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Abstract: Hard rock tailings, composed primarily of low-plasticity sands and silts with broad
particle size distributions, exhibit a wide water retention curve and significant hydraulic hys-
teresis during drying and wetting cycles. In certain climates and deposition scenarios, tailings
undergo complex hydro-mechanical stress paths, including repeated desiccation and rehydra-
tion cycles, which significantly affect their shear behavior. Existing constitutive models for
unsaturated soils, such as the Barcelona Basic Model and Glasgow Coupled Model (GCM),
are largely based on Cam-Clay theory and are primarily suited for clayey materials. However,
the frictional nature of hard rock tailings demands models that account for plastic dilatancy
and unique volumetric responses. This study extends the Norsand dilatancy-based constitutive
model by incorporating key elements of the GCM framework, introducing two additional hy-
draulic yield surfaces, and establishing coupling between hydraulic and mechanical processes.
The enhanced model is calibrated and validated using triaxial and simple shear tests conducted
on unsaturated gold mine tailings. Results demonstrate the model’s ability to accurately cap-
ture essential features of tailings’ shear behavior, providing a robust tool for analyzing their
hydro-mechanical response under varying stress paths and unsaturated conditions.

Introduction

Hard rock tailings are the residual by-products of mineral extraction from rock deposits, typi-
cally deposited as slurries due to the water used in mineral processing. In certain climates and
under specific deposition practices, such as filtered or thickened tailings, these materials can
undergo complex hydro-mechanical loading histories characterized by repeated cycles of desic-
cation and saturation. In multilayer deposition, such stress histories involve self-weight con-
solidation, followed by desiccation, and subsequently, rewetting as new layers are added [1, 2].
These cycles of drying and wetting can induce significant changes in the tailings’ structure, with
past desiccation strongly influencing their strength behavior, even after full re-saturation [3, 4].

During desiccation, tailings enter an unsaturated state and undergo irreversible structural
changes, leading to distinct hydro-mechanical behavior upon rewetting. This behavior tran-
scends traditional soil mechanics, which primarily address dry or fully saturated soils. Contem-
porary unsaturated soil mechanics incorporates new concepts, such as matric suction, coupled
hydraulic and mechanical behavior, and hysteretic effects associated with drying and wetting
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cycles [5, 6]. Accurate prediction of such behavior requires constitutive models that account
for these complexities.

The concept of effective stress has been extended to unsaturated soils by incorporating
additional variables, such as matric suction [7]. However, unlike saturated soils, unsaturated
soil behavior cannot be fully represented by a single stress state variable [8]. This limitation
has led to the development of constitutive models incorporating additional state parameters
and coupling terms to address unsaturated soil behaviors, forming a distinct branch of soil
mechanics.

Early models, such as the Barcelona Basic Model (BBM) [9] and the Glasgow Coupled
Model (GCM) [10], extended the Modified Cam Clay Model (MCC) [11] to unsaturated soils.
However, these models focus primarily on clayey materials with high suction sensitivity and
narrow soil-water characteristic curves (SWCCs). In contrast, hard rock tailings, composed of
silts and sands with wide particle size distributions, exhibit broader SWCCs and pronounced
hydraulic hysteresis during drying and wetting cycles. Their frictional and cohesionless nature
necessitates constitutive models that go beyond classical Cam-Clay theory to accurately capture
dilatancy and volumetric responses.

This study extends the hydromechanical coupling framework of GCM to a dilatancy-based
constitutive model, Norsand [12], to better capture the behavior of granular materials under
partially saturated conditions. Recent modifications [13] are integrated to improve the modeling
of hydraulic hysteresis. The extended model is applied to unsaturated gold mine tailings, and
its predictions are compared with GCM. The results demonstrate the model’s capability to
capture key trends in tailings behavior under complex hydromechanical loading conditions.

Constitutive Model Formulation

This section provides a concise overview of the key aspects of the Norsand model. The following
formulations define the hydrostatic and deviatoric components of the stress tensors along with
their corresponding conjugate strain components:

p =
σii

3
, q =

√

3

2
sijsij, sij = σij − p δij

εv = εii, εs =

√

2

3
eijeij, eij = εij −

1

3
εvδij

(1)

where δ is the Kronecker delta, and repeated indices denote summation. The over dot Ẋ
represents incremental rate.

