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ABSTRACT 
 

Equivalent-linear and nonlinear analyses are the most common approaches used to perform one-

dimensional seismic site response analysis.  The dynamic responses computed via these methods can vary 

considerably due to inherent differences in the numerical approaches (frequency domain vs. time domain 

solutions) and differences in how the nonlinear soil response is modeled (equivalent-linear vs. fully 

nonlinear).  Comparisons of fully nonlinear analysis and equivalent-linear analysis indicate that the 

nonlinear method predicts less amplification than the equivalent-linear method at high frequencies 

(greater than 25 Hz), more amplification than the equivalent-linear method at moderate frequencies (5 to 

25 Hz), and less amplification than the equivalent-linear method at the natural frequency of the site.  The 

nonlinear method predicts less amplification at high frequencies due to the incoherence in the phase in the 

ground motion introduced by the nonlinear stress-strain response. The larger amplification predicted by 

the nonlinear method at moderate frequencies is a result of high frequency amplification generated by the 

instantaneous change in soil stiffness that occurs upon stress reversal in the nonlinear analysis, as well as 

over-damping of high frequencies in the equivalent-linear analysis. The smaller amplification predicted 

by the nonlinear method close to the natural frequency of the site is caused by the continuously changing 

soil stiffness modeled in nonlinear analysis. Additionally, for sites with short natural frequencies the 

frequency-dependent Rayleigh damping incorporated in the time domain solution for nonlinear analysis 

can significantly reduce the response at high frequencies.  In these cases, a frequency-independent 

Rayleigh damping formulation is recommended. 
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INTRODUCTION 
 

Local soil conditions influence the characteristics of earthquake ground shaking and these effects must be 

taken into account when specifying ground shaking levels for seismic design. These effects are quantified 

via site response analysis, which involves the propagation of earthquake motions from the base rock 

through the overlying soil layers to the ground surface. Site response analysis provides surface 

acceleration-time series, surface acceleration response spectra, and/or spectral amplification factors based 

on the dynamic response of the local soil conditions. 

 

In most cases, one-dimensional (1D) site response analysis is performed to assess the effect of soil 

conditions on ground shaking because vertically-propagating, horizontally-polarized shear waves 

dominate the earthquake ground motion wave field. The input motion specification, the numerical 
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approach used to simulate 1D wave propagation, and the model for nonlinear soil response vary between 

different site response techniques. The most common techniques for site response analysis are: (1) 

equivalent-linear (EQL) analysis using input time series and (2) fully nonlinear analysis using input time 

series.  Additionally, EQL analysis using the random vibration theory (RVT) approach can be used (e.g., 

Rathje and Ozbey 2006, Rathje and Kottke 2008).  The dynamic responses computed via these three 

techniques can vary considerably due to inherent differences in the numerical approaches (frequency 

domain vs. time domain), differences in how the nonlinear soil response is modeled (equivalent-linear vs. 

nonlinear), and differences in the specification of the input rock motion (time series vs. Fourier amplitude 

spectrum).  This paper presents a comparison of the EQL and NL approaches to site response analysis 

using input time series.  The RVT approach to EQL analysis is not considered here.  The comparisons are 

performed for two sites with distinct site characteristics and over a range of input intensities that induce 

different levels of nonlinearity.  

 

 

ANALYSES PERFORMED 
 

Analytical Approaches 
One-dimensional site response analysis requires the following information: (1) the shear-wave velocity 

(Vs) profile of the site, (2) the nonlinear stress-strain response of the soil, (3) an input rock motion, and 

(4) an analytical procedure to solve the dynamic wave equation.  The Vs profile and input rock motion are 

generally specified in the same manner in EQL and NL analysis, while the main differences for the two 

techniques are in the modeling of the nonlinear stress-strain response and the numerical methods used to 

compute the dynamic response of the soil deposit.   

