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ABSTRACT

The residual shear strength of the non plastic soils is often estimated from the correlations between residual 
shear strength and penetration resistances and from the back analyses of the post failure geometries of the 
case histories.  The non plastic soil exhibits a contractive - dilative response during rapid loading rather 
then a perfectly contractive behavior.  Such contractive – dilative type response of non plastic soils does not 
represent the correct residual shear strength at phase transformation and also the available back analyses 
procedures do not include the effects of viscous drag, strain energy, loss of potential energy and loss of 
frictional resistance during the failure of the earth structures in their analyses. In this paper, an attempt has 
been made to estimate the residual shear strength of the non plastic soils from the energy based procedure 

and a relationship between residual shear strength ratio,  vus σ ′ ,  stress normalized and compressibility 

corrected penetration resistances,  ccq 1 and ( )
c

N
601  is proposed.  The back analysis procedure assumes 

that the material behaves as an isotropic.  

Keywords: Residual Strength, Energy Approach, Non-plastic Soils

INTRODUCTION

The yield and residual shear strengths of the soil were used as key parameters to assess the deformation 
criteria for the design of earth structures underlain or constructed by saturated sand and silts and distressed 

during rapid or seismic loading.  The residual shear strengths, us  of saturated sand and silty soil obtained 

from laboratory testing (Poulos et al.  1985;  Yoshimine et al.  1999) or  estimated from the correlations 

between the residual shear strength,  us or shear strength ratio,  vus σ ′  and in-situ index measurements, 

e.g., cone tip resistance measured in a cone penetration test (CPT), 1cq  or standard penetration test (SPT) 

blow count, ( )
601N  or shear wave velocity, 1sV (Seed, 1987; Davies et al. 1988; Seed and Harder, 1990; 

Stark and Mesri, 1992; Fear and Robertson, 1995; Wride et al. 1999 and Olson and Stark, 2002 and 2003). 

Olson and Stark (2002) proposed a correlation between shear strength ratio, vus σ ′ and stress normalized 

penetration resistances,  1cq and ( )
601N based on the kinetic approach.  The debris flow, mud flow and 

avalanches in which the post deformed soil mass gain large distance during the failure, these failed earth 
structures behave as a large strain problem (Hungr, 1995).  In such cases, the post-ailure or residual shear 
strength depends on the strain rate behavior of shear (viscous) resistance (de Alba and Ballestero, 2006), 
frictional  resistance,  inertial  effect,  three dimensional  effect  of  geometry,  flexibility of  failed material. 
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However, neglecting the effect of these factors for the estimation of the residual shear strengths may cause 
under-estimate results.  

deAlba and Bellestero (2006) conducted experiments on long triaxial test specimens of sand and 
velocities and drag forces were measured over a large range of shear strains and strain rates and 
based on these results it suggest that residual strength of sand after liquefaction is rate-dependent. 

Therefore in this paper, an attempt has been made to develop a set of correlations between residual shear 

strength  ratio,  vus σ ′  and  compressibility corrected penetration resistances,  ccq 1 and  ( )
c

N
601 using 

energy based procedure and considering isotropic behavior of the saturated non-plastic soil based on the 
results of back analyses of twenty pre and post failure configurations.  

The  detailed description  of  the  energy based  procedure  to  estimate  the  residual  shear  strengths  and 
correction procedure for compressibility to the penetration resistances is discussed in the preceding sections. 

AVAILABLE PROCEDURES

Poulos et al. (1985) proposed a procedure for estimating the undrained shear strength of saturated granular 
soils  from laboratory  tests.   The  procedure  requires  testing of  at  least  one high-quality  sample that 
reasonably represents  the undrained monotonic behavior of  in-situ  microstructure.   Seed et  al.  (1988) 
observed that it is very difficult to select a representative value of undrained shear strength because of 
sample disturbance.  It is very expensive to extract such a sample for laboratory testing.

Based  on  the  relationship  between undrained shear  strength  ratios  obtained from laboratory  tests  on 
Toyoura  sand  under  monotonic  loading  (triaxial  compression,  simple  shear  and  triaxial  extension) 
conditions and relative density and a correlation between relative density and cone tip resistance obtained 

from calibration chamber tests, a set of correlations between undrained shear strength ratio,  vus σ ′ and 

normalized cone tip resistance “equivalent clean sand”, cscq −1 were proposed by Yoshimine et al. (1999). 

