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ABSTRACT 
 
One-dimensional (1-D) and two-dimensional (2-D) analyses of the seismic response of a geosynthetic-
lined heap leach pad were conducted using models that account for relative displacement (slip) between 
the liner system and the ore mass.  The 1-D analyses included equivalent linear and non-linear analyses. 
The equivalent linear analyses used the recommendations of Yegian et al. (1998) to model the impact of 
slip at the liner interface.  The nonlinear analyses employed a weak layer to model slip at the liner 
interfaces.  The 2-D analyses were non-linear time-domain analyses that employed a large-strain finite 
difference formulation and a linear elastic-perfectly plastic stress-strain model with the Mohr-Coulomb 
failure criterion to model the behavior of the liner interfaces.  In all cases, analyses were also conducted 
without considering slip.  Analyses were conducted using 3 pairs of time histories, each pair scaled to a 
different (and progressively increasing) peak ground acceleration.  Comparison of the 2-D and 1-D 
analyses shows that: 1) use of slip elements in a 1-D model is an improvement with respect to 
conventional analysis without slip elements; 2) based upon comparison with the 2-D analyses with slip 
elements (believed to be more accurate, but more complicated to perform than 1-D analyses), additional 
calibration of 1-D models is required to improve their accuracy; and 3) as the seismically-induced loads 
and displacements vary along the liner, a 2-D model with interface slip elements is required to fully  
account for the impact of seismic loading on the performance of a geosynthetic liner system.    
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INTRODUCTION 
 
A two-dimensional (2-D) non-linear time-domain numerical model of the seismic response of a heap leach 
pad with a geosynthetic liner has been developed and compared to different types of one-dimensional (1-
D) analyses to evaluate the differences among current methods for modeling the performance of 
geosynthetic liner systems. The 2-D model includes interface elements that account for slip at liner system 
interfaces and beam elements that allow for computation of stresses and strains in liner system 
components. The 1-D analysis methods include two methods proposed in the literature to model the 
impact of slip at a geosynthetic liner system interface: an equivalent linear method proposed by Yegian et 
al. (1998) and a nonlinear method proposed by Kavazanjian and Matasovic (1995).  Yegian et al. (1998) 
proposed a set of damping and modulus values to model the impact of slip at a geosynthetic liner interface 
on landfill seismic response using 1-D frequency domain equivalent linear response analysis.  
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Kavazanjian and Matasovic (1995) proposed using a weak soil layer with shear strength equal to the 
interface shear strength of the liner system to model the impact of slip at a geosynthetic interface in a 1-D 
time domain nonlinear seismic analysis.  Neither of these 1-D analyses is able to predict stresses or strains 
in the liner system.  The 2-D time domain non-linear analysis described herein not only explicitly accounts 
for slip at the liner interface but also computes the stresses and strains induced in the liner system 
elements by seismic loading.     
 
 

NON-LINEAR 2-D TIME DOMAIN ANALYSES 
 

The heap leach pad model analyzed in this study was representative of a 50 m high leach pad with 2H:1V 
(Horizontal:Vertical) side slopes and a 3% base slope (see Figure 1). Three cases were analyzed using the 
non-linear 2-D model.  In Case I, the impact of slip at the liner interface was modeled using a single 
interface connecting the foundation to the waste but with no element representing the liner itself.  In Case 
II, the liner was modeled as a beam element with two interfaces (one on each side) connecting the beam 
(liner) to the underlying foundation and the overlying ore pile.  The beam element was assigned a zero 
moment of inertia in order to consider the potential for buckling of the geomembrane under compressive 
loads.  In Case III, neither interfaces nor a beam element was employed in order to provide a basis for 
evaluating the impact of the liner system models used in Cases I and II on seismic response.  
 
 

 
Figure 1.  2-D models used to model Leach pad. 

