward-analyses 

used for design purposes. While these are not the objectives of this study, it is still important to 

select input ground motions with appropriate bedrock conditions and frequency content. For this 

study, a target spectrum for the selection of input motions was determined from the ground 

motion prediction equation of Boore and Atkinson (2008), assuming; a magnitude (Mw) 7.5 

earthquake, a Joyner-Boore distance of 15 km, and an average Vs in the top 30 m (Vs30) of 750 

m/s. A library of 80 time histories recorded at sites with Vs30 between 500 m/s and 1500 m/s, 

distances between 5 km and 80 km, and Mw between 7.0 and 8.0 was developed using the PEER 

(2011) strong motion database. SigmaSpectra (Kottke and Rathje 2008, Kottke and Rathje 2013) 

was used to select and scale eight time histories that, on average, reasonably matched the shape 

of the target response spectrum. These eight time histories were then scaled to a peak ground 

acceleration (PGA) of 0.5 g. While other target spectrums and PGA values were considered, only 

the results from Mw = 7.5 ground motions scaled to a PGA of 0.5 g are provided below. 

 

To isolate the effects of the Vs profiles and minimize the effects of the input motion variability 

on site response results, a median acceleration response spectrum is calculated for each Vs 

profile using the individual response spectra resulting from the eight input time histories, as 

shown in Figure 7a.  A reference response spectrum (Reference SA) was determined by 

computing the median of the 50 median response spectra associated with the 50 Inversion Vs 

profiles (i.e., a median of medians), as shown in Figure 7b.  It is important to point out that the 



Reference SA in Figure 7b is not associated with a specific Vs profile. Rather, it is the median of 

the site response results obtained from all 50 Vs profiles determined directly from surface wave 

inversion.  This response estimate is used as a reference to compare the response spectra 

obtained from other statistical Vs profiles at a given site.  The Reference SA should not be 

confused with the response spectrum obtained from the Median Vs profile that was determined 

statistically from the 50 Inversion Vs profiles.  

 

 
 

Figure 7. Schematic showing (a) the median surface response spectrum for a single Vs profile 

obtained from eight input ground motions, and (b) the Reference SA calculated from the median 

response spectrum from each of the 50 Inversion Vs profiles. 

Equivalent Linear Response 

 

Figure 8 presents the equivalent linear (EQL) acceleration response spectra (SA) and 

amplification factors (AF =SAsurface/SArock) at Mirandola for the 106 Vs profiles discussed 

previously. Note that each SA and AF represents the median for a single Vs profile based on the 

eight time histories. The reference SA and AF are also shown. Due to the effects of soil 

nonlinearity and high-intensity input ground motions, the EQL SA values are much less than for 

a linear elastic analysis, as described in Griffiths et al. (2016b).  

 

The variability in the SA and AF values associated with the 50 Toro Vs profiles is quite a bit 

greater than the variability from the 50 Inversion profiles. Additionally, the simple statistical 

profiles exhibit significant variability in SA and AF. To more quantitatively compare the site 

response results obtained from different Vs profiles, the following parameters are considered: the 

maximum spectral acceleration (SAmax), the predominant period (TP), defined as the period 

associated with SAmax, the AF at the fundamental site period (AF0), and the fundamental site 

period (T0). In terms of AF, the 50 Inversion Vs profiles all yield very similar results, with T0 

ranging only from 2.0 – 2.2 and AF0 ranging from 2.75 – 3.15.   The simple statistical profiles 

and 50 Toro profiles exhibit much greater variability in terms of T0 and AF0.  Furthermore, at 

periods less than 2.0 sec, the SA and AF for most of the 50 Toro profiles are significantly less 

than the Reference values. This is caused by the soft, thick, surface layers present in many of the 

Toro profiles, which result in higher shear strains, greater damping, and period elongation.  Once 



again, these near-surface layers were identified previously as significant contributors to the poor 

dispersion misfit in some of the Toro models for the Mirandola site (refer to Figure 6). 

 
 

Figure 8. Equivalent linear response spectra (top) and amplification factors (bottom) for each Vs 

profile at Mirandola. 

