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A nonlinear soil spring model considering ground stress and strain 
change during excavation

T. Sakamoto & Y. Katsura
Institute of technology, Shimizu Corporation, Tokyo, Japan

ABSTRACT: In practical designs, Winkler model is used to evaluate retaining wall behaviors during 
excavation. Soil spring coefficients have to be properly assigned in simulating retaining wall behaviors 
accurately. Soil spring properties are often represented by bilinear curves considering stiffness and ultimate 
ground reaction based on ground surveys. The stiffness of the soil spring is usually unchanged throughout 
the analysis. However, it is rational that the soil spring coefficients can be changed depending on ground 
stress and strain change during excavation. In this paper a simple nonlinear soil spring model is proposed 
considering ground stress and strain change during excavation. At an 11 m excavation site of Holocene 
clay ground in Tokyo-Bay area, retaining wall behaviors were observed. Analytical results by the proposed 
model showed excellent agreements with the observed results, which indicates that the proposed model, 
although it is simple, is promising for simulating retaining wall behaviors in a fairly reliable manner. In 
order to simulate retaining wall behaviors at different excavation stages, it is necessary to evaluate soil 
springs by using changes in soil stress and strain.

excavation stage. This study, therefore, proposes a 
soil spring determination method that takes into 
consideration changes in soil stress and strain in the 
Winkler model. Finally, this study also verifies the 
validity of the proposed soil spring determination 
method on the basis of observed retaining wall 
displacements during excavation.

2 SOIL SPRING DETERMINATION 
METHOD CONSIDERING SOIL STRESS 
AND STRAIN

Figure 1 shows the basic concept of the Winkler 
model. The basic equation for the beam–spring 
model is as follows:

EI
d y

dx
p B w Bh

4

4
+ p = w  (1)

where EI is the flexural stiffness of the retaining 
wall (kN ⋅ m2), y is displacement (m), x is depth (m), 
ph is lateral subgrade reaction on the excavation 
side (kN/m2), w is external force behind the retain-
ing wall (kN/m2) and B is a reference width (m). 
In Eq. (1), the subgrade reaction ph on the excava-
tion side equals the difference between the lateral 
pressure on the excavation side and the equilibrium 
lateral pressure, and the external pressure w behind 
the retaining wall equals the difference between the 
lateral pressure behind the retaining wall and the 
equilibrium lateral pressure. This paper proposes a 

1 INTRODUCTION

Winkler modeling is usually used to calculate 
retaining wall deformation in Japan. Winkler 
model uses an elastic beam to express a retaining 
wall and assumes external pressure acting at 
the ground side and lateral ground reaction on 
the excavation side. Lateral ground reaction on the 
excavation side is calculated by use of soil springs 
at different depths. The method of setting soil 
springs is important in this case. A commonly used 
soil spring setting method is to assume that ground 
consists of elastic and plastic regions (bilinear 
model) and soil springs in the elastic region are 
constant (Architectural Institute of Japan, 2002). 
This method, however, ignores the nonlinearity of 
soil and in many cases unable to simulate retaining 
wall behaviors. As a result of various studies on 
soil spring setting based on observed retaining wall 
displacements, therefore, other methods have been 
reported. They include the method of reducing 
soil springs by use of vertical effective stress at 
each stage of excavation (Motoi, 2009) and the 
method of reducing soil springs on the basis of the 
G/G0 – γ relationship (Terada, 2005). A problem 
of the method by Motoi (2009) is that soil springs 
are calculated by use of post-excavation vertical 
effective stress, and changes in strain are ignored. 
A problem of the method Terada (2005) is that 
although changes in effective stress and strain are 
taken into consideration, the G/G0 – γ relationship 
under effective stress is used regardless of the 
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soil spring evaluation method for the calculation of 
the lateral ground reaction on the excavation side. 
Figure 2 shows the relationship between retaining 
wall displacement and the lateral pressure on the 
excavation side. This study does not take into 
account the decrease in the lateral pressure behind 
the retaining wall (Katsura, 1996). Changes in 
the lateral pressure on the excavation side due to 
excavation during the process from the beginning 
of excavation until after the first excavation (path 
a→c) can be expressed as

