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ABSTRACT: Structural safety in the design process of civil engineering structures may be dealt with in several
ways. The uncertainty is mostly handled with by means of partial safety factors. The Dutch guidelines for bored
tunnel are based on the partial safety factor approach as well. State of the art however is the full probabilistic
approach and the compositions method of elements. They are nowadays-accepted methods of analysis. The use
of full probabilistic approaches is not extensive yet, despite their ability to reduce the uncertainty associated to
the design of civil structures. This paper gives an example of the use of the full probabilistic approach in the
design of bored tunnels.

1

INTRODUCTION

non-linear analysis of, virtually, any structure. One of
the most interesting results of new the model is the
possibility of objectively determine the probabilistic
sensitivity of the structure to the many variables. The
initial choice of the stochastic variables is, of course,
dependant on the design engineer and on the used
guideline.
In the first Dutch guideline for design of bored
segmental tunnel linings (COB-L500 2000), much
attention is given to the bending moment and the normal force of the lining. Many previous models as
Duddeck(-Schulze) (Duddeck 1980; Schulze 1964)
are based on the beam theory. The model of Janßen
(Janßen 1983) instead, is based on the joint between the
segments.Today, these models are still very popular for
preliminary design of bored segmental tunnel lining.
For this reason, it was decided to start the research
program from these two approaches, the Duddeck
(-Schulze) lining approach and the adding Janßen joint
approach. To come to better results, the stresses of a
plane stress model were transformed to the moments
and forces of a 2D tunnel beam model.
This new combination allows the design engineer
to keep handling with the familiar bending moments,
shear, and normal forces, even with a model that is
basically a plane stress model. This combination can
be achieved with a special post processing facility with
reference beam elements. The methodology is also
known as inverse Bernoulli hypothesis of post processing. The advantage of this upgrade is the opportunity
to control the calculated results with the stress level
and no more with generalized results in terms of bending moment and normal force value. This makes the

Structural safety of civil infrastructures may be determined in many different ways. In structural analysis, it
is often made use of partial safety factors to describe
the uncertainty associated with loads and strength of
materials. Loads may also be grouped in combinations
to take account of their likelihood of occurrence in
space and time.
In geotechnical engineering, uncertainty in the soil
strength is also handled with partial safety factors.
In soil-structure interaction problems, the unity check
method becomes more and more popular due to the
large acceptation of the Eurocode.
Tunnel linings are a typical example of soilstructure interaction. The first Dutch guideline (COBL500 2000) for the bored segmental tunnel linings was
based on the unity check method. This Dutch recommendation for bored tunnels is maybe the first attempt
to define the statistical distributions associated to the
parameters. Further, the recommendation gives guidelines to choose to classify the parameters according to
their importance in the design.
Contemporarily, a full probabilistic model to treat
uncertainty associated to soil-structure interaction
was developed at the Delft University of Technology (Waarts 2000). This model was further developed
and validated inside the Delft Cluster Research program. The Delft Cluster Research program is a joint
venture between the research institutes of Delft, the
Netherlands. This research ended up with a probabilistic model that was implemented in the FE code
Diana (Diana 2002). This model enables probabilistic
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very simple way of obtaining moments and forces from
2D and 3D models.
In this way the engineer doesn’t need additional
tools to calculate the reinforcement, since the 1D reference line and the 2D reference surface gives the similar
results as the 1D FE-model.
The knowledge of the engineer doesn’t have to
change to a new calculation process of calculating reinforcements quantities. The checking codes of concrete
(Eurocode or CEB-FIP Model Code) don’t have to be
transferred to 3D. When in the future the material laws
are lifted to a 3D law, the checking codes can be lifted
parallel to this law into 3D.
Coming to the world of tunnelling, also the segments in a boring lining has to calculated and checked
to the reinforcement quantities. The stresses of the
reinforcement bars or grids are a part of the above
mentioned integration scheme over the height of the
segments. By using the embedded reinforcement in
the tunnel lining segments a better view of the results
can be given of the lining part near the joint by using
a plane stress model of the lining. The Jansen method
(a artificial length of the joint between the segments)
can with this new approach subdivided into a concrete
part, a reinforcement part and the specific joint part.
The composition approach gives the design engineer enough freedom to calculate the reinforcement
quantities and in basic at the end of the design process
the ultimate limit state of the structure, which has to be
designed. The necessity of designing the tunnel lining
segments by means of stresses and strains is incorporated into the plane stress model itself. The plane
stress model also gives the possibility of calculating
the reliability index.
Figure 3 shows the bending moment Mz of a bored
segmental tunnel lining modelled in a plane stress
model loaded by the Duddeck ovalization load-case,
located on the position of the neutral axis of the
segments.

