
INTERNATIONAL SOCIETY FOR 

SOIL MECHANICS AND 

GEOTECHNICAL ENGINEERING 

This paper was downloaded from the Online Library of 
the International Society for Soil Mechanics and 
Geotechnical Engineering (ISSMGE). The library is 
available here: 

https://www.issmge.org/publications/online-library 

This is an open-access database that archives thousands 
of papers published under the Auspices of the ISSMGE and 
maintained by the Innovation and Development 
Committee of ISSMGE.   

https://www.issmge.org/publications/online-library


Paper No. TLSSTAM 

 

THE LIQUEFACTION STRENGTH OF SILTY SANDS IN TERMS OF THE 

STATE PARAMETER 

Constantine STAMATOPOULOS
 1
  

ABSTRACT 

 

An elaborate program of monotonic and cyclic triaxial laboratory tests on mixtures of sand and silt with 

fines content 0, 15 and 25% was performed to investigate the effect of density, consolidation stress and 

non-plastic fines on the liquefaction strength. The monotonic tests illustrated that the critical state lines of 

all mixtures do not cross each other, and are, approximately, parallel to each other. The results of the 

cyclic tests illustrated that the relationship between the cyclic strength and the state parameter does not 

depend on the consolidation stress, the soil density and the silt content. 
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INTRODUCTION 

 

The cyclic strength of sands, as defined hereunder, is one of the most studied soil parameters in 

geotechnical earthquake engineering. It determines whether or not a site will liquefy under a given seismic 

acceleration (European Prestandard, 1994, Seed et al, 1983, Ishihara, 1996). The cyclic strength of sands 

has been studied extensively in the laboratory, especially in the triaxial device. The relationship between 

cyclic strength and the state parameter has recently been used to study the effect of consolidation stress 

and fines content on the cyclic strength of sands. The effect of consolidation stress on the cyclic strength 

depends on the form of the relationship between the cyclic strength and the state parameter (Boulanger, 

2003). Chen and Liao (1999) and Stamatopoulos et al. (2004) data show that the relationship between the 

state parameter and the cyclic strength is approximately linear. Boulanger (2003) defines an empirical 

index, ξR, that has a functional form consistent with critical state concepts. He studies the relationship of 

the cyclic strength with the parameter ξR, based on published results of laboratory tests (Fig. 1a), as well 

as CPT data and empirical relationships from field data (Fig. 1b). It is observed that in all cases the cyclic 

strength decreases as ξR increases at a rate that progressively decreases. Based on Figs. 1a and 1b, 

Boulanger (2003) estimates the Κσ factor that gives the effect of consolidation stress on the cyclic soil 

strength and observes that at similar consolidation stress Κσ increases as sand density increases.  

 

A laboratory study of the effect of the fines content over a considerable range of consolidation stresses 

and void ratios was not found in the literature. In addition, the effect of the fines content on the 

relationship between the cyclic strength and the state parameter has yet to be studied experimentally.The 

purpose of this paper is to investigate comprehensibly the effect of void ratio, consolidation stress and 

fines content on the cyclic strength of sands. Investigation was performed by an elaborate program of 

cyclic triaxial tests at different cyclic stress ratios, initial void ratios, initial consolidation stresses and fines 

content. Monotonic tests were also performed to define the critical state line of the mixtures.  Consistently 

with modern practice, analysis is in terms of the state parameter. 
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The tests performed were part of a research program that was coordinated by Prof. Bouckovalas of the 

National Technical University of Athens (NTUA) and included three laboratories: The laboratory of the 

author (STAM), the laboratory of the Aristotle University of Thessaloniki (AUTH) under the direction of 

Prof. Tika and the laboratory of NTUA under the direction of Prof. Georgiannou. The same soils were 

used by all three laboratories. First common tests were performed by all three laboratories and it was 

ensured that they produce compatible results. Then, tests proposed by Prof. Bouckovalas, as well as 

additional tests were performed by each laboratory. Tests by STAM and AUTH were performed in the 

triaxial device, while tests by NTUA in the torsional-shear device. In this paper the test results of the 

STAM laboratory are presented.  Then, analysis of the test results is given. As the AUTH data were on the 

same sand-silt mixtures and using the same preparation method in the triaxial device, in the analyses of the 

laboratory results below, all data were combined in a single database, and data regression was performed 

at this much larger and thus more reliable database.  

