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ABSTRACT: Two and three dimensional elastic and plastic analytical solutions are presented, envisaging the
evaluation of stability and deformation of a tunnel or cavern. These solutions are based on thick wall cylinder
or thick wall sphere models, where inner and outer radius are defined according to tunnel or cavern geometry
and corresponding soil cover to ground surface. Radial body forces are introduced into the equations to emulate
gravity forces. Cohesive and frictional materials can be considered. The resulting model permits the calculation
of the plastic zone radius as a function of the support pressure acting at the tunnel or cavern inner surface and
obtain the critical support pressure. By adopting linear elastic behaviour at the elastic zone and no volume change
at the plastic zone it is possible to derive a complete convergence confinement curve. Radial displacement and
stress resulting from these models are compared with published case histories. Comparison is also made with a
known published elastic perfectly plastic plane strain model.

1

INTRODUCTION

support. The load on the support will depend on this
deformation.

A fundamental parameter in tunnel design is the allowable distance between tunnel face and the point where
support is effective. Support is generally effective upon
closure of the invert arch in NATM (New Austrian Tunnelling Method) tunnels (Fig. 1), or where segmental
lining is erected and grout is injected in non pressurized shield tunnels. In any case the tunnel Engineer
must anticipate if the opening will remain stable within
such length. If not, he should specify construction of
the invert arch closer to the face of the NATM tunnel,
or employ an earth pressure balanced type of shield. In
both cases he would be required to estimate the magnitude of soil deformation up to the activation of the

Figure 1. Tunnel length L, where support is not fully
effective.

2

SOME ASPECTS OF CURRENT DESIGN
PRACTICE

Notwithstanding the increasing availability of three
dimensional (3D) numerical computer program codes,
the predominant design practice of a tunnel lining is
still based on a two dimensional (2D) model. The relief
of ground stresses prior to the activation of the lining,
if accounted for, is generally simulated by a progressive softening of the soil within the excavated area.
The design engineer must rely either on his experience or on some published 3D analytical or numerical
analyses, which generally do not match the particular characteristics of his problem, to define how much
softening will be allowed prior to the lining activation.
If he allows little or no softening, the lining design
may be ultraconservative, particularly if the soil cover
above the tunnel is large. If he allows too much softening, the stresses on the lining may be underestimated,
and, if he defines a construction method allowing
for an excessive softening, his tunnel is in risk of a
collapse.
A comprehensive study into 3D effects at a tunnel
heading was performed by Negro (1988).
The analytical models presented herein are proposed to be used as a preliminary estimate of a tunnel
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stress relief and corresponding soil displacements.
More sophisticated (and time consuming) analysis can
be performed by using 3D numerical models, at a
detailed design stage.
3

ELASTIC-PLASTIC ANALYTICAL
MODELS

These models are based on a “thick wall sphere” (3D
model) and on a “thick wall cylinder” (2D model) in
which part of the sphere or the cylinder is in elastic
state and the remainder in plastic state. The area of
the tunnel where support is considered either to be
not effective, or where a supporting pressure p can
be applied, is simulated as a sphere (Fig. 1) with an
inner radius Ri. The outer radius Ro (Fig. 2) simulates
the ground surface, where a surcharge pressure load
s can be considered. This concept has already been
used by Muhlhaus (1985) for a limit analysis where
the whole sphere is assumed to be in plastic state, but
no information is obtained on displacements prior to
collapse.
The analytical model was derived in a way that
either a 3D or a 2D analysis can be performed. The
3D analysis is the objective of this concept model.
Although less interesting, the 2D model can be used
to roughly evaluate average lining load vs. soil displacement, after lining installation, bearing in mind
that the axi-symmetry model condition does not allow
for bending of the lining.
In the plastic zone of the sphere or cylinder the stress
state is found by combining the differential equation
of equilibrium (in polar coordinates) and the Mohr
Coulomb criterion.
In the elastic zone of the sphere or cylinder the stress
state is found by combining the differential equation
of equilibrium, the stress strain relationships and the
compatibility strain displacement relationships. Refer
to Figure 3 for notation and equations.
Radial body forces are included in the equilibrium equations of both the plastic and elastic zones
to emulate gravity forces.