control more realistic and compatible with the modern
structural codes.
2

COMPOSITION APPROACH

By modelling a structure into 1D elements, a FE-model
can compute forces or bending moments. A 2D or 3D
FE-model will compute stresses, strains and displacements. A 2D FE-model like a plane stress model has
no direct generalised output options, see figure 1.
However, by integrating these stress components
over the wished part of the structure, a generalised
force or moment can be calculated for a model, build
up with regular solid bricks. The Bernoulli hypothesis
holds only for 1D beam and 2D shell FE-models. In 3D
FE models, the Bernoulli hypothesis does not hold, but
still the stresses can be integrated over the structure.
Each stress point covers a 3D body part, on which shear
forces, longitudinal forces and bending moments act.
In this perspective, the results of a 3D model can
be projected on a reference plane, what was originally
the neutral plane of the 2D FE-model. The desired
output items projected on this reference plane can be
the distributed moments and forces, like a shell model.
One level further is to describe a reference line. On this
line the stresses can be integrated to the desired output
items like the bending moment Mz , the normal force
Nx and the shear force Qy .
By modelling the structure into a plane stress model,
also a reference line has to be described, in the same
way like a 3D model. The same integration process can
be done within a plane stress model to this particular
reference line. The bending moment Mz , shear force
Qy and the normal force Nx are again the output items
on this reference line.
In some FE codes, this integration method has been
implemented (Diana 2002). With the only adding syntax of the height over which the stress results have to
be integrated, we can conclude that this process is a

Figure 1. Cauchy stresses and forces plane stress element.

Figure 2. Moments and forces from Cauchy stresses plane
stress model.

Figure 3. Bending moment diagram Mz tunnel lining.
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3 THE PROBABILISTIC DARS METHOD

be calculated using the Finite ElementAnalysis (FEA).
Combining reliability methods and Finite Element
Analysis is often referred to as Finite Element Reliability Methods (FERM). Instead of computing the
structural behavior (with FEA) in terms of deformations and stresses, the behavior is computed in terms
of probability of failure and uncertainty contributions.
In this way the basic demands of the codes are met, i.e.
meet the required probability of failure.
The problem arising is that the mentioned standard
reliability methods are traditionally used for problems
with only a few random variables using little time to
evaluate the limit state function. In combination with
FEA, the opposite occurs as there are many random
variables and evaluating the limit state function takes
much computational effort. The standard reliability
methods in combination with FEA lead to a computational effort that is just too much. To speed up
the computations, research at The Delft University of
Technology has lead to the introduction of the so-called
“Directional Adaptive Response surface Sampling”
(DARS – Waarts 2000). In short the improvement to
the standard directional sampling lies in the use of FE
for the important directions and a response surface for
less important directions. In practice this means that
after the response surface is constructed, only a few
FE computations have to be carried out.
In the DARS procedure, for the construction of
the response surface all variables are varied individually and increased or decreased until failure. A FE
model with n stochastic variables gives 2n (directional)
samples in the principal directions. Consequently a
quadratic response surface is fitted to these results.
Following this starting procedure the random directional sampling takes place. The response surface is
used in case of a large distance from the origin to the
response surface. FE computations are used to calculate the real distance in case of a small distance
from the origin to the response surface. In that case
the response surface is updated (adapted).
Influence factors give insight on the importance of
stochastic variables on the limit state. After finishing
the directional sampling procedure, the influence factors α are computed by means of a FORM analysis on
the response surface.
In this research project the probabilistic method is
implemented in an existing FE code, namely Diana
(Diana 2002), release 8 of 2002.