 

(a)   (b) 
 

 

 

 

Figure 1. Cyclic strength in terms of the critical parameter ξR obtained from (a) results of laboratory tests 

and (b) relations between cone penetration resistance (CPT) and cyclic strength.  (Boulanger, 2003). 

 

2.  DEFINITION OF PROBLEM PARAMETERS  

 

The present work presents and analyzes tests in the triaxial device. Thus, the effective octahedral stress 

equals 

 

    p’ = (σ’v+2σ’h) /3                                                  (1) 

 

where σ’v and σ’h denote the effective vertical and horizontal stresses respectively. In addition, the 

deviatoric stress q equals 

 

 q = σ’v - σ’h                           (2) 

 

The critical state is the condition where a soil deforms indefinitely without changes in volume or effective 

stresses. The critical state line defines the critical states at different octahedral effective  stress and void 

ratio.   

 

Sand-silt mixtures are differentiated in terms of the fines content, fc, defined as the ratio of the weight of 

the dry silt of the mixture by the total dry weight of the mixture. In silty sands, Murphy et al. (2007) 

propose the following equation for the critical state line: 

 

 ecs = Γ - λ (p'/Pa)ξ                               (3) 



5th International Conference on Earthquake Geotechnical Engineering 

January 2011, 10-13 

Santiago, Chile 

 

where Γ, λ,  ξ are fitting parameters. 
 

In an attempt to interpret the effect of consolidation stress and void ratio with a single parameter, Been 

and Jefferies [26] introduced the state parameter, ψ, defined as 

 

 ψ = e - ecs                         (4)  

 

where e is the current void ratio and ecs is the void ratio of the critical state at the current octahedral 

effective stress, given e.g. by equation (3). 
 

In the laboratory, liquefaction is usually studied in the triaxial, the simple-shear and the torsional-shear 

devices (Seed and Peacock, 1971, Ishihara and Takatsu, 1979). The triaxial device is possibly the most 

effective device to study the effect of the state parameter on the cyclic strength. The primary reason is that 

the state parameter is derived from the effective octahedral stress,  p'. In the triaxial device, unlike other 

devices, p' can be measured directly.  

 

In the triaxial device liquefaction is simulated by applying in isotropically-consolidated specimens cyclic 

axial stress σv-cyc about a zero mean deviatoric stress, q, under undrained conditions. We define a cycle of 

loading as the complete change of the vertical stress (i) from zero  to (σv)cyc, (ii) from (σv)cyc  to -(σv)cyc and 

(iii) from -(σv)cyc back to  zero. Double-amplitude cyclic axial strain during a loading cycle is the 

difference of the maximum and minimum shear strain attained. Permanent axial strain (εa-p) or permanent 

pore water pressure (up), is the strain or pore water pressure that accumulates at the end of each cycle of 

loading.  The cyclic stress ratio SR (e.g. [3]), measuring the intensity of cyclic loading, is defined as  

 

SR = (σv)cyc /  (2 p'o)                       (5) 

 

where p'o is the effective octahedral stress prior to the application of cyclic loading.  

 

As a result of cyclic harmonic loading, permanent pore pressure and cyclic axial strain build up with cycle 

number, while due to one-dimensional symmetry, considerable permanent shear strain does not 

accumulate (e.g. Ishihara, 1996, Finn et al., 971). Cyclic strength for N cycles of harmonic loading, SRN, 

is defined as the value of the cyclic stress ratio SR causing liquefaction in N uniform cycles. In the present 

work, similarly to Ishihara (1996), liquefaction is defined as the condition where the double-amplitude 

cyclic axial strain exceeds 5%.  In liquefaction analyses, usually a reference earthquake of magnitude 

M=7.5, that corresponds to 15 cycles of uniform cyclic loading is used (e.g. European Prestandard, 1994, 

Seed et al., 1983). For this reason, the cyclic strength SR15 will be used below as index of the cyclic soil 

strength.  