These correlations were developed for a specific soil type (mineral sand with low compressibility).   
 
Based on the premise that the undrained shear strength of non-plastic soils at large strains depends uniquely 
on the pre-deformation void ratio, Seed (1987) developed a procedure for assessing the undrained stability 
of embankments constructed on or comprised of liquefiable materials.   The procedure was based on a 
relationship between clean-sand equivalent stress-normalized and energy-corrected SPT blow count, and 
undrained residual shear strength developed from limit equilibrium back analyses of unstable slopes and 
embankments.  Pre- and post-failure geometries of earth structures and natural slopes rendered unstable 
because of monotonic (static) or cyclic (e.g., earthquake-related) undrained loading were back-analyzed to 
develop the correlation.  This correlation was updated by Seed et al. (1988), and Seed and Harder (1990). 
According to Seed (1987) the uncertainty is due to redistribution of pore water pressure following the 
triggering of slope failure.  

Davis et al. (1988) used a different conceptual model for back analysis based on the consideration that the 
unbalanced force arising as a result of drop of undrained shear strength is balanced by the decrease in 
driving force due to deformation of earth structure.  The procedure assumes that the locus of the center 
gravity of the mobilized mass is hyperbolic, that the soil behavior is isotropic, and that the unbalanced force 
arises instantaneously as the undrained shear strength drops with the rise of pore water pressure and the soil 
mass is mobilized.  The procedure leads to a larger estimate of undrained shear strength compared to those 
from the procedures based on static limit equilibrium developed by Seed (1987), Seed et al. (1988), Seed 
and Harder (1990), Stark and Mesri (1992), and Olson and Stark (2003).  Since a significant proportion of 
the shearing resistance of a liquefied soil is related to viscous material behavior (de Alba and Ballestero, 
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2006), the lack of agreement between the results of static back analyses and those from the Davies et al.  
(1988) approach could thus be due to the fact that the latter neglects viscous resistance. 
 
Stark and Mesri (1992) related the clean-sand equivalent, normalized SPT blow count, and from static limit 
equilibrium back analyses of post failure geometries of earth embankments considering both monotonic as 
well as cyclic (earthquake-related) instabilities.  

Since the residual undrained shear strength, as well as the normalized shear wave velocity depends on void 

ratio, Fear and Robertson (1995) proposed a set of semi correlations between vus σ ′ and 1sV .  Since the 

correlation between shear wave velocity and void ratio is tenuous and the residual undrained shear strength 
represents  large strain  soil  behavior  whereas  shear  wave velocity is  a  small  strain  measurement,  an 
inference drawn from this approach is likely to be imprecise (Roy, 1996).  

Olson and Stark (2002,  2003) developed correlations between normalized cone tip resistance,  1cq  and 

normalized Standard Penetration tests (SPT) blow counts,  ( )
601N and yield and residual undrained shear 

strength  ratio,  vus σ ′  by  back  analyzing  twenty-nine embankment  failure  case  histories.   Like  the 

relationships between undrained shear strength / strength ratio and penetration resistance developed by other 
investigators, the Olson and Stark (2002, 2003) correlations are not very precise.  

Olson and Stark (2002) modified the kinetic procedure Davis et al. (1988) for estimating undrained shear 
strength.  Olson and Stark (2002) assumed that the elevation of the center of gravity of the mobilized mass 
can be approximated to be a third order polynomial of horizontal coordinate of the center of gravity.  The 
estimates of undrained shear strength obtained by Olson and Stark (2002) from kinetic procedure were 
significantly larger than those obtained from static procedure.  The lack of agreement can be explained, at 
least in part, by the fact that this procedure does not consider the viscous resistance of the mobilized soils.