 

Relationship between Response Spectra Deviations and Dispersion Misfit 

 

To further investigate a potential relationship between variability in site response estimates and 

the dispersion misfit values, a single, qualitative measure of the deviation for a single 

acceleration response spectrum relative to the Reference SA was calculated. The 

root-mean-square-difference (RMSD) between SA obtained from an individual Vs profile and 

the Reference SA was calculated (Griffiths et al. 2016a). It should be noted that a single RMSD 

value cannot be used to distinguish between variability in SA caused by differences in period, 

differences in amplitude, or some combination of both.  Nevertheless, the RMSD provides a 

single, qualitative value that can be used to evaluate general variability in SA resulting from 

various Vs profiles.  Similar to the dispersion misfit, the RMSD is always a positive number with 

smaller values corresponding to a better match between the Reference SA and the SA obtained 

from an individual Vs profile. Box plots of the RMSD values obtained from the EQL results for 

the Mirandola are presented in Figure 9. These box plots represent the counted 16
th

 percentile, 

median (50
th

 percentile) and 84
th

 percentile values of the data, with the whisker lines extending 
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to the 5
th

 and 95
th

 percentile values.  Data points outside the 5
th

 and 95
th

 percentile values are 

shown as red symbols (outliers).  Box plots are only shown for the 50 Inversion and 50 Toro 

profiles because they each represent a statistical sample.  The results from individual simple 

statistical Vs profiles are shown as discrete symbols instead of box plots.    

 

 
 

Figure 9. Box plots depicting the distribution of the RMSD values of the median response 

spectra obtained from the Vs profiles for Mirandola. 

 

The RMSD values of the median Vs profile and minimum misfit profile are similar to the RMSD 

values from the 50 Inversion profiles.  However, the RMSD values from the bounding-type 

statistical Vs profiles (i.e., +/- 20% and 5
th

 and 95
th

 percentile Vs profiles) are significantly 

greater than the range of RMSD values from the 50 Inversion profiles. These trends in RMSD 

seem to mimic those in dispersion misfit (refer to Figure 5). The ranges in RMSD values are 

substantially greater for the 50 Toro Vs profiles than the 50 Inversion Vs profiles.  However, this 

is not unexpected because the Reference SA used in the RMSD calculation was obtained from 

the median response spectra of the 50 Inversion profiles. Nonetheless, the large RMSD values 

for some of the Toro Vs profiles are significant. 

 

To further investigate the potential relationship between RMSD and dispersion misfit values, 

RMSD is plotted as a function of dispersion misfit for the simple statistical Vs profiles and the 

50 Toro Vs profiles at Mirandola in Figure 10a.  A positive trend depicting greater RMSD with 

greater misfit is clearly observed.  This trend indicates that if a Vs profile has a high dispersion 

misfit value, indicating a poor fit to the experimental dispersion data, it is likely to produce a 

response spectra that is an outlier in terms of RMSD. A better understanding of the relationship 

between the theoretical dispersion curves, Vs profiles, and acceleration response spectra has been 

investigated by selecting the “best” and “worst” Vs profiles from the 50 Toro profiles, as shown 

in Figure 10 b, c, and d. The best and worst Vs profiles were selected using the lowest and 

highest dispersion misfit values resulting from the 50 Toro profiles, respectively.  The theoretical 

dispersion curve of the best Vs profile matches the experimental dispersion curve at all 

frequencies (refer to Figure 10b), while the worst profile results in a theoretical dispersion curve 

that has a lower phase velocity (VR) than the experimental dispersion curve at frequencies greater 

than 2 Hz.  The poor fit with the experimental dispersion curve for the worst profile is due to the 
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thick, soft, surface layer in the Vs profile, which is apparent in Figure 10c.  This thick near 

surface layer was generated within the Toro (1995) randomization model despite using site-

specific layering model parameters.  The response spectrum from the best Vs profile (Figure 

10d) matches the response spectrum from the median Vs profile at most periods, while the 

response spectrum from the worst Vs profile does not match well at periods less than 2.0 sec.  