 

In terms of nonlinear stress-strain response, EQL analysis incorporates soil nonlinearity through the use 

of strain-compatible properties specified through shear modulus reduction (G/Gmax vs. shear strain) and 

damping ratio (D vs. shear strain) curves.  NL analysis relies on a backbone shear stress-shear strain curve 

and unloading/reloading rules (e.g., Masing rules) to define the hysteretic response of the soil under 

cyclic loading.  Most laboratory tests provide information regarding the nonlinear properties of soil in the 

form of modulus reduction and damping curves rather than shear stress-shear strain curves. To relate a 

nonlinear stress-strain model to measured G/Gmax and D curves, a nonlinear backbone curve and its 

associated hysteresis loops at different strain levels are converted into equivalent G/Gmax and D curves.  

The parameters in the nonlinear stress-strain model are selected such that the equivalent G/Gmax and D 

curves match, as best as possible, those specified for the soil, although it is often difficult to achieve an 

accurate fit to both the G/Gmax and D curves (Phillips and Hashash 2009).  NL analysis also requires a 

small amount of viscous damping to model energy dissipation at very small strains because hysteretic 

damping at these strains is essentially zero.  Typically, the minimum value of D from the damping curve 

(Dmin) is used as the target viscous damping level, and Rayleigh damping is used to model the viscous 

damping. 

 

In terms of the numerical methods used to compute dynamic response of a soil deposit, EQL analysis uses 

a closed form solution to the 1D wave equation, as described by frequency domain transfer functions.  

The input time series is first converted to the frequency domain using the Fast Fourier Transform (FFT), 

and the wave propagation calculations are simply performed by multiplying the complex-valued Fourier 

amplitudes of the input motion by the complex-valued transfer function. The time series at the ground 

surface is obtained through application of an inverse FFT. The calculation is generally limited to 

frequencies less than a maximum frequency, as prescribed by the original EQL program SHAKE 

(Schnabel et al. 1972), and this frequency is commonly selected to be around 25 Hz.  Frequencies larger 

than the maximum frequency are defined to be zero (Schnabel et al. 1972), which essentially applies a 
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boxcar filter with a cut-off frequency of 25 Hz.  This frequency cut-off was originally included to speed 

computations, but with current computer speeds the cut-off is not really needed. 

 

NL analysis computes the dynamic response of the soil deposit using a 1D model of lumped masses and 

nonlinear shear springs subjected to an input rock motion.  The analysis is performed in the time domain 

and requires a time stepping method (e.g., Newmark 1959) that solves the differential equations of motion 

incrementally between time steps.  The stiffness of each soil layer is modified after each time step based 

on the induced shear stress and shear strain.  The time stepping method introduces some computational 

error to the calculation, but allows the fully nonlinear response of the soil to be modeled.   

 

For this study, the program Strata (Kottke and Rathje 2008) was used for all EQL analyses, and the 

program DeepSoil (Hashash 2002, Hashash and Park 2001) was used for all NL analyses.  DeepSoil uses 

the MKZ backbone curve (Matasović and Vucetic 1993), which is a modified hyperbola, and viscous 

damping is incorporated via the Rayleigh damping formulation. 
 

Sites Analyzed 
Two sites were analyzed as part of this study: (1) the Sylmar County Hospital (SCH) site in the San 

Fernando Valley of Southern California and (2) the Calvert Cliffs (CC) site in Maryland on the coast of 

Chesapeake Bay.  A suite of 15 spectrally matched input motions, selected and matched to fit a target 

response spectrum from a Mw 6.5 event at a distance of 20 km, were used as input into the site response 

analyses.  The suite was scaled to different peak ground accelerations (PGA) to investigate the influence 

of input intensity on the results.  To model the EQL cut-off frequency in the NL analysis, the input 

motions were truncated at 25 Hz before being applied to the NL model.  Additional detailed information 

regarding the analyses can be found in Kottke (2010). 

 

The SCH site consists of 90 meters of alluvium over rock, and the site characteristics used in this study 

are a modified version of the measurements made by Gibbs et al. (1999).  The shear wave velocity profile 

of the site is shown in Figure 1 and the nonlinear soil properties were modeled using the empirical model 

of Darendeli (2001) using four sets of nonlinear curves to capture the influence of confining stress on the 

nonlinear soil response. The quarter-wavelength natural site frequency (fs) is 1.16 Hz. 