dp k y dyp eq eq htkk
y

p

p
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where pp,1 is the lateral pressure on the excavation 
side the end of the first excavation (kN/m2), peq,0 is 
lateral pressure on the excavation side at the start 
of excavation (kN/m2), peq,1 is equilibrium lateral 
pressure after the first excavation (kN/m2), y1 is 
retaining wall displacement at the end of the first 
excavation (m) and kht(y) is tangential soil spring 
at any depth on the excavation side (kN/m2/m). 
Path a→c consists of path a→b and path b→c. 
The second term of the right-hand side of Eq. (2) 
corresponds to the changes in the lateral pressure 
on the excavation side on path a→b, and the third 
term corresponds to changes in the lateral pres-
sure on the excavation side on path b→c. If  kht(y) 
is assumed to be constant, then the results will be 
identical to the results obtained by the conventional 
method (Architectural Institute of Japan, 2002) 
shown with the gray lines in Fig. 1. It is thought 
likely, however, that as in the case of decreases 
in soil stiffness in the vertical direction due to 
excavation and structural construction (Tamaoki 
et al., 1993), soil stiffness in the lateral direction 
also decreases because of decreases in overburden 
pressure and increases in soil strain. This indicates 
that a function capable of expressing nonlinearity 
should be used for the tangential soil spring on the 
excavation side, kht(y). In this study, it is assumed 

that the tangential soil spring on the excavation 
side, kht(y), in the displacement–lateral pressure 
relationship can be expressed by a hyperbola, and 
the tangential soil spring on the excavation side, 
kht(y), on path b→c is expressed as

k y
k
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=
kk
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2
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where kh0 is the initial soil spring at any depth 
(kN/m2/m), and pmax,1 is the extreme lateral  pressure 
on the excavation side (kN/m2) during the first 
excavation. To obtain the hyperbola, the initial soil 
spring kh0 is determined according to soil survey 
results, and the extreme lateral pressure is calculated 
from the Rankine–Resal formula. The brace preload 
path is assumed to be path c→d on the assump-
tion that the post-excavation secant soil spring is 
maintained. To determine the soil spring during 
the second excavation, it is assumed that the initial 
soil spring at the start of excavation is the same as 
the secant soil spring after the first excavation, and 
Eq. (3) is applied by defining the point (e) at which 
the second excavation is started as the origin. By 
doing this, the soil spring that takes into considera-
tion the changes in ground stress and strain at each 
stage of excavation can be evaluated easily.

3 EVALUATION OF SOIL PROPERTIES

3.1 Initial stiffness evaluation method

Stiffness against elastic deformation amounting to 
about 0.001% or less of strain can be determined 
by the shear wave velocity Vs obtained through 
seismic velocity logging. Hence, the initial stiffness 
kh0 can be expressed (Japan Society of Civil 
Engineers, 1996) as

Lateral subgrade reaction  

on excavation side

Extreme lateral pressure 

on excavation side

External pressure

on ground side 

Ground side Excavation side 

Excavation lebel

Ground lebel

Lateral Pressure 

on excavation side

Equilibrium lateral pressure

Retaining wall

Figure 1. Basic concept of Winkler model.

Figure 2. Relationship between retaining wall displace-
ment and the lateral pressure on the excavation side.
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kh0 = (10/3) ⋅ E0 ⋅ (10BH/3)(−3/4) (4)

E0 = 2(1+ν) ⋅ ρtVs2 (5)

where BH is a reference width (=10 m), ν is Poisson's 
ratio and ρ is the wet density of soil (g/cm3).

3.2 Equilibrium lateral pressure evaluation 
method

Many studies have shown that equilibrium lateral 
pressure resulting from excavation-induced overbur-
den pressure removal remains (Mayne et al., 1982). In 
this study, the equilibrium earth pressure coefficient 
Keq,n during the n-th excavation is modeled (Fig. 3) 
on the basis of the results of the laboratory K0 tests 
on Toyoura standard sand specimens reported by 
Uchiyama et al., (1997) and is expressed as
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where K0 is the coefficient of earth pressure at rest 
at the start of excavation, σ1,0 is vertical effective 
stress at the start of excavation (kN/m2), σ1,n is 
vertical effective stress after the n-th excavation 
(kN/m2), α (=0.8) and β (=0.175) are constants 
determined by test results and σ3,0 is lateral effec-
tive stress at the start of excavation for foundation 
(kN/m2). The earth pressure at rest is unknown 
after constructing retaining wall, so it is assumed 
that the soil at this site is normal consolidated. The 
coefficient of earth pressure at rest, K0, for sand 
and clay is calculated, respectively, as follows:

Sand (Jaky's formula): K0 = 1 − sinφ (8)

Clay (Alpan, 1987): K0 = 0.19 + 0.233Ip (9)

where φ is the internal friction angle and Ip is the 
plasticity index.

