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1 INTRODUCTION 

It has been well documented that pore water pressure 
variations affect the short- and long-term stability of 
infrastructure slopes. This may be a consequence of 
consolidation and/or seasonal variations of the water 
balance under the combined effects of rainfall infil-
tration and evapotranspiration. It is very likely that 
both mechanisms are active in most cases.  

For fully saturated conditions in the ground, Bishop 
& Bjerrum (1960) showed that slope stability reduces 
with time as the mean effective stresses decrease with 
post-excavation swelling and recovery of the de-
pressed phreatic surface. For slopes in London clay, 
Leroueil (2001) depicted the reduction of the factor 
of safety with time similar to the dashed line in Figure 
1, noting that the time scale depends on factors such 
as soil hydraulic conductivity and swelling properties. 
Potts et al. (1990, 1997), investigating delayed failure 
in slopes excavated in London clay, demonstrated 
that the time to failure very much depended on the 
hydraulic boundary conditions (e.g. a magnitude of 
suction) on the slope surface. Subsequently Tsi-
ampousi et al. (2013(c)), analysing unsaturated soil 
slopes, showed that the short-term factor of safety 
may be more critical for slope stability than the long-
term value, as depicted by the solid line in Figure 1. 

Consequently, simplified analyses which often 
simulate the soil above the ground water table as dry, 
are unlikely to provide realistic predictions of condi-
tions at failure. The complexity of the problem in-
creases with slopes in unsaturated ground conditions, 

where atmospheric effects become more dominant, 
thus requiring application of advanced numerical 
tools for realistic numerical modelling. 
 

 
Figure 1. Variation of the factor of safety against failure of a cut 
slope in saturated and unsaturated soils (Tsiampousi et al. 
2013(c)) 

2 NUMERICAL TOOLS 

This paper considers the finite element (FE) method 
as a numerical approach for the analysis of unsatu-
rated soil slopes. The authors use the bespoke finite 
element code ICFEP, Potts and Zdravkovic (1999), 
which is the modelling platform of the Geotechnics 
group at Imperial College. ICFEP is fully thermo-hy-
dro-mechanically (THM) coupled for both saturated 
and unsaturated soils, but for the subject of this paper 
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only the governing equations for hydro-mechanical 
(HM) coupling in unsaturated soils are briefly dis-
cussed, highlighting the formulation that makes a 
clear distinction between the parameters controlling 
the effect of suction on direct strains and the effect of 
net stress on volumetric water content (Smith, 2003; 
Tsiampousi et al, 2017(a), (b)). The appropriate hy-
draulic boundary conditions and formulations of con-
stitutive, water-retention and permeability models are 
further discussed. Example analyses of unsaturated 
soil slopes using ICFEP, are subsequently presented. 

2.1 Finite element formulation 

Different approaches have been proposed in the liter-
ature for modelling the coupled behaviour of porous 
media. One commonly used approach is to first for-
mulate the mass (or volume), the momentum and the 
energy balance equations for each phase (e.g. solid, 
fluid, etc.) of the porous medium (e.g. Noorishad et 
al., 1984), and then derive the coupled formulation for 
the mixture by combining the governing equations for 
each phase (e.g. Olivella et al., 1996; Lewis and 
Schrefler, 1998). Another approach takes account of 
the behaviour of each coupling system in the porous 
medium, thus resulting in the mechanical and hydrau-
lic (and thermal for THM) governing equations for 
the solid-fluid mixture (e.g. Lewis et al., 1986; 
Gatmiri & Delage, 1997). The difference between the 
two approaches is that in the first the governing equa-
tions are derived for each phase and then combined, 
while in the second each of the governing equations 
is derived for the complete mixture. Both approaches 
can lead to the same governing equations, but this de-
pends on the assumptions adopted in the derivation 
procedures.  