Original Norsand Model

The Norsand model [12] is a generalized Cambridge-type constitutive model developed based on
the fundamental assumptions of critical state theory. Initially, it was primarily used to model
the mechanical behavior of sands. However, it has since been applied to soils with particle sizes
ranging from silt to sand, aiming to capture their unique characteristics. The model adopts the
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effective stress concept introduced by [14] as the stress state variable, defined as:

σ′

ij = σij − uwδij (2)

where σij is the total stress tensor and uw is the pore water pressure.
The model employs nonlinear isotropic elasticity, with the bulk modulus K and shear mod-

ulus G defined as functions of the current mean effective stress p′:

σ̇′

ij = Cijklε̇kl

Cijkl = (K −
2

3
G)δijδkl + 2G

[

1

2
(δikδjl + δilδjk)

]

, K =
2(1 + ν)

3(1− 2ν)
G, G = Irp

′
(3)

where ν is Poisson’s ratio and Ir is a material constant.
The Norsand model introduces a state parameter ψ, which controls dilatancy and is defined

as the difference between the current void ratio (e) and the critical void ratio (ec) at the same
mean effective stress (p′):

ψ = e− ec, ec = Γ− λ ln p′ (4)

where Γ and λ are material parameters describing the critical state line.
The model features a yield surface with a bullet-like shape, similar to the Cam Clay model,

but cropped by a lower cap to better capture hysteresis during cyclic loading:

F =
q

p′
+Mi

(

ln

(

p′

p′i

)

− 1

)

= 0 for

(

p′i
p′

)

< exp

(

−
χiψi

Mi,tc

)

(5)

The variables Mi, ψi, and χi depend on material constants and are defined as follows:

Mi =M

(

1−
Nχi|ψi|

Mtc

)

, χi =
χtc

1− χtcλ

Mtc

, ψi = ψ − λ ln

(

p′i
p′

)

(6)

Here, N is a material constant, and M is the critical state slope in q-p′ space, which depends
on the Lode angle θ:

M =Mtc −
M2

tc

3 +Mtc

cos

(

3

2
θ +

π

4

)

(7)

where Mtc is the slope of the critical state line along the triaxial compression path, and χtc is
a material parameter. The parameter Mi,tc refers to Mi for the triaxial compression condition:

Mi,tc =Mtc −Nχi|ψi|. (8)

The yield surface is illustrated in Figure 1 for initially loose and dense samples. The size
of the yield surface evolves with the image hardening parameter, p′i, which is related to the
change in plastic deviatoric strain increments, ε̇pq :

ṗ′i = p′iH
Mi

Mi,tc

(

p′

p′i

)2 [

exp

(

−
χiψi

Mi,tc

)

−
p′i
p′

]

ε̇pq (9)

with H being plastic hardening modulus for loading. Different relationships for H are proposed
as a function of ψ or ψ0 [15, 16].

Moreover, the Norsand model employs an associated flow rule.
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Figure 1: Yield surface of the Norsand model in stress ratio space, a) loose soil b) dense soils.

Unsaturated Norsand Model

The original Norsand model (Jefferies, 1993) is developed for dry and saturated materials. In
this study, we extend the model to account for unsaturated conditions by incorporating the
framework presented in [13], which itself is based on the GCM framework. This extension
involves three main steps: (1) selecting appropriate state variables for unsaturated materials,
(2) introducing new constitutive relations to describe the evolution of the added state variables,
specifically a suction-saturation relation, and (3) incorporating coupling terms into the evolution
laws, such as those governing hardening.

Following the thermodynamic framework outlined by [17], we adopt Bishop’s effective stress,
σ∗, and modified matric suction, s∗, as the primary stress state variables. The total strain, ε,
and the saturation ratio, Sr, serve as their energy conjugates, respectively:

σ∗

ij = σij − (Sruw + (1− Sr)ua) δij, s∗ = n (ua − uw) (10)

Here, σ represents the total stress tensor, ua and uw are the air and water pressures, and n
is the porosity. By explicitly considering s∗ and Sr as energy conjugates, the Extended Norsand
model is better equipped to capture the transition between saturated and unsaturated states,
while also incorporating the influence of retention hysteresis more accurately.

In a manner similar to the GCM, the yield surface in the Extended Norsand model is
extended into a third dimension corresponding to s∗. Two additional caps describing the
hydraulic yield surfaces are introduced as follows:

FSI = s∗ − s∗I = 0, FSD = s∗D − s∗ = 0 (11)

where s∗I and s∗D are parameters whose evolution (hydraulic hardening) will be defined later.
The additional constitutive relation for the newly introduced hydraulic state variables is

expressed through a suction-saturation curve (SWCC), which is modeled as a family of S-shaped
curves. These curves follow the general form of the well-known Van Genuchten expression [18].
The hardening of the hydraulic yield surfaces is assumed to occur in such a way that the
modified suction and saturation evolve according to the following equation:

Sr =
(

1 + (as∗)b
)

−m

(12)
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Figure 2: Example of scanning curves during drying and wetting paths.