 
 

The 2-D non-linear analyses were conducted using the finite difference numerical modeling code FLAC 
(Itasca, 2008) due to its ability to model relative displacement at liner system interfaces (Fowmes et al., 
2005).   The finite difference grid for the leach pad model consisted of 3,899 mesh zones. An increased 
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mesh density was employed around the interface. Ore and foundation material properties used in the study 
are summarized in Table 1. The initial elastic modulus and unit weight assigned to ore were based upon 
typical properties for granular materials. The ore was assigned a friction angle of 37o. The weak rock 
foundation was modeled as a linear elastic material. The properties of the geomembrane beam element 
were assigned based upon typical properties for a 1.5 mm high density polyethylene geomembrane.  For 
simplicity, and due to the lack of any other information, the Young’s modulus from manufacturer’s 
literature (i.e., the tensile modulus under zero normal stress) was employed for the membrane in both 
tension and compression, with no adjustment made for normal stress on the geomembrane. The Young’s 
modulus assigned to the beam element was 117 mPa. The yield tensile strength of the geomembrane was 
assumed to be 23 kN/m based upon typical values. The beam element was pinned at both ends, as 
recommended by Fowmes et al. (2005).   
 
Table 1. Ore and foundation material properties 
Layer  Depth 

(m) 
Unit weight 

(kN/m3) 
Shear wave velocity 

(m/s) 
Poison’s ratio 

Ore Layer I 0-19.4 19.0 350 0.25 

Ore Layer II 19.4-30 19.0 375 0.25 

Ore Layer III 30-50 19.0 400 0.25 

Rock  50-�’  20.0 700 0.25 

Equivalent layer 
Equivalent linear 

50-51 0.16 1365.5  

Equivalent layer 
1-D Nonlinear 

50-51 9.7 1421.96  

Interface elements were attached to the top and bottom of the beam element to model the geomembrane / 
foundation soil and geomembrane / leachate collection layer interfaces.  However, no low permeability 
soil layer beneath the geomembrane was included and the leachate collection layer on top of the 
geomembrane was ignored in the analyses to simplify the model.  Initial analyses conducted to model the 
impact of interface behavior on liner stresses showed that when the upper interface shear strength was 
lower than the lower interface shear strength, the axial strains induced in the geomembrane were 
insignificant.  Therefore, for the analyses described herein, the upper interface was assigned an interface 
shear strength represented by a friction angle of 20 degrees )20( o� �I  and the lower interface shear 

strength was assigned a friction angle of 15 degrees )15( o� �I . The shear and normal stiffness of the 
interfaces were assigned a value 10 times greater the adjacent elements to prevent the mesh from 
penetrating the beam element.  The free-field bedrock strong ground motions selected for input to the 2-D 
analyses were converted to shear stress time histories in the bedrock 90 m below the ground surface (the 
bottom of the 2-D mesh) using the equivalent linear computer program SHAKE2000 (Ordonez, 2010).  
The quiet boundary condition in FLAC was employed at the bottom and the sides of the model to absorb 
the reflected seismic motion (instead of reflecting the downward propagating seismic waves back into the 
model). 
 
The ore in the 2-D FLAC analyses was treated as a nonlinear material.  The behavior of the ore under 
cyclic loading was based upon the equivalent linear damping curve for gravel.  FLAC uses a backbone 
curve and the Masing criterion to model cyclic behavior with hysteretic damping. Therefore, in 
developing the equivalent linear properties for a material the modeler must decide whether it is more 
important to match the damping curve or the modulus reduction curve.   Figure 2(a) compares the best-fit 
damping curve established by varying the backbone curve to the mean, mean plus one standard deviation, 
and mean minus one standard deviation damping curves for gravel from Rollins et al. (1998) and the 
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damping curve based upon the backbone curve that gives the best fit to the Rollins et al., (1998) modulus 
reduction curve.  Figure 2(b) compares the mean, mean plus one standard deviation, and mean minus one 
standard deviation modulus reduction curves for gravel from Rollins et al. (1998) and the best fit modulus 
reduction developed by varying the backbone curve to the modulus reduction curve established using the 
backbone curve for the best fit damping curve. Comparison of FLAC analyses to equivalent linear 
analyses suggests that, for the cases examined herein, it is more important to accurately model the 
damping than the modulus reduction curve.  Therefore, the best fit damping curve and the associated 
modulus reduction curve were used in the 2-D non-linear (FLAC) analyses described in this paper.   

 
Figure 2. Comparison of (a) damping and (b) modulus reduction curves used in this study to Rollins 

et al. (1998) and FLAC modulus-fit curves. 
 