The FE formulation in ICFEP adopts the second of 
the above two theoretical approaches. Furthermore, 
its unsaturated formulation adopts two independent 
stress variables, matric suction (𝑠 = 𝑢𝑎 − 𝑢𝑤) and net 
stress (𝜎 = 𝜎𝑡𝑜𝑡 − 𝑢𝑎 ), where 𝑢𝑎  and 𝑢𝑤  are the 
air and water pressure in the pores, respectively. A 
specific difference from formulations found in the lit-
erature is that of accounting independently for the ef-
fect of matric suction on direct strains (controlled by 
modulus 𝐻 in the mechanical equation) and for the 
effect of net stress on volumetric water content, 𝜃𝑤, 
in the soil (controlled by modulus 𝐸𝑤 in the hydrau-
lic equation). The latter assumptions extend the work 
of Darkshanamurthy et al. (1984) and Wong et al. 
(1998).  

2.1.1 Mechanical equation for unsaturated soils 
As shown in Smith (2003), Zdravkovic et al. (2014), 
Tsiampousi et al. (2017(a), (b)), the change in total 
stress, {𝜎}, in a FE formulation is expressed in the 
following form: 
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where {Δ𝜀} is the incremental strain vector and [𝐷] 
is the constitutive matrix. Applying the common as-
sumption that air is free to flow and its pressure is 
equal in magnitude to atmospheric pressure (i.e. 

0au  ) then equation (1) simplifies to: 
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with {𝑚𝐻}𝑇 = {1/𝐻 1/𝐻 1/𝐻 0 0 0}  and 𝑝𝑓 = 𝑢𝑤. The governing equation for the soil struc-
ture is then derived using the principle of minimum 
potential energy: 

0E W L                              (3) 

where Δ𝐸  is the total potential energy, Δ𝑊 is the 
strain energy related to the work done by internal 
forces (stresses) and Δ𝐿 is the work done by exter-
nally applied loads, as defined below: 
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In the above equations {Δ𝑑} is the vector of incre-
mental displacements; {Δ𝐹} is the vector of body 
forces integrated over the element volume; and {Δ𝑇} 
is the vector of surface tractions integrated over the 
element surface. Combining these equations leads to 
derivation of the finite element global equilibrium 
equation for the soil skeleton: 

       G d f GnG nG
K d L p R               (6) 

in which the primary unknowns (degrees of freedom) 
are the vector of incremental nodal displacements, {Δ𝑑}𝑛𝐺, and the vector of incremental nodal pore wa-
ter pressures, {Δ𝑝𝑓}𝑛𝐺 ; {Δ𝑅𝐺}  is the global load 
vector containing body forces and surface tractions; [𝐾𝐺] is the global stiffness matrix, while [𝐿𝑑] is the 
coupling matrix between the soil skeleton and pore 
fluid phases: 
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The matrix [𝐵], or the strain matrix, in equation (7) 
contains the derivatives of shape functions, [𝑁] , 
while [𝑁𝑝] is the matrix of pore pressure interpola-
tion functions. The vector {𝑚𝐻} in equation (8) in-



dicates that only direct components of the strain vec-
tor contribute to changes of the nodal pore fluid pres-
sures. The term [𝐷]{𝑚𝐻} in the coupling matrix dis-
tinguishes the effect that changes in matric suction 
have on the soil structure of unsaturated soils, from 
the effect that changes in pore water pressure have on 
the soil structure of saturated soils, for which the vec-
tor {𝑚}𝑇 = {1 1 1 0 0 0}.  

2.1.2 Hydraulic equation for unsaturated soils 
Accounting for any sinks and/or sources through the 
term 𝑄, and assuming that the air phase in the pores 
is continuous and compressible, the continuity equa-
tion can be written as: 
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where 𝑣𝑥 , 𝑣𝑦, 𝑣𝑧 are the components of the velocity 
of the pore water in the three coordinate directions 
and 𝑡 is time. The volumetric water content, 𝜃𝑤, is 
defined by equation (10): 
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which introduces a distinction, that does not exist in 
other formulations, between the modulus 𝐸𝑤  that 
controls the effect of applied net stress on 𝜃𝑤, and 
modulus 𝐻 in equation (1). Further derivations, as 
detailed in Tsiampousi et al. (2017(a)), lead to the fol-
lowing form of equation (10): 

 w vol a wu u                         (11) 