Here, a and b are model constants, while m is a parameter determined based on the material’s
state at the onset of hydraulic yielding. After hydraulic yielding, the hydraulic state follows
the curve described by Eq. 12, while during reversible hydraulic processes, the state rebounds
along a semi-logarithmic line with a constant slope of κs until the next hydraulic surface is
reached. Upon the first instance of yielding, the parameter m is updated such that the current
material state corresponds to a curve within the family described by Eq. 12, and this value
remains fixed during continuous yielding. A schematic of these scanning curves and log-linear
hydraulic rebound curves is shown in Figure 2.

The hardening laws for the parameters describing the size of the yield surfaces are modified
to include coupling terms, similar to the GCM. These laws are given by:

ṗ′i = p′i






H

Mi

Mi,tc

(

p∗

p′i

)2 (

exp

(

−χiψi

Mi,tc

)

−
p′i
p∗

)

ε̇pq + k1

(

1 + (as∗x)
b
)1+m

bm (as∗x)
b

(−Ṡp
r )






(13)

ṡ∗x = s∗x







k2HMi

Mi,tc

(

p∗

p′i

)2 (

exp

(

−
χiψi

Mi,tc

)

−
p′i
p∗

)

ε̇pq +

(

1 + (as∗x)
b
)1+m

bm (as∗x)
b

(−Ṡp
r )






(14)

where k1 and k2 are model parameters. The evolution of the yield surface is governed by the
hardening parameters, ṗ′i, ṡ

∗

I , and ṡ∗D, expressed in terms of plastic deviatoric strain incre-

ments, ε̇pq , and the plastic increments of the degree of saturation, Ṡp
r . As with the original

Norsand model, the flow rule associated with the frictional and hydraulic yield surfaces remain
associated.

Results

The Extended Norsand model has been implemented using an explicit numerical integration
method. The model was then calibrated and applied to reproduce the behavior of unsaturated
tailings. The experimental dataset, extracted from [3] and [4], aims to investigate the effect
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of hydraulic stress history on the mechanical behavior of unsaturated gold mine tailings. Soil
specimens were initially prepared as a slurry with a 38% water content, and two layers of
tailings, each with a thickness of 10 cm, were sequentially deposited in a cylindrical column with
a diameter of 25 cm. The bottom layer underwent self-weight settling, followed by desiccation
to three different gravimetric water contents: Wd = 23%, 17%, and 12%. The specimens were
then rewetted to a saturated condition once the second layer was placed. The soil samples
collected from the bottom layer, which experienced drying to various water content levels, were
saturated and their water content consistently ranged from 21% to 22%. The extracted samples
were then placed in a simple shear apparatus and consolidated under a vertical effective stress
of 50 kPa, followed by undrained shear loading.

The testing results during the desiccation/rewetting and shearing processes were used to
calibrate the constitutive model. Specifically, the behavior during rewetting and at the initial
stages of shearing were used to calibrate the elastic properties, while the results at the end
of the shearing test were used to calculate parameters associated with characterizing the crit-
ical state. The 14 calibrated parameters are as follows: ν = 0.2, N = 0.1,Γ = 0.95,Mtc =
1.2, xtc = 4.7, Ir = 55, λ = 0.035, k1 = 0.6, k2 = 0.1, a = 0.045, b = 0.8,m = 0.4, κs = 0.001.
A power-law relationship is adopted for H as a function of ψ0 as H = Href |ψ0|

−r in which
Href = 250 and r = −1.4. Due to structural changes induced by hydraulic loading (desiccation
and rewetting), the void ratio and corresponding state parameter (ψ) evolve, influencing the
mechanical response. To account for these changes, H was recalculated once after hydraulic
loading, immediately prior to the mechanical consolidation phase, using the updated state pa-
rameter (ψ). This discrete update ensures that H accurately reflects the altered state of the
material after hydraulic processes, aligning the model predictions with experimental observa-
tions. By avoiding continuous recalculations, the approach balances computational efficiency
with physical accuracy, capturing the significant effects of hydraulic history on shear hardening
without overcomplicating the implementation

Figures 3 and 4 illustrate the comparison between the predictions from the Extended Nor-
sand model and the experimental results, represented by square symbols. To facilitate a better
comparison, the results from the Modified Glasgow Coupled Model (MGCM), as developed by
[13], are also included. Figure 3 depicts the variation in void ratio as a function of suction stress
and net normal stress for two different samples. In contrast, Figure 4 displays the shear stress
versus shear strain relationship, alongside the effective stress path. To enhance visualization,
the evolution of the yield surfaces for the Extended Norsand model in both the p∗ − s∗ and
p∗ − q spaces is shown in Figure 5 for a sample that underwent desiccation to Wd = 12%.