 
1-D EQUIVALENT LINEAR ANALYSIS 

  
In the 1-D equivalent linear analysis, a representative vertical column of material through the ore pile was 
subject to analysis.  Each layer within the column was characterized as a linear visco-elastic material with 
a constant elastic shear modulus and a constant fraction of critical damping ratio (although both the 
modulus and damping ratio depended upon the peak shear strain in the layer).  In this type of analysis, 
shear deformations are continuous across layer boundaries, prohibiting explicit consideration of slip at an 
interface.  However, Yegian et al. (1998) proposed a procedure to model slip at a geosynthetic interface in 
a 1-D equivalent linear analysis. The procedure proposed by Yegian et al. (1998) called for use of an 
“equivalent layer” of unit thickness with 0.16 kN/m3 unit weight, a fraction of critical damping equal to 
0.45, and an equivalent shear modulus curve.  Yegian et al. (1998) proposed initial (small strain) shear 
modulus values (Gmax) for the “equivalent layer” that depended on the interface shear strength.  For a 
HDPE/geotextile interface a value of �V36 was recommended for initial shear modulus of the “equivalent 
layer” (Gmax), where �Vis the normal stress on top of the liner. The dynamic friction coefficient of the 
HDPE/geotextile interface tested by Yegian et al. (1998) was about 0.26, equivalent to an interface 
friction angle of 15 degrees.  
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Figure 3a shows the 1-D cross section used to represent a 50 m high heap leach pad in the equivalent 
linear analysis. The ore and foundation material properties used in the study are summarized in Table 1. 
Figure 3b shows the 1-D cross section used to represent a 50 m high heap leach pad in the equivalent 
linear analysis with a unit thickness equivalent layer representing the liner interface according to the 
Yegian et al. (1998) procedure.  
 
 

 
                                                            

Figure 3. 1-D profile used in the analysis a) no liner included b) including a liner layer. 
 
 

NONLINEAR 1-D TIME DOMAIN ANALYSIS 
   
1-D non-linear time domain analyses of seismic response were conducted using the computer program D-
MOD2000 (Matasovic, 2010).  Like the 1-D equivalent linear analyses, the 1-D non-linear analyses 
analyze a representative vertical column through the ore pile.  D-MOD2000 uses the MKZ constitutive 
model (Matasovic and Vucetic, 1993; 1995) to define an initial backbone curve (which can be fitted to 
match an equivalent linear backbone curve) and to describe unloading and reloading (in a manner that can 
be fitted to an equivalent linear damping curve with the addition of a constant viscous damping). As 
described by Kavazanjian and Matasovic (1995), a thin soil layer with shear strength equal to the interface 
shear strength of the liner was used to model slip at the liner interface in the D-MOD2000 analyses. For 
comparison purposes, the stress-strain behavior of the equivalent layer was represented by the linear 
elastic-perfectly plastic constitutive relationship shown in Fig. 4, with the same elastic modulus used for 
the interface in the FLAC analyses and a shear strength characterized by the interface friction angle of 15 
degrees.  The 1-D column analyzed in this manner is shown in Figure 3b.  1-D non-linear analyses were 
also conducted without the weak soil layer for comparison purposes. The 1-D column used for the 1-D 
nonlinear analysis without employing the interface is shown in Figure 3(a).  
 

1m 

(a) (b) 
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Figure 4. Stress strain curve used in D-MOD2000 to represent the interface behavior.  

 
 

STRONG MOTION RECORDS 
 
Three pairs of strong motion records were used in the analyses described herein. The records were chosen 
to represent earthquakes of moment magnitude from 6.4 to 7.4. Each pair of records was scaled to a 
different PGA.  PGA values of 0.25g, 0.45g and 0.6g were employed to investigate the influence of PGA 
on the seismic response. The 0.25g PGA was employed to correspond to the 0.26 friction coefficient of 
the interface with friction angle of 15 degrees so that there was no slip at the interface. The higher PGA 
values were used to study the effect of slip at the interface on seismic response. Table 2 shows the 
characteristics of the six records used in the analysis.  
   