where Ω is a parameter that governs the volume of 
water flowing for a given change in the volume of 
voids, and  
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The inverse of 𝑅  in equation (12) is associated 
with the slope of the soil-water retention curve 
(SWRC) in terms of volumetric water content and 
suction, i.e. 1 𝑅 = 𝜕𝜃𝑤 𝜕𝑠⁄⁄ . In fact, the three param-
eters Ω, 𝜔 and 𝐻  need to be consistent with the 
particular SWRC and the mechanical model utilised 
in the analysis, and are not constant but vary with ma-
tric suction (Tsiampousi et al. 2017(a)). Figure 2 is an 
example of the parameter Ω ’s nonlinear variation 
with matric suction, using a conceptual model based 
on White et al. (1970). Starting from 1.0 at full satu-
ration and a continuous water phase (Zone 1), Ω re-
duces to 0.0 upon drying at a stage when the air phase 
becomes continuous, with no further flow of water 
(Zone 4). Figure 2 further shows that this variation is 
shifted when the soil is wetted. The intermediate 
zones mark stages of the air phase appearing as oc-
cluded bubbles (Zone 2), followed by penetration of 

air into the soil (Zone 3A) and air phase becoming 
continuous throughout (Zone 3B).  
 

   
Figure 2. Variation of parameter   with suction on drying and 
wetting. 

 
Applying the principle of virtual work to equation 

(9) and assuming that Darcy’s law applies to unsatu-
rated soils (Richards, 1967; Childs & Collis-George, 
1950), leads to further expansion of equation (9): 
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in which [𝑘] is the permeability matrix, 𝛾𝑓  is the 
unit weight of water and ℎ is the hydraulic head de-
fined as ℎ = 𝑝𝑓 𝛾𝑓 + (𝑥𝑖𝐺𝑥 + 𝑦𝑖𝐺𝑦 + 𝑧𝑖𝐺𝑧)⁄ . The 
unit vector {𝑖𝐺} = {𝑖𝐺𝑥 𝑖𝐺𝑦 𝑖𝐺𝑧} is parallel, but in 
the opposite direction, to gravity.   

From equation (11), recalling the starting assump-
tion that the pore air pressure is atmospheric and does 
not change the magnitude in the analysis, and hence Δ𝑢𝑤 = Δ𝑝𝑓 , the following contribution is obtained 
for equation (13): 
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Substituting equation (14) into equation (13) forms 
the hydraulic governing equation for unsaturated soils 
which, after further manipulations, gives:  
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where [𝑀𝑁] = [𝑁𝑝]𝑇[𝑁𝑝] is the mass matrix, [Φ𝐺] 
is the permeability-related matrix defined as: 
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The final component of equation (15) is the coupling 
matrix [𝐿𝐺], defining the mechanical effect on the 
pore fluid phase,  
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which is different from the coupling matrix [𝐿𝑑] in 
equation (8).  

2.1.3 Global system of equations 

Both equations (6) and (15) require a time-marching 

procedure to enable a solution for the time-dependent 

changes of the pore fluid pressure {𝑝𝑓}𝑛𝐺. This means 

that if the solution ({Δ𝑑}𝑛𝐺 , {𝑝𝑓}𝑛𝐺)1  is known at 

time 𝑡1, then the solution ({Δ𝑑}𝑛𝐺 , {𝑝𝑓}𝑛𝐺)2 is re-

quired at time 𝑡2 = 𝑡1 + Δ𝑡 , with the variation of {𝑝𝑓}𝑛𝐺 being unknown over the time step Δ𝑡.  

Using the 𝜃-method of Booker & Small (1975), 

Potts & Zdravkovic (1999) assumed the following ap-

proximation of the pore fluid change over the time 

step: 
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where 𝛽 is a time stepping factor, showing that its 
magnitude needs to be ≥ 0.5 to ensure the stability 
of the time-marching process. A further constraint for 
achieving a stable solution in transient coupled finite 
element analyses is the size of the time step, as dis-
cussed, for example, in Cui et al. (2016). Substituting 
equation (20) into equation (15) gives the final form 
of the hydraulic equation: 
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The above governing equation differs from that for 
saturated transient coupling by having the additional 
term 𝜔[𝑀𝑁] and the parameter Ω, as well as a dif-
ferent coupling matrix [𝐿𝐺]  compared to equation 
(6). The first part of the left-hand-side of equation 
(21) represents the flow of water generated as a con-
sequence of displacements in the soil skeleton, with 

Ω describing the influence of the pore air on the gen-
erated flow. The second part of left-hand-side of 
equation (21) combines the consolidation term and 
the term describing the changes in the stored water 
content in the soil.  