BACK ANALYSIS PROCEDURE

The step by step  procedure to  estimate the residual  shear  strengths  based on the energy approach  is 
discussed in the following sections:

Mapped Back Procedure

For the mapped back post-failure geometry to the pre-failure geometry, firstly, the post failure geometry of 
dams or embankments (Figure 1a) is back mapped in pre-failure configuration.  For the mapping, the pre- 
failure geometry of an earth structure is divided into several slices (Figure 1a).  The area segment adjacent 
to the toe of the post failure configuration (Slice 1: Figure 1a) is mapped back to the toe of the pre-failure 
geometry considering volumetric scaling, i.e.,

( )
ffpp VVVV 11 ×=  (1)

where pV1 and fV1 are the volumes of slice 1 in the pre and post failure configurations, respectively, and 

pV and   fV  are  the  volumes  of  the  entire  slide mass  in  the  pre  and  post-failure  configurations 

respectively.   The slices further away from the toe of slide are then mapped sequentially in a  similar 
manner.
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Figure 1. (a) Pre and post failure configuration (b) Shear strain calculation

Strain Energy  

The shear strain for each slice is estimated by first transforming the pre and post-failure slice configurations 
into equivalent rectangles and measuring the rotation of the leading diagonal of these transformed slice 
configurations.  The operation is illustrated in Figure 1b using Slice 4 of Figure 1a.  

The shear stresses corresponding to average slice-base inclination were estimated for each slice according to 
Perloff  et  al.  (1967).   These stresses  were multiplied with the shear  strain  estimate of  the slices for 
estimating the strain energy for  each slice.  The total  strain energy developed during the deformation 
process was estimated by summing the strain energies of all slices.  The volumetric strain energy is not 
considered in this procedure.

Viscous Drag 
The resistance against flow failure at the slice base is mainly assumed to be comprised of two components: 
cohesive-frictional resistance arising because of the shear strength or frictional resistance of the sliding 
mass and this resistance is not depends on the velocity and viscous drag force is depends on the velocity i.e. 
rate dependent phenomena.  Slide masses typically move at a velocity of 20 km/hour to 30 km/hour e.g. 
Aberfan Tip No. 4 and 7 (Lucia, 1981).  de Alba and Ballestero, (2006) proposed relationship between 
viscous  drag  force on sphere and  velocity based on the experimental  results.   A mean value of  this 
relationship is considered for the analysis and is presented in Figure 2.  Figure 2 indicates that the drag 
force is nearly one at zero velocity i.e. the drag represents cohesive frictional resistance or non velocity 
dependent and then drag force is increases as the velocity increases. Thus the viscous drag is rate dependent 
phenomena and is scaled up by 25%.  Therefore, in this analysis the factor 1.25 is taken for the account of 
for cohesive-frictional resistance as well as viscous drag.    
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Figure 2. Computed drag force verses velocity of sphere (from deAlba and Bellestero, 2006)
 
Potential Energy
For estimating the loss of potential energy that drives the flow slide, the weight of each individual slice was 
first multiplied by the height difference between the pre and post failure configurations of the slice (see, 
Figure1a).  The products were then summed up for all slices to obtain the total loss of potential energy.  

Frictional Loss  

The energy that drives the flow slide is spent partly because of the work done against the cohesive frictional 
shear  strength  at  the  base  of  the  sliding mass.   The  frictional  energy loss  was  estimated assuming 
mobilization of residual undrained shear strength at the base of the slice, if the soil is expected to behave in 
a contractive manner and liquefy.  Otherwise, the frictional energy loss was estimated considering drained 
friction angle for dilative, non-liquefiable soils as well as soils above water table.  The cohesive frictional 
material behavior was assumed to be isotropic. 
   
Residual Shear Strength 

To estimate the residual shear strength, from the back analysis, the shear strength ratio, vus σ ′  was varied 

in such a way that the total potential energy loss during the flow slide becomes equal to the total dissipated 
energy during the deformation process.

COMPRESSIBILITY CORRECTION

Experimental evidence indicates that the shear strengths obtained in the laboratory uniquely relates to the 
relative density prior to the undrained loading (Vaid and Chern, 1985).  The penetration resistance, on the 
other hand, depends on relative density as well as soil grain compressibility (Robertson and Campanella, 
1986).  The main factors affecting grain compressibility are grain size, grain angularity, and crushability. 
In  general,  soils  containing  larger  amounts  of  finer,  angular  or  crushable  particles  exhibit  greater 
compressibility and smaller shear strength.  Thus,  a correlation between shear strength ratio and stress 
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normalized penetration resistance is expected to depend on soil grain compressibility unless the penetration 
resistance is corrected to eliminate the influence of grain compressibility.  