 

3. MATERIALS TESTED 

 

In the current laboratory program, the materials used to prepare the mixtures tested were (a) a clean sand 

and (b) a non-plastic silt. The first material is a subwhite natural sand of quartz from the Egyptian desert.  

Its quartzy grains are not lustrous but are well rounded, transparent and colorless. There are very few 

black grains of iron oxides or magnetic oxides of unknown provenance (less than 0.1%), whose existence 

could be due to manmade contamination. The non-plastic silt was obtained by  grinding natural deposits 

of quartz from the area of Assirou near Thessaloniki, Greece. The materials were provided by Prof. Tika 

of AUTH. Fig. 2a gives the grain size distribution of the sand and silt materials. The measured specific 

gravity of grains was 2.65 for the sand and 2.64 for the silt. The paper studies three mixtutes, with fc=0, 

15% and 25%. The determined maximum and minimum void ratio of the mixtures according to the 
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standard methods described in ASTM D4253 (2000), D4254 (2006), are given in Fig. 2b. Measurements 

of the AUTH laboratory on the same mixtures are also presented. 

 

(a) (b) 
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Figure 2. (a).  Grain size distribution of the sand and silt used to form the mixtures of the present study. 

(b)  Measured maximum and minimum void ratio versus fines content of the sand-silt mixtures of the 

present study. Measurements of the AUTH laboratory on the same mixtures are also presented.  

 

 

4. SPECIMEN PREPARATION AND TESTING PROCEDURES 

 

All specimens prepared for the triaxial device had diameter 38.2mm and height 84.9mm. Specimens were 

prepared at different fines content, void ratio and consolidation stress, as described below. The monotonic 

triaxial tests were strain-controlled and  were performed according to relevant specifications (Hellenic 

Ministry of Public Works, 1986). The rate of applied axial strain was about 2% per hour. This is 

consistent with the standards of the tests (Hellenic Ministry of Public Works, 1986), i.e. larger than the 

needed minimum rate based on the consolidation characteristics of all samples. They were performed until 

the strain reached 22%, because then the samples lost uniformity. The cyclic tests were conducted 

following the specifications ASTM D5311 (2004). According to published results (Xenaki and 

Athanasopoulos, 2003), as well as based on the results of the current study, the loading strain rate does not 

affect appreciably the experimental results. The rate of applied harmonic loading was approximately 30sec 

per full cycle and the tests were performed until liquefaction was reached. 

 

The sand and silt used in the mixtures was first oven dried so that their moisture reached approximately 

0%. Homogeneous sand-silt mixtures with fc=0, 15% and 25% were then prepared. Specimens of each 

mixture were prepared in a cylindrical mold with open edges. The weight to be placed in the mold was 

estimated from the required dry density and volume of the mold. The mold was placed on the pedestal of 

the compression frame and vacuum was applied at the base. Vacuum intensity was increased as the soil 

level inside the mold was  raised. Placement was in 5 to 9 layers, by the application of constant energy 

blows with a rammer. If soil could not be compacted water was added up to a corresponding water content 

of 9%. Next followed saturation of the specimen by letting water flow from the bottom to the top. During 

the saturation procedure, in order to achieve the maximum degree of saturation, carbon dioxide (CO2) was 

applied. 

 

Then, after about 24 hours, with closed drainage valves the lateral pressure and the back pressure were 

increased in successive steps to 500kPa. The B parameter, defined as the ratio of the pore pressure 
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increase by the increment of the lateral pressure, was measured. It was verified that it was equal to about 

one.  All specimens were then consolidated at a confining stress equal to 550, 600, 650, 700 or 750 kPa 

(Thus p’o=50, 100, 150, 200 or 250kPa). The consolidation stress remained constant at least 3 hours prior 

to shearing.  