The boundary between the elastic and plastic zones
(Rp in Figure 2) is determined by equating the elastic
stresses to the Mohr Coulomb criterion. Note that for
unstable configurations no solution is found for that
equation. On the other extreme, if Rp ≤ Ri, then the
whole sphere or cylinder is in elastic state.
The radial displacement at the elastic-plastic boundary is obtained from the elastic equation (9) of Figure 3,
which is derived from the differential equation of equilibrium, the stress strain relationships and the compatibility strain displacement relationships, applied
to the elastic zone, and considering the previously
determined radial stress at elastic-plastic boundary.
For displacements in the plastic zone it is neccessary
to consider the plastic deformation behaviour. No volume change was adopted for this analysis, as imposed
on equation (10). This equation should be modified if
dilating or contracting behaviour is to be modelled.
If Ro → ∞, equation (9) will reproduce the classical elastic expression for radial displacement due to a
cylindrical or spherical opening in an infinite elastic
medium.
Frictionless materials (undrained analysis) have a
particular set of equations to define plastic radius,
since for friction angle equal to zero, parameter M = 0
(equation 2 of Fig. 3) make the general equations indeterminate. A check has been made by adopting a very
small value of M , for instance M = 1e−5 , and the general and undrained analyses give practically the same
results.
The equations of Figure 3 can be inserted into a
programmable pocket calculator (such as the HP32s,
which contains an algorithm that solves equation (7a)
or (7b) = equation (8)) to enable rapid assessment of
a given case.
4

LIMITATIONS

These models were developed to give a preliminary
insight into stability and deformation behaviour of
underground excavations, with a particular interest
in tunnel headings. The main limitations that should
always be considered are listed below:
4.1 Radial simmetry

Figure 2. Thick Wall Cylinder (2D) or Sphere (3D).

The models imply in radial simmetry, thus any shape
of tunnel or sphere, and ground surface will have to
be approximated to a cylinder or sphere. One type
of approximation required when considering a tunnel heading is the change of shape of the unsupported
length of tunnel into a sphere, as shown in Figure 1.
Some geometrical situations may arise for which a
great distortion occurs, and one of particular interest is
a long heading of a shallow tunnel. If such a condition
is to be analysed, is advisable to complement the evaluation by conservatively checking the results of a 2D
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Figure 3. 2D and 3D elastic-plastic model equations.
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analysis, for an infinite cylinder of inner radius equal
to the long heading radius.
4.2

Constitutive model

Soil is assumed to be homogeneous, isotropic and linear elastic with Mohr Coulomb plastic criterion and
no volume change. Soils stress strain behaviour is in
general not linear, and this would affect mainly the
displacements estimate.
4.3

In situ stresses

Radial simmetry implies in radial body forces, other
than vertical gravity. The effect of a horizontal to vertical in situ stress ratio different than one is not possible
to be considered in these models.
Also, the effect of a flow net resulting from ground
water table above the tunnel axis cannot be accounted
for, except for the simplified assumption of a descending vertical flow net, with hydraulic gradient equal to
one, thus implying in a saturated (in lieu of submerged)
unit weight of the soil. In general a flow net towards
the tunnel heading represents risk of a hydraulic piping
failure, and should be avoided by vertical or horizontal
drains, compressed air, or a slurry type pressure.
4.4

For the 3D analysis the inner radius was defined
to equate the unsupported length tunnel volume, additionaly considering the tunnel face as a half sphere of
diameter equal to the tunnel diameter,

Consolidation

Settlements due to consolidation are not considered
in this model, analyses are either fully undrained or
drained.
4.5

Figure 4. Example of convergence – confinement curve.

Local collapse

Local Collapse as defined by Davis et ali (1980), is
not included in these models.
5 APPLICATIONS AND COMPARISONS
WITH OBSERVED DATA
Figure 4 shows an example application of the 2D and
3D models for a tunnel, considering a given length L
between tunnel face and effective support activation.
The settlement of the tunnel roof on activation of the
lining is estimated as the displacement of the sphere
inner surface, which is the intersection of the 3D model
convergence curve with the abcissa (Fig. 4). At this
point the lining is activated.
The final pressure on the lining and crown settlement are estimated from the intersection of the tunnel
lining stress displacement characteristic curve with the
2D model convergence curve.
An analysis can be made on the sensitivity of the
unsupported length; the crown settlement increases
with increase of this length up to the point where the
whole sphere is in plastic state, resulting in collapse
conditions.