Conflicting guidance is  found in the literature  on whether or  not  correction should be applied to  the 
penetration resistance to account for soil compressibility. Seed (1987), Seed and Harder (1990) and Stark 
and Mesri (1992) applied a  correction to the penetration resistance to obtain the so-called “clean sand 
equivalent” normalized penetration resistance,  which,  in turn,  was  related to  the shear  strength.   The 
correction, computed based on fines content of the deposit, appears to have been introduced to take an 
approximate account of compressibility arising out of differences in fines content.  Subsequently, Olson and 
Stark (2002) opined that such a correction may not be needed because they did not find any appreciable 
influence of grain compressibility on the correlation between shear strength ratio and stress normalized 
penetration resistance.  

Unlike the observations of Olson and Stark (2002), for similar back calculated values of shear strength ratio 
obtained in this study the stress normalized penetration resistances were by and large found to be smaller 
for  soils  with greater  grain  compressibility compared to  the  soils  with smaller  grain  compressibility. 
Consequently,  the  penetration  resistances  were  not  only normalized here  for  overburden  pressure  as 
indicated earlier but also for soil grain compressibility. 

RESIDUAL vus σ ′/  AND ccq 1  AND ( )
c

N
601  CORRELATIONS

The residual shear strength estimated using the proposed energy based procedure for the twenty pre and 

Figure 3. Correlations between vus σ ′  and ccq 1  and ( )
c

N
601

post-failure  case  histories  distressed  during  rapid  and  seismic  loadings  along  with  the  penetration 

resistances are presented in Table 1 and the correlations between residual shear strength ratio, vus σ ′ and 

ccq 1  and ( )
c

N
601  as per Equation 2 and Equation 3 respectively are presented in Figure 3.  The proposed 

energy based procedure to estimate the residual shear strength is based on the isotropic mechanical behavior 
of saturated non-plastic soils.  A step by step calculation of the residual shear strength by energy approach 
is discussed in Appendix A.

)013.0exp(0123.0/ 1ccvu qs ××=′σ  (2)

( ) )019.0exp(0132.0/
601 cvu Ns ××=′σ  (3)
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Table 1. Case histories and residual vus σ ′

Embankment
ccq 1 (MPa), 

cN 601)(
Reference vus σ ′

Calaveras Dam 5.5, 12.0 Hazen 1918 0.106

Chonan Middle School 3.4, 7.8 Ishihara 1993 0.125

Fording South Spoil 7.1, 12.8 Dawson et al. 1998 0.069

Fort Pack Dam 3.9, 9.8 Konard and Watts 1995 0.063

Greenhills Cougar 7 7.2, 13.2 Dawson et al. 1998 0.046

Hachiro-Gata Embankment 4.5, 6.8 Olson 2001 0.115

Helsinki Harbor 2.8, 4.0 Andresen and Bjerrum 1968 0.036

Jamuna Bridge site 4.8, 11.3 Yoshimine et al. 1999 0.106

La Marquesa Dam 6.8, 13.5 deAlba et al. 1988 0.275

La Palma Dam 3.8, 5.3 deAlba et al. 1988 0.035

Lake Ackerman Embankment 5.0, 7.9 Hryciw et al. 1990 0.110

Merriespruit Gold Tailings 5.0, 11.7 Fourie and Papageorgiou 2001 0.013

Nerlerk Berm, Slide 4 5.7, 10.8 Sladen et al. 1985 0.063

Wachusett Dam (North Dyke) 6.8, 11.3 Olson et al. 2000 0.079

Quintette Marmot 1660 7.9, 14.3 Dawson et al. 1998 0.025

Route 272 Embankment 4.8, 12.6 Miura et al. 1995 0.130

Shebecha cho Embankment 5.6, 11.2 Miura et al. 1995 0.069

Sullivan Mine 2.2, 4.7 Davies 1999 0.039

Uetsu-Line Embankment 2.2, 5.9 Yamada 1966 0.040

Vlietepolder 4.5, 11.3 Koppejan et al. 1948 0.053

CONCLUSIONS

In this paper, a simple procedure based on the energy approach to estimate the residual shear strengths of 
the  saturated  non-plastic  soils  is  proposed  using  the  back  analysis  of  twenty  pre  and  post-failure 
configurations case histories distressed during rapid and seismic loading.  Based on the results, correlations 

between residual  shear  strength ratios,  vus σ ′ ,  and stressed normalized and compressibility corrected 

penetration resistances, ccq 1  and ( )
c

N
601   are proposed.
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APPENDIX

Step by Step calculation of Residual Shear Strength
The potential energy stored within the soil mass during the failure of dam is calculated from the submission 

of the energies of each slices using the equation ∑
i

ii ghm where im  and ih is the mass of slice i  and 

loss of height of dam of slice i respectively. 