 

 
 (a)       (b) 

Figure 1. Site profiles analyzed for Sylmar County Hospital (SCH) and  
Calvert Cliffs (CC): (a) 0 to 100 m depth and (b) 0 to 900 m depth. 
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The CC site consists of alternating layers of sand and clay/silt to a depth of over 750 meters with the 

underlying bedrock having a shear wave velocity of over 2,500 m/s (UniStar Nuclear Services 2007).  The 

shear wave velocity profile of the site is shown in Figure 1 and the nonlinear soil properties of each soil 

type were modeled using the empirical model of Darendeli (2001).  The site frequency is estimated to be 

0.21 Hz based on the quarter-wavelength method. 

 

The MKZ parameters for the NL analyses were selected based on a least-sum-square-of-error fit to each 

target Darendeli (2001) curve over the strain range from 10
-4

 to 1 %. While the MKZ curves show 

favorable agreement with the target curves at smaller strains, they produce much more damping at larger 

strains (Kottke 2010). This issue is common with nonlinear models and is caused by the shape of the 

stress-strain curve at large strains and the use of the Masing rules to generate the hysteresis loops (Phillips 

and Hashash 2009). 

 

As noted previously, Dmin from the soil’s damping curve is modeled in NL analysis using the Rayleigh 

damping formulation (Rayleigh and Lindsay 1945), which generates the damping matrix as a linear 

combination of the initial stiffness and mass matrices.  This formulation results in frequency-dependent 

viscous damping, and the Rayleigh damping coefficients are selected to tune the viscous damping ratio to 

the target Dmin at two frequencies. Stewart et al. (2008) recommends that Rayleigh damping be fit to the 

target damping at the natural frequency of the site (fs) and five times the natural frequency of the site (5 
fs).  Using this guideline, the frequency dependence of the Rayleigh damping ratio is computed for both 

the SCH and CC sites (Figure 2). For the SCH site, the Rayleigh damping ratio is within a factor of 2.0 of 

the target value between about 0.40 and 15 Hz. Considering that the target Dmin value is typically around 

1% and that the equivalent viscous damping due to the nonlinear soil response may be well above 10%, 

this error should not significantly impact site response results for the damping levels induced by moderate 

to high intensity levels of shaking. For the CC site, the Rayleigh damping ratio may be as much as 5 to 20 

times larger than the target value at frequencies above 6.5 Hz. These large levels of damping at high 

frequencies are caused by fitting the Rayleigh damping to the very small natural frequency of the CC site 

(fs = 0.21 Hz). This level of excessive damping will lead to under prediction of the high-frequency 

components of motion from NL analysis for sites with low natural frequencies like CC. Phillips and 

Hashash (2009) offer a potential solution to the problem of frequency-dependent damping by proposing a 

method that allows for frequency-independent Rayleigh damping.   

 

 
Figure 2.  Variation of damping ratio with frequency for the full Rayleigh damping 

formulation for the two sites analyzed in this study. 
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RESULTS 

 

Comparisons for Linear-Elastic Properties 
A suite of analyses was performed with linear-elastic soil properties to investigate the influence of the 

numerical methods used in EQL analysis and NL analysis (i.e., frequency domain method vs. time domain 

method) on the site response results.  The results are compared in terms of the spectral ratio, which is 

defined as the ratio of the spectral acceleration at the surface to the spectral acceleration of the input 

motion (SR = Sa,surf / Sa,rock). 

 

Figure 3 shows the computed median spectral ratios for the SCH and CC sites using: (1) the frequency 

domain (FD) method, (2) the time domain (TD) method using traditional Rayleigh damping, and (3) the 

TD method using the frequency-independent Rayleigh damping.  Compared to the FD results, the TD 

results with Rayleigh damping underestimate the spectral ratios at frequencies greater than 6 Hz for SCH. 