 

 
 

Figure 10. Summary plot investigating the best and worst Toro Vs profiles in terms of dispersion 

misfit for Mirandola, including; a) relationship between the RMSD and the dispersion misfit, b) 

dispersion curves, c) Vs profiles, and d) response spectra. 

 

As detailed in Griffiths et al. (2016b), if a subset of the 50 Toro Vs profiles is selected whose 

theoretical dispersion data falls within the experimental uncertainty bounds, the variability in site 

response estimates is considerably lower. The authors believe that the variability in SA and AF 

from a subset of profiles that actually match the experimental dispersion data is much more 

realistic/representative of the expected variability in site response than those from the original 50 

Toro Vs profiles.   

 

Discussion and Conclusions 

 

Shear wave velocity profile characterization plays a crucial role in site response analyses. Thus, 

realistic methods to account for uncertainty in Vs are needed. Experimental dispersion data 

collected from cost-effective, non-invasive surface wave techniques is robust and contains a 

great deal of information about wave propagation across a site. Therefore, the quality of layered 
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earth models can be assessed by computing theoretical dispersion curves and calculating a misfit 

between the theoretical and experimental data. While there are no universal ranges for “good” 

and “bad” misfit values, as higher surface wave modes and complicated datasets can lead to 

seemingly high misfit values, misfit values can be used to guide relative judgements about the 

quality of certain layered earth models relative to others at the same site.    

 

At Mirandola, the suite of Vs profiles generated directly from the inversion analysis exhibits 

realistic subsurface uncertainty/variability, yet still fits the experimental dispersion data quite 

well. The theoretical dispersion curve associated with the median of the 50 Inversion Vs profiles 

also fits the experimental data well, with a lower misfit than some of the Vs profiles that came 

directly from the inversion. Thus, this simple statistical Vs profile can also be used to reasonably 

represent the site. Conversely, the theoretical dispersion curves associated with the bounding-

type 5th and 95th percentile Vs profiles and the +/- 20% Vs profiles do not fit the experimental 

dispersion data well. Therefore, these Vs profiles do not agree with the experimentally-measured 

site signature and should not be used in subsequent analyses. While some of the Vs profiles 

derived from the Toro (1995) Vs randomization model produced dispersion data that 

satisfactorily fit the experimental data, other profiles produced dispersion data well outside of the 

uncertainty bounds of the experimental data. If Toro-type models or Monte Carlo simulations are 

desired to account for aleatory variability, the results may be checked by comparing the 

theoretical dispersion curves with the experimental data and profiles that result in a poor fit (i.e., 

large misfit) may be discarded.   

 

In general, the response spectra and amplification factors obtained from the Vs profiles 

determined directly from surface wave inversion resulted in much less variability than either the 

simple statistical Vs profiles or the randomly-generated Vs profiles.  General trends between 

variability in site response and dispersion misfit were observed. To further investigate the 

potential relationship between variability in site response estimates and the dispersion misfit 

values, a single, qualitative measure of the deviation in acceleration response spectral estimates, 

called the root-mean-square-difference (RMSD), was calculated. A strong, but not perfect, trend 

was noted between increasing RMSD values and increasing dispersion misfit values. In 

particular, the statistical bounding-type Vs profiles (i.e., +/- 20% and 5
th

 and 95
th

 percentile Vs 

profiles) that are commonly used to account for epistemic uncertainty in site response yielded 

large dispersion misfit values and large RMSD values.  Thus, these types of profiles were not 

just outliers in terms of dispersion, but also in terms of site response.  The Vs profiles derived 

from the Toro (1995) randomization model resulted in a very wide range of dispersion misfit and 

RMSD values (some good/acceptable and some bad/unacceptable).  However, if a subset of the 

50 Toro Vs profiles whose theoretical dispersion data falls within the experimental uncertainty is 

chosen, the variability in site response estimates drops considerably. This lower variability is 

likely a more reasonable/realistic interpretation of the variability in site response due to Vs 

uncertainty.  
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