Discussion

The performance of the Extended Norsand constitutive model was evaluated against the MGCM
in predicting the shear response of desiccated and rewetted gold tailings. Both models demon-
strated realistic trends in capturing void ratio changes during desiccation, rewetting, and con-
solidation. The realistic representation of these changes, as shown in Figure 4, is attributed
to the robust hydro-mechanical coupling and the effective relationship between suction and
saturation ratio incorporated in the Extended Norsand model.
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Figure 3: Comparison between experimental results (dashed lines) and model predictions (solid
lines) for volume change. The samples are desiccated to Wd = 12% (a, c) or Wd = 23% (b, d),
subsequently rewetted to a fully saturated state, and then consolidated to 50 kPa.
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Figure 4: Comparison between the experimental results (dashed lines) and the model predic-
tions (solid lines); (a, c) shear stress vs strain, and (b, d) simple shear effective stress path.
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Figure 5: The evolution of the yield surfaces for the Extended Norsand model for the sample
with Wd = 12%. (a) Hydromechanical yield surface in the p∗ − s∗ space, and (b) mechanical
yield surface in the p∗ − q space.

During the initial drying stage, illustrated in Figure 5, the soil lies on the SI hydraulic yield
surface and undergoes yielding as water content decreases, resulting in an expansion of the
elastic zone in both hydraulic and mechanical domains. Upon rewetting, the soil exhibits elastic
behavior until it reaches the SD yield surface. Beyond this point, the soil begins to yield, and
the coupling between hydraulic and mechanical behaviors causes the mechanical yield surface
to contract. This contraction during rewetting leads to yielding during consolidation, effectively
reproducing the observed experimental trends in void ratio changes.

In terms of shearing response, the Extended Norsand model offers more realistic predictions
compared to MGCM. This superiority arises from its non-associated plastic flow rule and hard-
ening mechanism with plastic shear strain (Eq. 19), which enables an asymptotic approach to
the critical state line. Unlike models such as GCM, the Extended Norsand model allows the
critical state values for stress and void ratio to evolve independently. Consequently, the state
of the material can approach the critical state slope in the q − p space without the void ratio
necessarily reaching its critical state value. This allows stresses to asymptotically evolve toward
the critical state line in the q − p space, even when a true critical state is not realized.

The model successfully captures the general trend of increasing shear strength with intensi-
fied desiccation. However, its accuracy diminishes for samples with lower levels of desiccation
(wd = 23%), particularly in predicting the effective normal stress at failure (end of solid lines).
Moreover, as shown in Figure 4, the Extended Norsand model effectively captures the increase
in shear hardening behavior with greater levels of desiccation.

Finally, the comparison between frictional and cohesive models must be contextualized
within their complexity and intended applications. The Norsand model, with its intricate
structure and numerous parameters, offers a sophisticated approach. However, simpler models,
such as the [19], might achieve comparable results in some scenarios.

Conclusion

Gold mine tailings primarily consist of granular frictional materials, such as silt and sand,
whose dilatancy behavior surpasses the limitations of simple associated plasticity assumptions,
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such as those in Cam-clay theory. In this study, we adopt the framework developed in the
Modified Glasgow Coupled Model (GCM) to extend constitutive models originally formulated
for dry and saturated soils to unsaturated conditions. This framework is applied to the Norsand
model, a widely used model for sands and silts, by introducing a yield surface extension in a
third dimension dedicated to hydraulic state. Additionally, coupling terms are incorporated
into the hardening laws governing both mechanical and hydraulic yield surfaces.

The diverse particle size distribution characteristic of hard rock tailings results in a broad
soil-water characteristic curve (SWCC), which can exhibit significant hysteresis during drying
and wetting cycles. To account for this, the GCM formulation is enhanced to better represent
the evolution of saturation with suction.

The extended model is calibrated using results from simple shear tests conducted on gold
mine tailings. These tailings were desiccated to varying water content levels, re-saturated to
simulate layered deposition, and then sheared under undrained conditions. The calibration
process demonstrates that the model effectively captures the dependency of the shearing re-
sponse on the initial wetting and drying cycles with satisfactory accuracy. This approach can
be applied to other constitutive models to extend their applicability to partially saturated
geomaterials.
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