Equations (6) and (21), combined together in the 
finite element form: 
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represent the coupled hydro-mechanical formulation 
for unsaturated soils in the code ICFEP. Tsiampousi 
et al., (2017(a)) compared this formulation to those 
found in the literature (e.g. Gatmiri et al., 1998; Sheng 
et al., 2003 and Khalili et al., 2008), explaining simi-
larities and differences. 

2.2 Hydraulic boundary conditions 

Finite element analyses of geotechnical problems in-
volving soil-atmosphere interaction require applica-
tion of boundary conditions that can simulate rainfall 
infiltration (precipitation), evaporation from the 
ground surface and transpiration through plants. This 
section provides a brief description of the relevant hy-
draulic boundary conditions available in ICFEP.  

2.2.1 Precipitation 
This is a dual boundary condition that prescribes ei-
ther the magnitude of flow rate or the magnitude of 
pore water pressure along a boundary (Potts & 
Zdravkovic, 1999). In the case of modelling a rainfall, 
if the soil has sufficient permeability and/or the rain-
fall intensity is small, the soil may be able to absorb 
the water and therefore a flow boundary condition is 
appropriate, prescribing the flow rate, 𝑞𝑛𝑏, over the 
boundary. Otherwise, if the soil is less permeable 
and/or rainfall intensity is high, the soil may not be 
able to absorb the water, which will pond on the sur-
face or run off. In this case a pore pressure boundary 
condition would be applicable, prescribing the appro-
priate magnitude of the pore fluid pressure, 𝑝𝑓𝑏, on 
the boundary.  

Clearly, depending on the geometry of the problem 
and on how permeability changes during analysis, it 
is impossible to make in advance the appropriate 
choice between these two boundary conditions for 
each increment of the analysis. The precipitation 
boundary condition is therefore needed as it enables 
an automatic decision on the boundary condition to 
be made over each increment. Namely, at the begin-
ning of each increment the pore fluid pressure at 
boundary nodes is compared to 𝑝𝑓𝑏 and if found to 



be more tensile, then an infiltration boundary condi-
tion is activated, with the flow rate equal to 𝑞𝑛𝑏. Con-
versely, if found to be more compressive, a pore fluid 
pressure equal to 𝑝𝑓𝑏 is prescribed along the bound-
ary. As conditions may change during an increment 
of the analysis, hence needing a switch from the 
boundary condition detected at the beginning of that 
increment, an automatic incrementation (AI) algo-
rithm is required.  

The AI algorithm available in ICFEP is based on 
the work of Abbo & Sloan (1996) and Sheng & Sloan 
(2001), for stress-strain behavior in nonlinear FE 
analysis. Its further development, to operate in con-
junction with the precipitation boundary condition, is 
detailed in Smith (2003) and Smith et al. (2008). The 
purpose of the AI algorithm is to break down the size 
of the initial increment to smaller sub-increments in 
order to apply an appropriate precipitation boundary 
condition (i.e. flow rate or pore fluid pressure) as it 
changes over the increment. 

2.2.2 Evapotranspiration 
The amount of water uptake from a depth below the 
ground surface is governed by the root depth and den-
sity, permeability of the soil-root system and the 
availability of water. In the actual finite element anal-
ysis this uptake of water is incorporated in the sink 
term of the continuity equation (9) and in ICFEP it is 
simulated with the root water uptake model (RWUM) 
developed by Nyambayo & Potts (2010).  