4 OBSERVED RESULTS-BASED 
VALIDATION OF THE PROPOSED 
METHOD

4.1 Overview of construction work and analysis

The construction site considered in this study 
is located at Holocene clay ground in Tokyo 
Bay area. Figure 4 gives an overview of  the 
excavation and retaining wall construction site. 
 Figure 5 summarizes geological and analyti-
cal information. The soil properties were deter-
mined according to soil survey results. The 
internal friction angles ϕ of  the sand layers were 
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Figure 3. Model of equilibrium earth pressure coefficient 
Keq,n during the n-th excavation.

Figure 4. Overview of the excavation and retaining wall 
construction site.

(a)Inclinometer 1 

1st G.L. -3.1m

2nd G.L. -6.4m

3rd G.L. -8.5m

10kN/ m2

Brace

1st G.L. -2.4m

2nd G.L. -6.4m

3rd G.L. –10.9m

(b) Inclinometer  2 

Layer 1 3 Filled 7.5 18 10 0 130 0 21200

Layer 2 5.7 Filled 1.7 18 10 0 180 400 73700

Layer 3 6.4 Sand 5 18 0 25 180 400 73700

Layer 4 7.6 Sand 12 18 0 30 180 400 73700

Layer 5 10.9 Clay 1.5 16 35 0 160 400 67400

Layer 6 16.7 Clay 0.5 18 50 0 160 400 70300

Layer 7 20 Clay 1 16 75 0 150 400 64700

Depth

(G.L.-m)
Type N-value

γt

(kN/m3)

C

(kN/m2)
φ(°)

Vs(m/s)

Natural Improved

Initial soil

spring

Layer 1 3 Filled 3 18 10 0 130 0 21200

Layer 2 5.7 Filled 2.3 18 10 0 180 400 73700

Layer 3 6.4 Sand 3 18 0 23 180 400 73700

Layer 4 7.6 Sand 6 18 0 26 180 400 73700

Layer 5 10.9 Clay 2 16 35 0 160 400 70300

Layer 6 18 Clay 0.8 18 70 0 160 400 70300

C

(kN/m2)
φ(°)

Vs(m/s)

Natural Improved

Initial soil

spring
Depth

(G.L.-m)
Type N-value

γt

(kN/m3)

Figure 5. Geological and analytical information.
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calculated from SPT N-values by using Osaki’s 
formula ( ϕ = +20 15N ). The shear wave 
velocity Vs in the natural ground was evaluated 
through PS well logging. The shear wave veloc-
ity Vs in buttress-wall type ground improvement 
method was evaluated in terms of  the Vs–qu rela-
tionship (Asaka et al., 2003) of  the in-situ soil on 
the basis of  the unconfined compressive strength 
of  in-situ core samples. The soil on the excava-
tion side is reinforced by the buttress-wall type 
ground improvement method, it is necessary to 
evaluate soil springs for composite ground. The 
initial stiffnesses kh0 of  the natural ground and 
the improved ground were determined from their 
Vs values, and the initial stiffness kh0 of  the com-
posite ground was evaluated on the basis of  the 
improved area ratio α (=20%) of  the improved 
ground relative to the natural ground. This analy-
sis assumes that the pressure on the ground side 
is constant. The lateral pressure at the ground 
side and the extreme lateral pressure on the exca-
vation side are calculated by using the Rankine–
Resal formula. On the basis of  measurement 
results, pore water pressure at the ground side 
was assumed to be statically distributed from 
G.L. −1 m, regardless of  the progress of  excava-
tion. Pore water pressure on the excavation side 
was assumed, in view of  the progress of  excava-
tion, to be statically distributed from the bottom 
of  the excavation. For the first excavation and the 
second excavation, however, static distribution 
of  water pressure from the bottom of  the central 
excavation at the preceding stage was assumed.