At Delft University of Technology, in cooperation
with TNO Building Construction Research and the
Dutch Ministry of Transport, Public Works and Water
Management, research was conducted to compute the
structural reliability using a combination of finite
element analysis (FEA) and probabilistic methods.
The structural behavior of a complex structure is
often calculated using a Finite Element Analysis
(FEA). Stresses and deformations of the structure can
be computed given the (deterministic) parameters of
loads, geometry and material behavior.
Structural codes require a certain level of structural reliability. The Dutch Building code, for example,
demands a maximum probability of failure of 10−4
within a given reference period (lifetime of the structure). This probability of failure is ideally translated
into partial safety factors by which variables, like
strength and load, have to be divided or multiplied to
find the so-called design values. These design values
are to be used as input for a Finite Element Analysis.
The outcome of the calculations is compared with the
limit states (for example collapse or maximum deformation). The structure is supposed to have met the
reliability requirements when the limit states are not
exceeded.
Reality is different. First of all the method using
partial safety factors makes it only plausible that the
reliability requirements are met. There is, however, no
certainty. A second aspect is that safety factors are
often based on experience only.
A link with the required reliability on a theoretical basis often does not exist. Third aspect is the
system behavior of structures. The safety factors are
often derived for components of the structure for
instance single sheet piles, anchors or single failure surfaces. A structure as a whole behaves like a
system of these components. As a result, depending on the system under consideration, the structure
can be more or less reliable than its components.
Given these problems, it would be useful to have a
method to calculate an accurate (system) probability
of failure of the total structure at once. Standard reliability methods compute the probability of failure given
a limit state and stochastic parameters. Limit states
might be for instance exceedance of yield stress in
a structural member, exceedance of maximum deformation or global collapse. Well-known methods for
computing the reliability are Monte Carlo simulation
(MC) (Rubinstein 1981) and the First Order Reliability
Method (FORM) (Hasover & Lind 1974).
In this paper an unusual method is applied: an
adaptive method based on Directional Sampling
(Bjerager 1988). For large and complex structures it
is almost impossible to provide an explicit limit state
function. Points of the limit state function can however

4 VALIDATION OF THIS APPROACH
Bored segmental tunnel linings can be seen as a
beam structure on an elastic soil foundation, like the
well-known beam of Hetenyi (Hetenyi 1974). The
validation of this approach can be given by a similar calculation of the Winkler problem of Low (Low
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Figure 4. Winkler beam problem.

2004). Since it is a straight beam girder on a soil, it can
be analysed analytical with the Hetenyi’s beam theory
on an elastic soil foundation. A small modification
has been made in relation to the moment of inertia Ib .
To transform the limit state form a bending moment
Mz to a stress component σxx , the beam type has to
be changed into a so-called Mindlin beam element,
which is a numerical integrated beam element. This
beam element has no physical properties like a crosssection Ax or a moment of inertia of Ib . The physical
properties associated with this type of beam element
are the height (h) and the width (b), what is also the case
in the description of the Low example. However, the
stochastic variable Ib is only indirect an optional input
parameter, so a correlation between the cross-section,
the height and the moment of inertia of the beam
is needed. These three components will be treated
as fully correlated in this discussed example. The
Winkler problem can be described as a finite beam on
a Winkler medium. The beam has a length (l) of 15 m, a
width (b) of 1 m. Six random variables are considered:
the moment of inertia Ib (in m4 ), the Young’s modulus Eb (MN/m2 ) of the beam, the subgrade modulus ks
(MN/m3 ), and the magnitude of the three concentrated
loads F1 , F2 and F3 (MN). These concentrated loads
are acting at 1.5 m, 7.5 m and 13.5 m, respectively from
the left side of the beam.
Failure in the paper of Low is considered to occur
when the bending moment Mz reaches 1 MNm anywhere along the beam. In the first validation stage,
the bending moment Mz is the only limit state
parameter.
The distributions of the above mentioned parameters are Normal (F1 ), Lognormal (F2 ), Gumbel (F3 )
and Beta (ks ; Eb ; hb ; Ib ; Ax ). The 3 force loads are correlated. The values of the correlation are ρ(F1,2 ) = 0.8,
ρ(F1,3 ) = 0.6, ρ(F2,3 ) = 0.8.
Figure 5 shows the design point resulting from the
probabilistic method. The minimum bending moment
Mz has reached a value of −0.1E + 7 Nm, which is
also the limit value of the input of the bending moment
Mz . The deflection at the mid beam position reaches a
value of −0.882E − 2 m, which is also similar to the
Low results.
The final values of the stochastics in the design
point location can be shown in a histogram in relation
to the decrease or increase in terms of the standard
deviation. Figure 6 shows the influence factors; the
difference between the original mean value of the