The underestimation is on the order of 10 to 25%. The frequency-independent damping improves the 

agreement, but only slightly (5 to 15% under prediction).  For CC, the TD results start to deviate from the 

FD results at about 1.7 Hz when the viscous damping is tuned to fs and 5 fs and the underestimation is as 

large as 50 to 75%. This reduction is caused by the large levels of Rayleigh damping at moderate to high 

frequencies (Figure 2). The results in Figure 3 for the CC site also include the response when tuning the 

Rayleigh damping to 3.3 fs (0.7 Hz) and 16.5 fs (3.5 Hz). By increasing the tuning frequencies, the over-

damping at high frequencies is reduced, but the response at the site frequency (0.25 Hz) becomes over-

damped. The frequency-independent Rayleigh damping formulation applied to the CC site improves the 

comparison and provides results that are similar to the SCH site, with approximately 5 to 15% 

underestimation relative to the FD method at frequencies greater than about 5 Hz. 

 

 

 
Figure 3.  Spectral ratios (Sa,surf / Sa,rock) computed from linear-elastic analyses in the 

frequency domain (FD) and time domain (TD) for the SCH and CC sites. 
 

 

It is interesting that the TD and FD analyses with linear-elastic properties and frequency-independent 

damping do not provide results that are more similar.  A potential reason for this difference is the time 

stepping method used in the TD analysis (Newmark β method with β = 0.25), which is unconditionally 
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stable but introduces frequency shortening and amplitude decay (Chopra 2007).  To illustrate these errors 

the site response results are presented as the ratio of the Fourier amplitude spectrum (FAS) of the surface 

motion to the FAS of the input motion, which represents the equivalent transfer function (TF) for the site. 

Figure 4 shows the amplitude of the transfer functions for the SCH site for the closed form FD solution 

and for three different motions used in the linear-elastic, TD analysis. The time step (∆t) for the three 

input motions vary from 0.005 s to 0.02 s. For the TD analyses, the peaks at high frequencies shift 

towards shorter frequencies (frequency shortening) and the amplitudes of the peaks decrease (amplitude 

decay). The frequency shortening and amplitude decay are more significant for motions with larger ∆t, 
and they become noticeable at about 10 Hz and significant at about 15 Hz. The frequency shortening and 

amplitude decay observed in Figure 4 directly influence the under prediction of the spectral ratios by the 

TD analysis with frequency-independent damping at high frequencies (Figure 3). 

 
 

 
Figure 4.  Amplitude of the equivalent transfer functions (TF) from frequency-domain (FD) 

and time domain (TD) analyses of the SCH site using linear-elastic soil properties. 
 

 

Comparisons for Low Intensity Input Motions 
To investigate the differences between NL and EQL analysis for low input intensity levels, analyses were 

performed using the suite of input motions scaled to a median PGA of 0.01 g.  The results will be 

compared using the relative difference in the median spectral ratios for the NL and EQL analyses (δSR), 

which is defined at each frequency as: 

 

δSR= ⋅ 100% 
SRNL – SREQL

SREQL            (1) 

 

where SRNL is the median spectral ratio from nonlinear analysis and SREQL is the median spectral ratio 

from EQL analysis.   

 

Figure 5 shows the relative difference in spectral ratio for the linear-elastic (LE) analyses discussed in the 

previous section and for the NL and EQL analyses using input motions scaled to 0.01 g input intensity.  In 

general, the 0.01 g input motions show results similar to those from LE analyses (i.e., NL analysis 
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predicts responses at high frequencies that are smaller than EQL analysis), although at frequencies greater 

than 20 Hz the relative difference is more negative for the nonlinear analysis at 0.01 g than for LE 

analysis. Between 7 and 20 Hz, the nonlinear results at 0.01 g and the LE results are similar. The results 

for CC show similar trends (Kottke 2010). 

 

 

 
Figure 5.  Relative difference between spectral ratios from NL and EQL analysis of the 
SCH site for linear-elastic soil properties (LE) and nonlinear soil properties with low 

intensity input motions (0.01 g).  
 