4.2 Analytical results

Figure 6 shows the relationship of a commonly used 
soil spring (Model 1), a soil spring reduced by use of 
vertical effective stress (Model 2) and the proposed 
soil spring (Proposed Model) with retaining wall 
deformation for Layers 5 and 6. Figure 7 shows the 
relationship of the stiffness reduction ratio of the 
soil spring relative to the pre-excavation soil spring 
for Layers 5 and 6 with retaining wall deformation. 
The soil spring of Model 1 was calculated from the 
following equations:

Sand in natural ground: kh0, in-situ = 1000 ⋅ N (10)

Clay in natural ground: kh0, in-situ = 100 ⋅ C (11)

Improved soil: kh0, buttress = 100 ⋅ (qu/2) (12)

Soil spring for composite ground:

kh0, composite = (1 − α) kh0, in-situ + α ⋅ kh0, buttress (13)

where N is the SPT N-value of natural ground, C 
is the cohesion of natural ground, qu is the strength 
of buttress-wall type ground improvement core 
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Figure 6. Relationship between secant soil spring and 
retaining wall deformation for Layers 5 & 6.

sample (kN/m2), kh0,in-situ is the soil spring for 
natural ground, kh0,buttress is the soil spring for 
buttress-wall type ground improvement, kh0,composite 
is the soil spring for composite ground and α 
is the improved area ratio of buttress-wall type 
ground improvement.

The soil spring of Model 2 was calculated from 
the following equation:

kh, composite, n = kh0, composite ⋅ (σ ′1,n/σ′1,0)
0.5 (14)

where kh,composite,n is the soil spring during the n-th 
excavation, kh0,composite is the initial soil spring prior 
to excavation, σ′1,n is vertical effective stress after 
the n-th excavation and σ ′1,0 is vertical effective 
stress prior to excavation.

The pre-excavation soil spring of  the proposed 
model is greater than those of  Model 1 and 
Model 2. The reason is that the proposed model 
evaluates the soil properties in terms of  strains of 
the order of  0.001% or less by using shear wave 
velocity. The soil spring of  the proposed model 
becomes smaller as retaining wall deformation 
increases. In contrast, the soil spring of  Model 2 
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during the first excavation becomes greater than 
the initial soil spring. After that, the soil spring 
becomes smaller as retaining wall deformation 
increases. The reason why the soil spring of 
Model 2 during the first excavation becomes 
greater than the initial soil spring is that the 
influence of  the increase in vertical effective stress 
due to the lowering of  the groundwater level 
is greater than the influence of  the decrease in 
vertical effective stress due to excavation. The soil 
spring reduction r atio of  Model 2 is greater than 
that of  the proposed model. The reason for this is 
that the proposed model evaluates the soil spring 
by using changes in ground stress and strain, while 
Model 2 evaluates the soil spring solely in terms of 
changes in ground stress.

Figure 8 shows observed retaining wall 
deformations and analytical results. The calculated 
values obtained from Model 1 are smaller than the 
measured values. This is because the soil spring is 
overestimated. The calculated values for the first 
excavation obtained from Model 2 are similar to 
those obtained from Model 1 and are smaller than 
the measured values.

This is because the soil spring is overestimated. 
The calculated values for the first excavation 
obtained from Model 2 are similar to those 
obtained from Model 1 and are smaller than the 
measured values.

The calculated values for the second and third 
excavations are smaller than the measured values 
obtained from Inclinometer 1 and show fair 
agreement with the measured values obtained from 
Inclinometer 2. The calculated values obtained 
from the proposed model are highly consistent 
with the measured values obtained from the two 
inclinometers (1 and 2) for the process from the 
first excavation to the third excavation. This 
indicates that in order to simulate retaining wall 
displacement at different stages of excavation, it is 
important to evaluate soil springs by using changes 
in soil stress and strain.

5 CONCLUSION

A soil spring determination method that takes 
into consideration soil stress and strain changes 
in a beam–spring model has been proposed. 
While retaining wall deformation throughout the 
excavation process cannot be explained in the 

Figure 7. Relationship between stiffness reduction of 
secant soil spring and retaining wall deformation for 
Layers 5 & 6.

Figure 8. Observed retaining wall deformations and 
analytical results.
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conventional method, the proposed method has 
made it possible to explain observed retaining wall 
displacements at different excavation stages with 
good accuracy. In order to simulate retaining 
wall behaviors at different excavation stages, it is 
necessary to evaluate soil springs by using changes 
in soil stress and strain.
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