Figure 5. Bending moment Mz beam model design point
values of the stochastic variables.

Figure 6. Histogram results Low and DARS method.

stochastic variable and the reached design point value
divided by the standard deviation value.
The behavior of the two methods of Low and DARS
are almost at all stochastics variables the same; only
the subgrade modulus ks is decreasing. The reliability
index β of this system results with Low’s method in
2.383. DARS gives a mean value of β = 2.13 and a
range between 2.05 and 2.21.
Intermediate conclusion is that the DARS method is
suitable for this kind of problems, like a Hetenyi beam
or a tunnel lining. Beside the common FE-results like
stresses, strains and deformations, a reliability index
can be given of the tunnel structure.
The following validation stage needs an extension
in limit states, like the σxx stress component laying on
the upper fibre of the concrete beam or the vertical
deformation of the beam at the F2 load case position
or both.
Both limit state components are laying more close
to the checking codes of structures instead of a bending
moment Mz or a normal force Nx . Normally, the values of these components are resulting from the actual
checking code. In this example of Low we can find
these values by iteration.
An other result of the Low example is indicating
the design point, including the values of the stochastic variables at the design point. With the use of
these values of stochastic variables, a linear static
recalculation can offer the values of the earlier mentioned extended limit states.
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5

EXTENSION TO A PLANE STRESS MODEL

While the checking codes are more related to allowable stresses, this chapter compares the results of two
different FE-models, the beam model and the extension of this beam model to a plane stress model of the
same beam on a Winkler medium.
The bending moment result Mz as a direct output
of the beam model was a limit state parameter at the
validation chapter. With the input of the design point
values of the several stochastic variables from figure 6,
more limit values can be found for other limit components in a recalculation. These component values,
like the stresses σxx in the upper and lower fibre, the
midspan deflection dty , and the stress σtx in the subgrade, can be added in a probabilistic analysis. A new
design point will be found with new values for the
stochastic parameters. These stresses are relevant to
the used material properties, so they have a strong
relation with the allowable stresses, coming from the
codes.
The Bernouilli hypothesis shows a linear distribution of the stresses σxx over the height of the beam.
Figure 7 shows the stress σxx distribution from the mid
span to the end of the beam of the plane stress model at
the neutral axis position of the cross-section. Two lines
are plotted belonging to the upper and lower element
row around the neutral axis.
The stress component near the positions of the nodal
loads is going to peak values. In these regions the stress
component σxx is rather disturbed.
Table 1 gives an impression of the maximum or
minimum peak values of the components at the design
point values of figure 6.
Now with the above tabulated peak values of the
different output components of table 1, new limit states
can be set-up.
A result of the follow-up probabilistic analysis is the
evaluation of the stress sub grade, which is the most
important limit state of all five new limit states.
After some iterations, the limit state of each component can be recalculated in a way that there is no
influence anymore getting a uniform reliability index
at each limit state value of each component.
In the actual beam model there was one stochastic, the moment of inertia Ib , which is not taken into
account in the plane stress model. In principle the plane
stress model has only a thickness belonging directly
to the used elements. The height of the beam is the
height of the plane stress model and is implicitly a
parameter, including the thickness of the beam, to calculate the moment of inertia. However it is possible to
set-up the nodal coordinate components like stochastic parameters. The y-component of a node, laying
in the upper fibre of the beam, is the most relevant
parameter in this case, when the variance is small. In
all other cases more node layers have to be changed