 

5. TEST RESULTS AND THEIR ANALYSIS 

 

Monotonic undrained and drained tests were performed in the triaxial device for the three different 

mixtures with fc equal to 0, 15%, 25% at different consolidation stresses and densities to determine the 

critical state lines. All specimens were isortopically-consolidated. Isotropically-consolidated cyclic 

undrained tests were performed in the triaxial device at different specimen initial void ratios (eo) and 

consolidation stresses (p'o) for the three mixtures. At least 3 tests were performed at each combination of 

fc, eo and p’o. Fig. 3 gives the final (critical-state) measured effective octahedral stress, p′, in terms of the 

final void ratio, e, and fines content, fc, for all monotonic tests performed. The tests performed by AUTH 

(Papadopoulou and Tika 2006, 2007, 2008) are also given, for the reasons stated in the introduction, 

above 
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Table 1. The critical state parameters Γ, λ, ξ of 

equation (3) obtained from the measured (e, p’cs) 

pairs of the three mixtures. Both the STAM and 

AUTH data is considered 

fc (%) 0 15 25 

Γ 0.86 0.68 0.58 

λ 0.13 0.07 0.06 

ξ 0.19 0.40 0.50 

R
2 0.87 0.84 0.82  

Figure  3. Measured (i) void ratio and final (critical-

state) effective octahedral stress in monotonic 

undrained triaxial tests and (ii) final void ratio and 

final effective octahedral stress in monotonic 

drained triaxial tests and proposed relations 

.  
 

 

Regarding the results of the cyclic tests, a combination of void ratio and consolidation stress (e and po’) 

forms a state of a sample. Figs 4-6 present the pairs of stress ratio (SR) and number of cycles to 

liquefaction (Nf) for all cyclic tests performed for the three mixtures respectively. For the three mixtures, 

the pairs (SR, Nf) for a given state form the liquefaction curve at this state of the mixture. In Figs 4-6 the 

state is given in terms of the average void ratio after consolidation of the tests simulating the state. The 

factor SR15  was estimated for each state from regression of  the logarithm of SR and the logarithm of Nf.  
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Fig. 7 gives the measured cyclic strength SR15 in terms of the consolidation stress and the void ratio for 

the sand-silt mixtures with (a) fc=0, (b) fc=15%, (c) fc=25%. The tests performed by AUTH 

(Papadopoulou and Tika 2006, 2007, 2008) are also given. Only the trendlines of p'o=50 and 150kPa 

are presented. The reason is that in the other cases of p'o, very small number of (SR15, e) pairs exist, and 

thus trendlines cannot be obtained.  

 

The relationship between either (a) the void ratio and the final (critical-state) effective octahedral stress, 

measured in monotonic undrained triaxial tests and (b) the final void ratio and final effective octahedral 

stress, measured in monotonic drained triaxial tests, form the critical state line (e.g. Been et al., 1991). The 

data points of Fig. 7   illustrate a unique critical state line for each mixture for both the undrained and 

drained tests. In addition, they show (a) a notable increase in slope on the e – log p' plot as p' increases in 

all mixtures and (b)  lines of different mixtures that do not cross each other, and are, approximately, 

parallel to each other. Equation (3) is used to simulate the critical state lines. Table 1 gives the 

corresponding parameters Γ, λ, ξ of equation (3) that best fit the results. Table 2 gives the corresponding 

coefficient of correlation (R2) for each mixture. Besides the R2 as an index of accuracy, another index is 

the ratio of predicted over observed value. In particular, the average value of this ratio (X’Pred/Meas) 

provides an estimate of accuracy and its standard deviation (σPred/Meas) is an estimate of consistency. Table 

2 gives the values of these indices for all three mixtures both for all data and for the STAM and AUTH 

data separately. As (a) R2 is close to unity, (b) X’Pred/Meas is close to unity and (c) σPred/Meas is close to zero 

for all three mixtures, it is inferred that equation (3) with the parameters of table 1 predict reasonably the 

critical state lines for all three mixtures. Furthermore, as  R2 , X’Pred/Meas and σ’Pred/Meas do not differ 

considerably when all data or when only the STAM or AUTH data are considered, it is inferred that the 

STAM and AUTH data are consistent with each other and thus the decision to combine both data to a 

single database was a reasonable one. 

