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ABSTRACT: A closed-form plane strain solution is presented for an elastic half-plane with a circular tunnel,
where an oval- shaped ground deformation pattern is imposed as the boundary condition of the displacement
around the tunnel opening. The solution translates complex variables from the research physical region onto a
circular ring in the mirror image region by conformal mapping. The coefficients in the Laurent series expansions
of the stress functions can be obtained from the boundary conditions and the convergence of the series. Finally,
a case study is also performed based on the metro line No. 2 in Shanghai and a satisfactory agreement between
the predicted settlement and the observed one is obtained.

1 INTRODUCTION

Due to recent city developments within the limited
land of urban areas, more and more complex facil-
ities are developed under the ground surface, which
may cause serious potential damage to adjacent over-
lying services and structures. Engineers responsible
for the design and construction of tunnels should pre-
dict tunneling-induced ground movements in order to
protect the existing structures and tunnels. There we
three different approaches for estimating the poten-
tial tunneling-induced ground movements: empirical
methods, numerical methods and analytical methods.

Empirical procedures have been widely used to
assess potential ground movement owing to tunnel-
ing. In practice the ground deformations are often
described based upon field observations, for instance,
a normal Gaussian distribution curve proposed by Peck
(1969), which has no theoretical basis. It is assumed
that the surface settlement through can be approxi-
mated by the normal probability curve or error func-
tion. However in reality, ground movements depend
on a number of factors such as tunnel geometry and
depth, tunnel construction method, the quality of the
workmanship and management, behavior of the soil
around tunnel. Therefore the empirical methods are
also subject to these important limitations.

Recently some attempts have been made to develop
closed-form analytical solutions for tunneling-induced
ground movements in soft ground.Verruijt and Booker
(1996) presented a simple analytical solution for a tun-
nel in a homogeneous elastic half space by the virtual

image technique. Loganathan and Poulos (1998) intro-
duced an equivalent undrained ground loss parameter,
which can be estimated using the gap parameter pro-
posed by Lee et al. (1992). Verruijt (1997) proposed
the complex variable solution for circular tunnel in an
elastic half plane with the boundary condition of a pre-
scribed uniform radial displacement at the cavity open-
ing. Bobet (2001) presented another elastic solution for
ground deformations of a shallow tunnel in a saturated
ground which was made with the boundary condition
of uniform radial displacement at the tunnel opening.
However in practice the radial ground movement is
not uniform but oval-shaped. Park (2004) proposed
the elastic solution for the tunneling-induce ground
deformation in clay by imposing the prescribed four
different types of oval-shaped displacement at tunnel
opening.Wang (2007) expandedVerruijt’s solutions by
incorporating four different oval-shaped deformation
pattern at tunnel opening proposed by Park (2004).
In this paper, the complex variable method by Ver-
ruijt (1997) is also used for the solution of elasticity
problems for a half-plane with a tunnel of the third
oval-shaped deformation pattern at tunnel opening.
The metro line No. 2 in Shanghai is used to check
the applicability of the analytical solution.

2 STATEMENT OF THE PROBLEM

The problem deals with an elastic half-plane with a
circular tunnel, see Figure 1. The radius of the tunnel
is denoted by r, the depth of its centre by h, and the
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Figure 1. Half-plane with a circular tunnel.

Figure 2. Oval-shaped deformation pattern of tunnel
boundary.

cover by d.The upper boundary of the half-plane is free
of stress. As in practice the radial ground movement
around the tunnel is not uniform but oval-shaped. Park
(2004) proposed four different oval-shaped ground
deformation pattern as the inner boundary conditions.
Wang (2007) suggested the third boundary conditions
as the good agreement with the field measurements
had been obtained. Therefore in this paper, loading
takes place along the inner boundary of the tunnel,
in the form of the third oval-shaped deformation pat-
tern (Figure 2), proposed by Park (2004), which can
be denoted by,

3 BASIC EQUATIONS

The complex variable method for the solution of
two-dimensional linearly elastic problem involves two
analytic functions of complex variable, �(z) and �(z).