Table 2. Characteristics of the strong earthquake records used in the analyses 

Earthquake Record 
Moment 

Magnitude, Mw PGA 
(g) 

Coalinga  (1983)  Pleasant Valley P.P., YARD, 045 6.4 0.6 

Loma  Prieta  (1989)  LGPC, 090 6.9 0.6 

Imperial Valley  (1979) 2316, Bonds Corner, 140 6.5 0.45 

 Kobe  (1995)  Kakogawa, 000 (CUE) 6.9 0.45 

Landers (1992)  Joshua Tree, 090 7.3 0.25 

Tabas (1978)  Iran, 9102 Dayhook, Ln. 7.4 0.25 

 
ACCELERATION RESPONSE SPECTRA 

 
2-D Nonlinear FLAC Analyses 
The three configurations shown in Figure 1 were loaded with four of the six earthquake records described 
in Table 2.  Figure 5 (a) to (d) compares the acceleration response spectrum (ARS) from the 2-D nonlinear 
analysis for a point in the middle of the top deck of the leach pad model from Case III, where there is no 
interface, to Case I (single interface) for the earthquake records scaled to 0.25 g and 0.6 g. Figure 5 (a) 
shows the comparison in case of the 0.6 g Coalinga (1983) earthquake input motion. At long periods 
(greater than 1 sec) the interface shows no effect on the spectral response but in the vicinity of the 
resonant period of the ore body (at around 0.5 s) the spectral response in Case I is lower than the Case III. 
At short periods (periods less than 0.1 s) the spectral acceleration is similar for both cases. Figure 5 (b) 
shows the comparison in case of the 0.6 g Loma Prieta (1989) earthquake input motion. At long periods 
(greater than 1.0 s), the interface shows no effect on the spectral response but in the vicinity of the 
resonant period of the ore body the spectral response in case I again is lower than the case III. At periods 
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(between 0.2 and 0.1 s), the spectral acceleration in case I is interestingly higher than the case where an 
interface element was not used. Figure 5 (c) shows the comparison in case of the 0.25 g Tabas (1978) 
earthquake input motion. The figure shows small differences in the response spectra except at around a 
period of 0.2 s, where Case I gives a higher spectral acceleration than the Case III. Figure 5 (d) shows the 
comparison for the case of the 0.25 g Landers (1992) earthquake input motion. The figure shows small 
differences in the ARS except in the vicinity of the resonant period of the ore body, where the spectral 
response of Case I is lower than in Case III. In Figure 5(a) and (b) the effect of slip at the liner interface is 
more pronounced due to the higher PGA of the input motion.  In the case of Figures 5 (c) and (d) the ARS 
is very close because the PGA of the input motion is very close to the interface shear strength coefficient. 
One very important observation from the results shown in Figure 5 is that introducing the interface 
element (Case I) into the model did not significantly affect the PGA at the top deck of the leach pad.   
 

 
 

Figure 5. ARS on the top deck from 2-D analysis for Case I and Case III (a) Coalinga (1983), (b) 
Loma Prieta (1989), (c) Tabas (1978), and (d) Landers (1992). 

 
Figure 6 (a) and (b) compares the ARS from the 2-D non-linear analysis for a point in the middle of the 
top deck of the leach pad model for case I, where there a single interface is used to model the liner, to the 
ARS for the same point for case II, where the liner was modeled as beam element. Figure 5 (a) shows the 
comparison in case of the Coalinga (1983) earthquake input motion. At long periods (greater than 1 sec) 
the response is identical but. At short periods (periods less than 0.1 s) the spectral acceleration shows 
some differences. Figure 5 (b) shows the comparison in case of the Tabas (1983) earthquake record, where 
the response is almost identical. 

 
Figure 6. Comparison of ARS on the top deck from nonlinear 2-D analysis from Case I and Case II 

(a) Coalinga (1983), and (b) Tabas (1978). 
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1-D Equivalent Linear and Nonlinear analyses 
The two configurations shown in Figure 3 were loaded with the six earthquake records shown in 
Table 2 using the equivalent linear computer code SHAKE2000 (Ordonez, 2008). The two 
configurations shown in Figure 3 were also loaded with the six earthquake records shown in 
Table 2 used the nonlinear computer code D-MOD2000 (Matasovic, 2010).  Figures 7(a) to (d) 
compare the ARS at the top of the column from the 1-D non-linear analysis to the ARS from the 
1- D equivalent linear analysis for both representative columns shown in Figure 3. For the case 
where the impact of the liner is ignored (Column 3a), the ARS from the 1-D nonlinear analysis 
and the1-D equivalent linear analyses are identical at long periods (greater than 0.3 s). However, 
at shorter periods the 1-D nonlinear spectral accelerations are generally higher than the 1-D 
equivalent values. Figure 7 shows the effect of employing the interface model (Column 3b) in 
both types of 1-D analyses. Generally, employing the interface model results in a lower PGA in 
both the nonlinear and equivalent linear analyses when the input motion PGA is high enough to 
induce slip at the interface, as shown in Figures 7 (a) to (c). In Figure 7 (d), where the input 
motion PGA is not high enough to induce slip at the interface result, the PGA at the top of the 
column is similar whether or not an interface layer is employed.  
  