 
The state parameter ψ was estimated from equations (3) and (4) with the parameters of table 1 for all the 

states of the three mixtures considered in the present study. Regarding void ratio, the average value after 

consolidation was used for each state. Fig  8  plots all pairs (SR15 ,ψ), in terms of consolidation stress, for 

all mixtures separately. It can be observed that a strong correlation exists between SR15 and ψ that does 

not depend on the consolidation stress. The tests performed by AUTH are also given in the same figure. 

The cyclic strength decreases as the state parameter increases. More specifically, the rate of decrease of 

SR15 reduces as ψ increases. Fig 9  plots the relationship between the cyclic strength and the state 

parameter for all three mixtures together. It can be observed that the relationship does not depend on fc. A 

relationship that describes the observed trend is  

 

 SR15=  c1 + c2 ( abs[ψ – c3] )
c4                    (6) 

 

where c1, c2, c3, c4 are model parameters.  
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Figure 4. Measured liquefaction curves for the pure sand (fc=0). 
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Figure 5. Measured liquefaction curves for the mixture with fc=15%. 
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Figure 6. Measured liquefaction curves for the mixture with f=25%. 
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The parameters that better fit the data of Fig. 8, are c1=0.08, c2=10.0, c3=0.25, c4=3.5. Table 2 gives 

the coefficient of correlation R
2
 and the indices X’Pred/Meas and σPred/Meas defined above. As (a) R

2
 

is close to unity, (b) X’Pred/Meas is close to unity and (c) σPred/Meas is close to zero, it is inferred that 

equation (6) with the parameters of table 2 predicts reasonably the data of Fig. 7. Furthermore, as  

R2 , X’Pred/Meas and σ’Pred/Meas do not differ considerably when all data or when only the STAM or AUTH 

data are considered, it is inferred that the STAM and AUTH data are consistent with each other and thus 

the decision to combine both data to a single database was a reasonable one. 

 

 

8. DISCUSSION 

 

Regarding the monotonic tests, as previously described, the measured response indicates that equation (3) 

predicts adequately the critical state lines of all three mixtures. Furthermore, the trends of the effect of 

fines content on the parameters of equation (3) are in agreement with the values reported by Murthy et al. 

(2007): The values of the parameters (a) Γ, (b) λ, and (c)  ξ measured for Ottawa sand containing 0%, 10% 

and 15% non-plastic silt are (a) 0.78, 0.65, 0.60, (b) 0.081, 0.048, 0.037 and (c) 0.204, 0.283, 0.453 

respectively. Thus, as the fines content increases Γ and λ decrease and ξ increases. 

 

Regarding the cyclic tests, the measured response indicates that the cyclic strength of each mixture 

increases as the void ratio and the consolidation stress decrease (Fig. 7). In all mixtures, the rate of 

increase of the cyclic strength increases as the void ratio decreases. The observation that the cyclic 

strength increases as the void ratio and the consolidation stress decrease is consistent with observations of 

other researchers (e.g. . Vaid and Thomas, 1995). The measured response also indicates that the cyclic 

strength at similar void ratio and consolidation stress decreases as the fines content increases (Fig. 7). This 

observation is consistent with observations of previous investigations (e.g. Xenaki and Athanasopoulos, 

2003). 

 

A strong correlation exists between SR15 and ψ for each mixture (Fig. 8). This illustrates that the cyclic 

strength for a given mixture prepared with the same method can be analyzed in terms of the state 

parameter to describe the effects of both void ratio and consolidation stress. The cyclic strength decreases 

as the state parameter increases at a rate that progressively decreases. The measured strong correlation 

between SR15  and ψ for each mixture is consistent with previous analyses of results of cyclic tests (Chen 

and Liao, 1999,  

Pillai and Muhunthan, 2001, Stamatopoulos et al. , 2004). The fact that the cyclic strength decreases 

as the state parameter increases at a rate that progressively decreases is consistent with 

observations by Boulanger (2003) (Fig. 1a and 1b). 
 