 

 

To understand the source of these differences, let us consider the equivalent transfer functions for the 

sites. The transfer function is complex valued, and computed from the Fourier Amplitudes of the surface 

and input motions.  The previous section only considered the amplitude of the transfer function; this 

section will also consider the phase of the transfer function. The amplitude and phase of the equivalent 

transfer functions derived for the SCH site from NL (TD-NL) and EQL (FD-EQL) analysis using the 

KOZANI-KOZ–L input motion are shown in Figure 6.  The results from linear elastic TD analysis (TD-

LE) are also shown for comparison. At low frequencies (less than 10 Hz), the amplitude and phase of the 

transfer functions are similar for the TD-NL, FD-EQL, and TD-LE analyses. The saw-tooth pattern for 

the phase represents the variation in phase as one moves from one mode to another.  At higher 

frequencies (greater than 15 to 20 Hz), the NL method predicts larger amplitudes and the phase becomes 

more irregular or incoherent. The phase remains smooth at all frequencies for the EQL analysis, and is 

also smooth for the TD-LE analysis (Figure 6).   

 

The phase incoherence at high frequencies for the NL analysis, as well as the large peaks in the amplitude 

of the transfer function at high frequencies, is the result of the soil properties changing with time in NL 

analysis, in particular the instantaneous change in stiffness that occurs upon stress reversal. These effects 

are present in addition to the effects of frequency shortening and amplitude decay discussed previously, 

and all of these effects are concentrated at frequencies greater than about 10 Hz.  Generally, one would 

expect an increase in transfer function amplitude to generate larger spectral accelerations at these 

frequencies. However, the phasing of these frequencies is incoherent such that they destructively interfere 

with one another and reduce the NL response at frequencies greater than 20 Hz.  This source of 
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destructive interference at high frequencies was confirmed by taking the observed amplitude of the 

equivalent transfer function from NL analysis (TD-NL), coupling it with a smooth phase spectrum, and 

applying it to the input motion.  By smoothing the phase, the high frequency spectral accelerations 

increased 5 to 10% and lower frequencies were not affected (Kottke 2010).   

 
 

 
Figure 6.  Amplitude and phase of the equivalent transfer functions from equivalent-linear 

analysis (FD-EQL), nonlinear analysis (TD-NL), and linear-elastic time domain analysis 
(TD-LE) of the SCH site for low intensity input motion (0.01 g). 

 

 

Comparisons for Moderate to Large Intensity Input Motions 
The previous section showed that the time variation of soil properties in NL analysis causes an increase in 

the high-frequency amplitudes of motion, but at the same time causes these high-frequency motions to be 

incoherent in phase. This section further investigates the results from NL analysis, and its comparison 

with EQL analysis, at higher input intensities of 0.13 g and 0.40 g. 

 

Figure7 shows the spectral ratios computed by NL and EQL analysis for the SCH and CC sites for the 

0.13 g and 0.4 g input motion intensities. At 0.13 g, the NL and EQL analyses provide similar results at 

frequencies below 5 Hz for both sites, with the spectral ratios within about 5% of one another.  In this 

frequency range the most significant differences occur at the natural frequencies of the sites.  Between 5 

and 25 Hz the NL analysis predicts larger spectral ratios than EQL analysis, which conflicts with the 

observations in this frequency range at 0.01 g (Figure 5). This result can be explained by the equivalent 

transfer functions, which show that the NL analysis amplifies significantly the motions at frequencies 

greater than 5 Hz for this input intensity (Kottke 2010).  Additionally, the spectral ratios from EQL are 

somewhat suppressed in this frequency range due to over-damping induced by larger strains.  The spectral 

ratios at frequencies above 25 Hz from NL analysis are more than 10% smaller than those from EQL 

analysis. This reduction is caused by the phase incoherence that is introduced by the time varying 

properties in NL analysis, which is more severe as the soil responds more nonlinearly (Kottke 2010). 
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The SCH and CC site response results for the input motion intensity of 0.40 g demonstrate similar, but 

magnified, trends as compared to those for 0.13 g. At frequencies less than 5 Hz the NL analysis predicts 

smaller spectral ratios than EQL analysis, particularly at the natural site frequencies, and the difference 

may be as large as 10 to 15%.  This difference is a result of the NL analysis using the continuously 

varying softened properties, while the EQL analysis uses a constant set of properties throughout the 

analysis.  Between 5 and 25 Hz the NL analysis predicts significantly larger spectral ratios than the EQL 

analysis.  This difference is a result of both amplification of high frequencies in NL analysis due to 

instantaneous changes in stiffness upon stress reversal and continued over-damping of high frequencies in 

EQL analysis at large strains. At frequencies greater than about 25 Hz, the NL analysis predicts smaller 

spectral ratios than the EQL analysis; again due to the phase incoherence introduced by NL analysis.  