The RWUM requires the potential evapotranspira-
tion rate to be prescribed for each increment of anal-
ysis. The sink term, 𝑆𝑚𝑎𝑥, is assumed to vary linearly 
with depth, 𝑟, below the ground surface, as depicted 
in Figure 3a, and is defined as: 
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where 𝑟𝑚𝑎𝑥 is the maximum root depth. This is an 
input parameter for this boundary condition and re-
flects the limit depth below which the root water up-
take is zero. Equation (23) presents how much water 
could potentially be extracted if the supply of water 
in the ground was unlimited. However, the supply of 
soil moisture is normally not unlimited and therefore 
the actual evapotranspiration is smaller than the po-
tential value. To calculate the actual evapotranspira-
tion, the sink term 𝑆𝑚𝑎𝑥 is multiplied by a suction-
dependent parameter 𝛼 , according to Feddes at al. 
(1978), which is assumed to vary with suction as de-
picted in Figure 3(b). Values of suctions S1 to S4 are 
input parameters. At suctions outside the two limits, 
S1 and S4, the root water uptake is assumed to be 
zero. The former relates to water-logged conditions in 
the soil when roots are unable to function, whereas 
the latter relates to a permanent wilting point. 
 
 

 
Figure 3. (a) Water extraction function when 𝛼 = 1; (b) varia-
tion of the 𝛼 function with suction. 

2.2.3 Material modelling 

Mechanical behaviour 
The constitutive model of Georgiadis et al. (2005) and 
Tsiampousi et al. (2013(b)) is available in ICFEP for 
simulating the behavior of moderately-expansive un-
saturated soils. The model, IC SSM (Imperial College 
Single Structure Model), adopts a standard concept of 
a single-porosity structure valid for most geomateri-
als and represents a modified and generalised version 
of the Barcelona Basic Model (BBM) of Alonso et al. 
(1990). 

The IC SSM is formulated in the 𝐽 − 𝑝 − 𝜃 − 𝑠 
space, where 𝐽 is the deviatoric stress invariant, 𝑝 
is the mean net stress, 𝜃  is the Lode’s angle in the 
deviatoric plane and 𝑠 is the metric suction. It intro-
duces versatile shapes for yield and plastic potential 
surfaces that particularly improve the modelling of 
overconsolidated clays, compared to the elliptical 
shape of the modified Cam clay surface in BBM; a 
nonlinear isotropic compression curve which reduces 
the unrealistically large amount of potential collapse 
at high stresses; a nonlinear increase of apparent co-
hesion with suction by linking it to the degree of sat-
uration, 𝑆𝑟; and the Matsuoka-Nakai (1974) shape of 
the yield and plastic potential surface in the deviatoric 
plane, which improves the modelling of soil strength 
under non-triaxial compression loading.  

Water retention 
Apart from a standard non-hysteretic soil-water reten-
tion (SWR) model of van Genuchten (1980), a three-
dimensional (3-D) hysteretic SWR model of Tsi-
ampousi et al. (2013(a)) is also available in ICFEP. 
Although the SWR curve may be plotted in terms of 



the volumetric water content, for consistency with the 
constitutive model it is defined in terms of the degree 
of saturation, 𝑆𝑟, taking account of its variation with 
both the suction, 𝑠, and the specific volume, 𝑣. As 
such, the SWR model links with the IC SSM consti-
tutive model via the degree of saturation, 𝑆𝑟.  

The 3-D SWR model adopts simple geometric 
curves, shown in Figure 4, which have a common tan-
gent at the point of intersection. Note that the two-
dimensional (2-D) representation in Figure 4 has a 
combined suction, 𝑠∗, on the horizontal axis, which 
is a function of 𝑣  in the form 𝑠∗ = 𝑠 ∙ (𝑣 − 1)𝜓 . 
The parameter 𝜓, initially introduced by Gallipoli et 
al. (2003), controls the effect of specific volume on 
the retention behavior and the position of the iso-vol-
umetric curves. The 3-D representation of the hyster-
etic SWR model is shown in Figure 5. 
 

 
Figure 4. Projection of 3D SWR surface in 𝑠∗ − 𝑆𝑟 plane.  

 

 
Figure 5. 3D hysteretic SWR surface in 𝑠 − 𝑆𝑟 − 𝑣 space. 