 
 

Figure 7. Comparison of ARS from 1-D analyses with and without liner elements (a) Coalinga 
(1983), (b) Loma Prieta (1989), (c) Kobe (1995), and (d) Tabas (1978). 

 
Comparison between 1-D and 2-D response spectra 
Figure 8 (a) to (f) compares the ARS from the 2-D non-linear analysis for a point in the middle of the top 
deck to the ARS for the top deck (i.e. at the top of the column) from the 1-D equivalent linear analysis and 
nonlinear analyses for cases with and without the interface elements.   
 
The 1-D models that include an interface element consistently give the lowest response, though as shown 
in Figures 8 (f) (Tabas record scaled to 0.25 g) there is sometimes no significant difference among any of 
the analyses. Furthermore, the equivalent linear models that include an interface element always under 
predict the response at the high frequencies which means they under predict the PGA at the top of the 
column. This result is consistent with the finding of Rathje and Bray (2000), who found that the response 
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at the top of a lined landfill is not significantly modified by relative displacement at the liner interface as 
long as the sliding displacements are relatively small (less than 150-300 mm). The 2-D model without an 
interface tends to give the greatest spectral response.  However, the 2-D interface model and the 1-D non-
linear models occasionally have higher spectral accelerations than the 2-D model without an interface.   
 
 

 
Figure 8. ARS at center of the top deck (a) Coalinga, (b) Loma Prieta (1989), (c) Imperial Valley 

(1979), (d) Kobe (1995), (e) Landers (1992) and (f) Tabas, Iran (1978). 
 
 

SEISMIC DEFORMATION BEHAVIOUR 
 

Permanent Deformation from 2-D Analyses 
Permanent deformations calculated in the 2-D FLAC analysis at four different locations (A, B, C and D) 
for the Case I (interface) model (see Figure 1 for the point locations) are shown in Table 3. Point A 
represents the heel of the leach pad while point B represents the toe. Point C represents the point at the 
center of the leach pad and point D is in between point B and C.  The calculated permanent displacements 
in the middle of the leach pad (points C and D) were negligibly small in all cases. However, except for the 
Tabas record, the analyses consistently show extension at the heel and compression at the toe.  The results 
for Case II (using the beam and two interfaces to model the liner) are similar (with minor differences) to 
the results reported in Table 2 for the Case I (using single interface to model the liner). 
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Table 3. Permanent Deformation at the geosynthetic liner interface 

Q Motion 

Calculated permanent seismic displacement (cm) 

2-D FLAC analysis (Case I) Decoupled 
(Newmark) 

analysis A B D C 

Coalinga (1983)  -105 167 16 1.5 64.0 

Loma Prieta (1989)  -108.9 154 19.3 4.7 125.32 

Imperial Valley (1979) -97.6 120 13.5 3.2 34.6 

 Kobe (1995)  -77.5 121 4.07 0.23 25.53 

Landers (1992) -130 207 3.7 0.0 46.4 

Tabas (1978)  -13.7 23 0 0 0.936 

Note: For location of points A, B, D and C refer to Figure 1. 
 