Figure 7. Stresses σxx right half of the plane stress model
at the neutral beam axes.
Table 1. Stress and displacement values midspan beam
model design point.
Component
Bending moment
Stress-upper beam
Stress-bottom beam
Displacement beam
Stress subgrade

Units

Value

MZ

Nm
N/m2
N/m2
m
N/m2

−.100E+7
−.132E+8
+.132E+8
−.882E−2
−.488E+6

σxx-top
σxx-bot
dty

σtx

in a stochastic way. This will increase the number of
stochastics enormous, so to minimize the amount of
stochastics, the component inertia of moment Ib in the
plane stress model will be ignored in the probabilistic
analysis of the plane stress model.
In relation to the stresses σxx in figure 7, only the
stress component σxx will be the limit state component in the next probabilistic analyses. The earlier
mentioned value of the concrete beam σxx in table 1,
namely ± 0.132E+8 N/m2 will be the limit state value.
However, the conclusion of the second probabilistic
analyses, where stresses and displacement were the
limit states, has to be recalculated with the new limit
state of the concrete beam σxx . The results of both
models can be compared in a way based on the same
component.
To emphasize the difference of the stresses σxx of
both models, the stress σxx of the upper fibre of the
concrete beam of both models will be shown in the
figures 8 and 9.
The difference between the absolute minimum of
the σxx in the above given figures is about 10%. This
means that the reliability index based on the stresses
will differ too, if the probabilistic analysis has limit
states in the sense of stresses.
With this type of model the design engineer will
come closer to the checking area of the standard codes
(like the structural Eurocode). The results based on the
realistic allowable stresses, also for instance the stress
σxx of the upper fibre of the beam, will be an important
part of these checking rules in the future.
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Symbol

6

FURTHER RESEARCH

In the example discussed above, the results are based
on linear static analyses. In order to come to plasticity
in the soil or cracking in the concrete beam, it is recommended to recalculate the reliability index based
on non-linear analyses.
Although this paper is based on a beam foundation
example, the tunnel lining segments example needs
still to be examined. The segment part has to be evaluated as a distortion part, comparable with the region
of a support joint at a deep reinforced concrete beam.
With the used plane stress model, it should be lead to
a reliable structure.

Figure 8. Stress σxx upper fibre concrete beam model.

7

CONCLUSIONS

The following conclusions can be made:
(a) the DARS method gives in this example a rather
similar reliability index
(b) the influences of the different stochastics are rather
the same as the Low method
(c) beside the value of a reliability index, also a range
of this index is given
(d) an other related limit state has no influence to the
value of the reliability index
(e) nonlinear analysis is needed to give a more realistic
reliability index in the future.

Figure 9. Stress σxx upper fibre concrete beam plane stress
model.

At this point a new probabilistic analyses of the first
validation is needed, because the limit state is changed.
Instead of the bending moment Mz , the stress σxx of
the lower and upper fibre of the beam are the new limit
states.
The reliability index β of the modified beam model
results in a value of 2.04, with a range between 1.962.12. Both limit states are reached, as well as the
upper fibre stress as the bottom fibre stress σxx reaches
±0.132E+8 N/m2 .
The plane stress model gets a lower reliability
index, 1.32 with a range between 1.22 and 1.44.
Only the bottom fibre σxx reaches its limit state
of + 0.132E+8 N/m2 , the upper fibre σxx reaches
−0.102E+8 N/m2 .
A nonlinear analysis is needed including the embedded reinforcement of the beam for a more realistic
probabilistic analysis.
Back to the bored tunnel lining, both in the area
of a nodal joint load in the Winkler medium and in
the area of the joint between 2 segments in a tunnel
lining the stress distribution is rather similar complex
but comparable.
The height of the closing area of the specific joint
is mostly half of the height of the segment.
This means that the shear stresses in the corners of
the segment increase. The principal stress flow of this
area is strong related to the disturbing region shown
in figure 7. Only a nonlinear analysis in this field can
bring more realistic results.
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