In Fig. 9  it is observed that the relationship between the cyclic strength and the state parameter is the 

same for all mixtures. This observation is important because it  illustrates that the cyclic strength for 

mixtures prepared with the same method and from the same sands and silts can be analyzed in terms of the 

state parameter to describe not only the effects of (i) the void ratio and (ii) the consolidation stress, but 

also the effect of (iii) the fines content. The fact that the relationship between the state parameter and the 

cyclic strength, at least for fc values less than or equal to 25%, does not depend on the fines content has 

not been previously verified experimentally. It agrees with the assumption made by Bouckovalas et al. 

(2003) to analyze the effect of fines on cyclic soil strength. 
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Figure  7.  Measured cyclic strength for the sand-silt mixtures in terms of void ratio and consolidation 

stress for the sand-silt mixtures with (a) fc=0, (b) fc=15% and (c) fc=25%. 
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Figure  8. Measured cyclic strength in terms of the state parameter and the consolidation stress for the 

sand-silt mixtures with (a) fc=0, (b) fc=15% and (c) fc=25%. 
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Figure 9. Measured cyclic strength (SR15) in terms of the state parameter for all the sand-silt mixtures 

and trendline (equation (6)) 

 

Table 2. The correlation of the trendlines considered in the present study. Both all data and separately the 

STAM and AUTH data are considered. 

Case  All data STAM AUTH 

N 17 10 7 

R2 0.87 0.85 0.92 

X’Meas/Pred 1.00 1.00 0.99 

Equation (3)- 

fc=0 

σMeas/Pred 0.03 0.02 0.04 

N 18 9 8 

R2 0.84 0.91 0.76 

X’Meas/Pred 0.99 1.00 0.97 

Equation (3)- 

fc=15% 

σMeas/Pred 0.06 0.02 0.08 

N 9 5 4 

R2 0.82 0.93 0.88 

X’Meas/Pred 1.00 0.98 1.02 

Equation (3)- 

fc=25% 

σMeas/Pred 0.07 0.04 0.10 

N 57 27 30 

R2 0.94  0.98 0.83 

X’Meas/Pred 1.01  1.00 1.01 

Equation (6)- 

SR15

 

σMeas/Pred 0.20  0.16 0.26 

 
 

9. CONCLUSIONS 

 

An elaborate program of laboratory tests was performed on mixtures of sand and silt with fines content 0, 

15% and 25% to investigate the effect of density, consolidation stress and fines content on the cyclic 

strength. Tests were performed in the triaxial device under both monotonic and cyclic loading. Analysis 

was performed in terms of the state parameter.  
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The results of the monotonic undrained and drained tests illustrated that a unique critical state line exists 

for each mixture. Furthermore, a notable increase in the slope of the critical state line on the e – log p'  plot 

exists as p' increases in all mixtures. The lines of all mixtures do not cross each other, are, approximately, 

parallel to each other, and their shape is predicted adequately by equation (3).   

 

The results of the cyclic tests illustrated that the cyclic strength decreases as the void ratio increases, the 

confining stress increases and the fines content increases. Also, the present program showed that (i) for 

each mixture a strong correlation exists between the cyclic strength and the state parameter (Fig. 8) and 

(ii) the cyclic strength decreases as the state parameter increases at a rate that progressively decreases. All 

these findings are in agreement with observations of previous researchers.  

 

Furthermore, the present results illustrated that the relationship between the state parameter and the cyclic 

strength, at least for fc values less than or equal to  25%,  is unique and does not depend on the fines 

content (Fig. 9). The fact that the relationship between the state parameter and the cyclic strength does not 

depend on the fines content has not been previously verified experimentally and illustrates that the cyclic 

strength for mixtures prepared with the same method can be analyzed in terms of the state parameter to 

describe the effects of (i) void ratio, (ii) consolidation stress and (iii) fines content.  
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