The dissipation of energy during the failure of the earth structures due to the soil friction, viscous drag and 
strain energy were calculated for balancing the potential energy stored within the soil mass of the earth 
structures.     

The step by step calculation details for potential energy and dissipation energy of the soil mass within the 
body of Wachusett Dam (North Dyke) using proposed energy based procedure is given below:

Step 1: Mapped Back Procedure

Volume of entire soil mass of pre failure geometry ( pV ): 725 m3

Volume of entire soil mass of post failure geometry ( fV ): 717 m3

Volume of slice 1 of post failure geometry ( fV1 ): 19.88 m3

Volume of slice 1 in pre failure geometry from mapped back procedure is:

( )
ffpp VVVV 11 ×= = 20.10 m3

The volume of other slices in to the pre-failure geometry is calculated in similar way as mentioned above.  

Step 2: Calculation of Strain Energy

The strain energy is the product of the shear strain and the shear stress developed at the base of the failure 
slices.  Shear strain is calculated from the measured difference of inclination angle from pre-failure to the 
post-failure using transformed rectangle sections and the shear stress developed within the base of the slices 
is taken from the Perloff et al. (1967).
Shear strain of the slice 1: 35 degree
Shear stress at the base of the slice 1: 31.70 KPa
Strain energy developed within the slice 1: 75.30 kPa
The total strain energy stored within the soil mass is the submission of the stored strain energy within the all 
slices of the dam and is calculated with the similar procedure.

Step 3: Calculation of Energy Loss due to Friction and Viscous 

Vertical effective stress at the slice 1 (
'

vσ ): 282.0 kPa

uS of the slice 1 for the balancing energy: ×'

vσ  shear strength ratio at balance of energy.

Average length of the slice 1 ( avL ): 7.6 m
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The Drag coefficient ( cD ): 1.25 (as per the deAlba and Bllestero 2006)

Frictional and viscous loss of the slice 1( lossf ): 232.0 kPa

The total loss of energy due to friction and viscous drag within the soil mass is the submission of the energy 
loss within all slices of the dam and is calculated with the similar procedure.

Step 4: Calculation of Total Energy Loss 

The movement of the flowed soil mass is resisted by the viscous force as well as the resisting force within 
the soil mass.  The total energy loss due to friction as well as viscous within the slice 1 is calculated as 
follows:

Average displacement of the slice 1 ( avD ):

Net  horizontal  displacement  of  the  soil  mass  +  (post  failure  displacement  of  slice  1  –  pre-failure 
displacement of slice 1): 82.3 m

Total resisting force (work done) of the slice 1 due to the viscous drag ( 1fR ): avD × lossf : 19124.0 kPa

The total energy loss within the soil mass is the submission of the total loss within the all slices of the dam 
and is calculated with the similar procedure.

Step 5: Calculation of Potential Energy

Unit weight of the soil mass ( satγ ): 18.0 kN/m3  

Loss in height of center of gravity of slice 1 due to flowing of the soil mass ( 1H ): 0.70 m

Volume of the slice 1: 10.0 m3

Weight of soil of slice 1( soilγ ): 182.7 kN

Loss of potential energy of the slice 1: soilγ × satγ × 1H : 122.0 kPa

Step 6: Balancing the Energies

The strain energy based procedure is based on the balancing the energy during the failure of the earth 
structures.  Therefore, the total energy stored within the soil mass during failure (Potential Energy) and the 
loss of strain energy and energy due to frictional and viscous resistance during failure is balanced by 
varying the shear strength of the soil mass in terms of shear strength ratio.  The shear strength at  the 
approximate balance of these energies is considered as  the residual shear strength.  The residual shear 
strength ratio of the Wachusett dam (North Dyke) using energy based procedure is estimated 0.079 (Table 
1).
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