Figure 3. The region after conformal mapping.

The horizontal and vertical displacements, ux and uy,
in the elastic region R can be expressed as

where µ is the shear modulus of the clay, and κ is
related to Poisson’s ratio υ by

As plane strain condition are assumed in this paper,
the stresses can be expressed as

It is convenient to express the boundary condition in
terms of the integral of the surface traction, integrated
along the boundary,

where C is an integration constant.

4 CONFORMAL MAPPING

We conformally map the region R in the Z-plane onto
a ring region γ in the mirror image region, which
is referred as ζ-plane, bounded by the circles |ζ| = 1
and |ζ| = α, see Figure 3. The conformal mapping is
given by
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Where

If α → 0 the radius of the circular caving is prac-
tically zero, which indicates a very deep tunnel. If
α → 1 the covering depth is very small. For every
value of d/h the corresponding value of α can be
determined from equation (8).

By virtue of the substitution z = ω(ζ) the function
�(z) and �(z) can be written in term of ζ,

Because the conformal transformation function
ω(ζ) is analytic in the ring region, the function �(z)
and �(z) can be represented by Laurent series expan-
sions,

The coefficients of the series can be determined
from the boundary conditions.

5 BOUNDARY CONDITIONS

The first boundary condition is that the upper bound-
ary y = 0 must be entirely free of stress. According to
equation (6), Verruijt (1997) gave the relationship of
the coefficients,

Therefore, one half of the unknown coefficients
have been expressed into the other half.

In this paper, the second boundary value problem
is considered, in which the third oval-shaped displace-
ment pattern proposed by Park (2004) is prescribed
along the tunnel boundary. According to Verruijt’s
solution, if the function G′(ασ), which defines the

boundary condition at the tunnel boundary, can be
written as a Fourier series,

the coefficient must satisfy the equations

and

Wang (2007) had given the expression of the coef-
ficients of the Fourier series for the third oval-shaped
displacement pattern,

Therefore all the coefficients of the Laurent series
have been determined, except for a0. This constant can
be determined from the requirement of convergence of
the Laurent series by the linear interpolation method
given by Verruijt (1997).

6 CASE STUDY

A case study is performed with the background of
Shanghai metro line 2. The tunnel lining for Shanghai
metro line 2 is 6.2 m in external diameter and 5.5 m in
internal diameter. The average depth to the center-line
of the tunnel is about 11 m. The tunnel was excavated
by EPB shield machine. The shield body is 6.24 m
long with 6.34 m in diameter. Therefore the clearance
between the external diameters of shield body and
the tunnel, which is usually named physical gap Gp
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Figure 4. Surface settlement.

according to the definition of Lee et al. 1992), will
reach 140 mm (Zhang,2004). The Young’s modulus of
the clay is taken as 25 Mpa and Poisson’s ratio as 0.3.
Figure 4 is a plot of comparison between predictions
of surface settlement from the complex variable solu-
tion and observed movements.The comparison is quite
good, which proves that the analytical solution can give
reasonable predictions of ground movement for shield
driven tunnels in soft clays.

7 CONCLUSIONS

Current design practice to predict tunneling-induced
ground movements is based primarily on empirical
methods, which are subject to some important limi-
tations. In practice, the geometry of the tunnel, soil
properties and construction methods may affect the
settlements of the ground. In this paper, complex
variable method is used for the solution of elasticity
problems for a half-plane with a tunnel of oval-shaped
deformation. The metro line No. 2 in Shanghai is used
to check the applicability of the proposed analytical
solution. It gives good prediction of tunneling-induced
ground movements. However the plasticity of soft soil

is not considered in this paper, which means that the
method in this paper can only be a preliminary design
of tunnels in soft clays. More factors should be taken
into account to improve the reliability of the method.
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