Interestingly, the maximum shear strains induced by nonlinear and EQL analyses are similar for all the 

input intensities investigated (Kottke 2010). 

 

 
Figure 7.  Median spectral ratios (SR = Sa,surf / Sa,rock) computed for the SCH and CC sites from 

EQL and NL analyses for input intensities of 0.13 g and 0.4 g. 
 

 
The comparisons between NL and EQL analysis for different input intensities and the two sites 

considered are summarized in Figure 8.  At frequencies above 25 Hz, the NL method consistently predicts 

smaller spectral ratios and spectral accelerations than EQL analysis due to the phase incoherence 

introduced at high frequencies. This effect generally increases with input intensity, and may be as large as 

15 to 20%. At frequencies between about 5 and 25 Hz, the NL method predicts smaller spectral ratios 

than EQL analyses at very low input intensities due to numerical errors associated with the time stepping 

method used to solve the dynamic equations of motions. At larger input intensities (greater than about 

0.05 to 0.1 g) the NL method predicts larger spectral ratios than EQL analysis in this frequency range 

(i.e., 5-25 Hz).  This difference is caused by: (1) high-frequency amplification in the NL analysis caused 
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by instantaneous changes in stiffness upon stress reversal and (2) over-damping of high frequencies in 

EQL analysis at larger strains. At frequencies less than 5 Hz, NL analysis generally predicts smaller 

spectral ratios than EQL analysis and this difference may be as large as 10 to 15% at the site frequency 

and at larger intensities. This difference is caused by the continuously-varying softened properties used in 

nonlinear analysis as opposed to constant, strain-compatible properties used by EQL analysis. 

 

 

 
Figure 8.  Relative difference between spectral ratios computed by NL and EQL analysis 

for different analyses performed for the SCH and CC sites.  
 

 

CONCLUSIONS 
 

Comparisons were performed between nonlinear and equivalent-linear analyses for two sites over a wide 

range of input intensities.  Analyses using linear-elastic soil properties elucidated some important 

differences between the solution procedures used in nonlinear and equivalent-linear analysis.  Frequency-

dependent Rayleigh damping can significantly reduce the computed response for sites with short natural 

frequencies (i.e. long natural periods), and in these cases the frequency-independent Rayleigh damping 

formulation developed by Phillips and Hashash (2009) should be used.  However, even with frequency-

independent damping, the nonlinear method predicts smaller spectral ratios at high frequencies (above 5 

Hz) under small intensities (less than about 0.05 g) due to numerical errors associated with the time 

stepping algorithm.   

 

At larger input intensities (greater than 0.05 g to 0.1 g) the nonlinear method predicts less site 

amplification than the equivalent-linear method at very high frequencies (above 25 Hz), more site 

amplification than the equivalent-linear method at high frequencies (5 to 25 Hz), and less site 

amplification than the equivalent-linear method at the natural frequencies of the site. The nonlinear 

method predicts less amplification at very high frequencies due to the incoherence in the phase introduced 

by the nonlinear stress-strain response. The greater amplification predicted by the nonlinear method at 

high frequencies is a result of high-frequency amplification generated by the instantaneous change in 

stiffness upon stress reversal in the nonlinear analysis, as well as over-damping of high frequencies in the 

equivalent-linear analysis. The smaller amplification predicted by the nonlinear method close to the 
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natural frequencies of the site is caused by the continuously changing stiffness modeled in nonlinear 

analysis. 

 

This study provides relative comparisons of different analytical approaches to site response analysis for 

hypothetical events.  While these comparisons help researchers better understand the inherent differences 

in the analytical approaches, additional research is needed to evaluate the absolute accuracy of the 

different analytical approaches.  Comparisons of site response predictions with borehole array recordings 

can assist in this endeavor. 
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