where D is the tunnel Diameter.
Eight tunnel case histories were analysed in terms of
the models presented herein, see Table 1 for references
and Table 2 for parameters and results.
The tunnel geometry and soil strength and deformability parameters were inferred from the respective
case history papers. Drained parameters were used for
sandy soil cases and fully undrained parameters were
used for clayey soil cases. In the absence of better
information, the undrained deformability moduli of
clays were taken as 600 times their undrained shear
strength. The measured settlement figures were taken
on activation of the lining, although this was not significantly different from the final settlements on all
cases. For the Washington D.C. shield case it appears
that soil movements were partially restrained to move
freely at the rear of the shield steel hood. For this case
the unsupported length in the analysis was adopted
slightly smaller than the actual distance from face to
the segmental lining installation.
The stresses on the lining were measured in the
Edmonton cases (case 7 and case 8, see Table 1) and
their authors published the idealized soil convergence
confinement curve plus the carachteristic curves of
two types of linings, concrete segments and steel ribs
with wood lagging. The 2D model was applied to this
case and the resulting curve is shown in Figure 5. The
convergence confinement curve obtained from the 3D
model to simulate the unsupported length of the tunnel
is also shown, for the concrete lining condition.
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A reasonable approximation to the measured loads
and / or settlements for this and the other cases can be
observed.
A comparison was also made with the model presented by Mair & Taylor (1993), for the unloading of
plane strain cylindrical cavity, for linear elastic, perfectly plastic undrained soil behaviour. Curves from
both models and for a specific set of parameters are
shown in the graph of Figure 6. It was found that
the conformity between these models is affected by
the soil cover to tunnel radius ratio. In general the ratio
between radial displacements of each model increases
as the tunnel becomes shallower. This could be due to
the fact that the Mair & Taylor model is applicable to
an infinite medium condition.
6

The elastic plastic 3D analytical model presented
herein is meant to be used as an auxiliary tool to enable
assessment of tunnel heading stability conditions and
deformation magnitude prior to installation of support.

CONCLUSIONS

Despite the significant evolution on numerical computer program codes, two dimensional tunnel analyses
are still predominant in the current design practice.
Consequently the 3D stress state in the zone of the tunnel heading is often either ignored or unsatisfactorily
simulated.

Figure 5. Convergence – confinement curves, Edmonton
cases.

Table 1. Case histories and references.
Case

Reference

1
2
3
4
5
6
7
8

Frankfurt, NATM, Baulos 25 – Cording (1976)
Frankfurt, Shield, Fahrgasse – Cording (1976)
Washington DC, F2A Line 1 – Cording (1976)
Heathrow Cargo – Cording (1976)
Green Park – Jubilee Line – Attewell (1974)
Sao Paulo E-W Line – Sozio (1978)
Edmonton, concrete – Eisenstein (1979)
Edmonton, steel ribs – Eisenstein (1979)

Figure 6. Comparison between Mair & Taylor and 2D
model.

Table 2. Application of 3D model vs. observed data.
Case

1

2

3

4

5

6

7

8

Diameter m
Lm
Ri m
Ro m
γ kN/m3
c kPa
Ø◦
E MPa
υ
Rp m
w mm
calculated
w mm
observed

6.5
3.0
3.44
14.6
19.0
55
0
33
0.5
6.68
42

6.5
8.0
4.32
12.4
18.5
15
30
35
0.25
9.07
69

5.5
5.0
3.38
20.1
20.0
15
35
80
0.25
5.20
23

10.9
5.0
5.77
13.3
19.0
100
0
60
0.50
6.11
11

4.1
4.0
2.59
29.3
19.0
150
0
90
0.50
4.33
20

6.1
7.0
3.98
20.0
19.0
25
33
60
0.25
5.20
22

2.6
6.0
2.03
26.9
20.0
110
0
66
0.50
4.52
38

2.6
11.0
2.44
26.9
20.0
110
0
66
0.50
5.33
43

45

70

21

14

17

25

33

38
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The 2D model permits an estimate on the stress level
to be expected on the support.
Comparisons with some published case histories
and with a known elastic perfect plastic analytical model are presented, no significant discrepancies
being observed.
A series of limitations have to be considered when
employing these models, as outlined above (Heading
4). Therefore these models are not to be used as a
sole design tool, but as complementary elements to
the accepted tunnel design procedures and standards.
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