Newmark displacements from 1-D analyses 
A conventional decoupled Newmark seismic deformation analysis was conducted using the 1-D 
equivalent linear analysis results (with no interface layer) for comparison to the results of 2-D analyses. 
The decoupled procedure described by (Bray et al., 1995) for seismic analysis of lined landfills was 
employed.  First, a limit equilibrium analysis was used to determine the yield acceleration of the ore mass 
/ liner system using SLIDE 5.0 (Rocscience, 2005). Next, the time history of shear stress at the liner level 
from the SHAKE2000 equivalent linear analysis was converted to an average acceleration time history for 
the ore mass by dividing the shear stress by the total normal stress acting on the liner.  Excursions of one 
side of the average acceleration time history above the yield acceleration were then double-integrated 
(using a sub-routine in the SHAKE2000 program) to calculate the permanent seismic displacement for the 
decoupled analysis method.  A yield acceleration of 0.08 g was found for the leach pad model shown in 
Figure 1. It is important to note that the surface with the lowest yield acceleration was a relatively small 
wedge at the toe of the ore mass. There is also a small wedge with a low yield acceleration at the heel of 
the waste mass (which explains the large relative displacement at this location). Table 3 presents the 
results of the decoupled permanent seismic displacement analysis.  The permanent deformation at the heel 
and toe from the 2-D FLAC analysis (points A and B) were, with one exception, bigger than the 
permanent deformation calculated in the decoupled Newmark analysis. 

 
GEOMEMBRANE STRESSES AND STRAINS 

 
A significant advantage of the 2-D (FLAC) analysis compared to the 1-D analyses is the ability to predict 
the stresses and strains in the geomembrane liner.  Figure 9 shows the axial stresses and strains in the 
geomembrane predicted using the beam model (Case II) for the liner for a case where the lower interface 
shear strength was less than the upper interface shear strength for the 0.25 g Landers (1992) input motion, 
the motion that produced the largest permanent displacement at the liner interface (possibly due to its long 
duration and long period content).   The axial tensile strain at the end of the record (which was also the 
maximum axial strain) at the base liner for the case illustrated in Figure 9 is approximately 12.8%, which 
is below the yield strain of the liner but not an insignificant value. 
 
Table 4 presents a summary of the maximum tensile and compressive forces and tensile and compressive 
strains in the liner system for the six 2-D analyses for Case II, where the interface friction angle below the 
geomembrane was five degrees less than interface friction angle above the geomembrane.  The maximum 
tensile strains and forces were approximately at Point A, at the heel of the waste mass.  In all of the 
analyses, the maximum compressive forces and strains were at the toe of the leach pad, where the 
geomembrane element was pinned.    
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Figure 9.  Axial strains and axial force in the base liner geomembrane calculated at the end of 

earthquake record (Landers (1992). 
 
 
Table 4. Summary of forces and strains in the liner for Case II from the 2-D analysis 

EQ Motion 

Max Force and Strain Developed in the Geomembrane 

Tensile 
force 
(kN) 

Tensile 
strain 
(%) 

Compressive 
force 
(kN) 

Compressive 
strain 
(%) 

Coalinga (1983)  3.92 2.18 36.56 21.3 

Loma Prieta (1989)  5.37 2.99 39.79 22.14 

Imperial Valley (1979) 4.21 2.38 36.42 20.62 

 Kobe (1995)  3.98 2.21 33.57 18.67 

Landers (1992) 7.096 12.76 49.22 27.38 

Tabas (1978)  1.19 0.65 8.5 4.7 

 
 
 

SUMMARY AND CONCLUSIONS 
 

Site response analyses have been conducted using 2-D nonlinear and 1-D equivalent-linear and nonlinear 
analyses with and without liner elements. In the 2-D analyses the liner system was modeled 1) solely as a 
weak interface; and 2) as a beam element with interface with interfaces on each side. In the 1-D analyses, 
the liner was modeled as weak soil layer and as an equivalent linear material. Analyses were also 
conducted without liner elements.  Results of the analyses with 2-D models show that there are only minor 
differences between the two means used to model the liner. However, the beam model allows for the 
explicit computation of the forces and strains in the liner element. The 2-D model without a liner element 
generally produced greater spectral acceleration than the model with a liner, though in one case the model 
with the liner produced higher spectral acceleration in the 0.1 to 0.3 second spectral period range.  
Comparison of the various 1-D and 2-D models shows that: 1) the use of slip elements (weak layers) in 1-
D models is an improvement with respect to conventional 1-D analysis without slip elements; 2) based 
upon comparison to the 2-D analysis with slip elements (which are believed to be more accurate, but 
which are also more complicated to perform than 1-D analyses),additional refinement of 1-D slip elements 
is required to improve the accuracy of this type of modeling; and 3) as the seismically-induced loads and 
displacements vary along the liner, a 2-D model with interface slip elements is required to fully  account 
for the impact of seismic loading on the performance of a geosynthetic liner system.. 

A 
B 
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