 
Tsiampousi et al. (2013(a)) demonstrated that, de-

spite its geometric simplicity, the 3-D SWR model is 
very effective in representing laboratory data.  

Permeability 
Realistic modelling of soil permeability is particu-
larly pertinent in problems involving atmospheric ef-
fects of rainfall infiltration and evapotranspiration. 
This is a key parameter that controls the amount of 
water able to enter or leave the soil.  

The increase in soil suction during dry periods, as-
sociated with de-saturation of the soil, is likely to 
cause a reduction of permeability in the intact mate-
rial. However, tension or desiccation cracks in shal-
low layers are often observed during such periods, 
which contribute to the increase of global soil perme-
ability. This duality of soil permeability is captured in 
ICFEP with a permeability model depicted in Figure 
6 (Potts & Zdravkovic, 1999). The reduction of per-
meability from the saturated state, 𝑘𝑠𝑎𝑡 , to a mini-
mum value, 𝑘𝑚𝑖𝑛, is linked to the magnitude of suc-
tion, 𝑠, in Figure 6(a). An alternative variable for the 
horizontal axis is the degree of saturation, 𝑆𝑟, using 
the following relationship: 𝑘 = 𝑘𝑠𝑎𝑡 ∙ Θ12 ∙ [1 − (1 − Θ 1𝑚)𝑚]2

           (24) 

where 𝑚 is a fitting parameter, Θ = (𝑆𝑟 − 𝑆𝑟,𝐿𝑇)/(1 − 𝑆𝑟,𝐿𝑇)  and 𝑆𝑟,𝐿𝑇 is a long-term degree of sat-
uration.  

Conversely, the abrupt increase in permeability, to 
a maximum value, 𝑘𝑚𝑎𝑥, due to desiccation cracking 
is linked to the occurrence of tensile principal total 
stresses, as depicted in Figure 6(b).  

 

 

 
 
Figure 6. Permeability model as a function of (a) suction and (b) 
tensile total stress. 
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3 APPLICATION TO SLOPE STABILITY 

The above numerical capabilities in the finite element 
code ICFEP have been successfully applied in the 
analyses of foundations and slopes in unsaturated 
soils (Georgiadis et al., 2003, 2007, 2008; Smith, 
2003; Pirone 2009; Tsiampousi et al., 2013(c); 2016; 
2017(c); Pedone, 2014). Using example analyses of 
unsaturated cut slopes, this section first demonstrates 
the implications on the analysis solution of ICFEP’s 
governing FE equations discussed above. Subse-
quently, it presents an assessment of the stability of a 
slope under realistic soil-plant-atmosphere condi-
tions. As a solution strategy for the governing FE 
equations ICFEP adopts a modified Newton-Raphson 
approach, with an error-controlled sub-stepping 
stress-point algorithm, Potts & Zdravkovic (1999). 
 
Table 1. Constitutive model parameters 

3.1 Implications of the FE formulation 

This example considers a case of light rainfall into a 
cut slope (Tsiampousi et al., 2017(b)). Using the finite 
element mesh depicted in Figure 7, a 10m deep slope 
is excavated in a silty clay over a period of 15 days. 
It is then subjected to 1.5 mm of rainfall per day, for 
a total of 50 days, thus simulating a prolonged light 
rainfall. The ground water table is initially 5 m deep, 
with hydrostatic distribution of pore water pressure 
both above (suction) and below the ground water ta-
ble. The unit weight was set to 𝛾 = 20 kN/m3, and 
the coefficient of earth pressure at rest to 𝐾0 = 1.  
 

 
Figure 7. FE mesh for slope excavation. 

 

The constitutive model of Tsiampousi et al. 
(2013(b)) was used, with model parameters summa-
rized in Table 1. The SWR model of Tsiampousi et 
al. (2013(a)) adopted the parameters in Table 2. 
 
Table 2. SWR model parameters. 

 
Three types of analyses were performed for the 

same slope geometry. The “original” analysis was un-
saturated, using the constitutive and SWR model pa-
rameters as summarised in Tables 1 and 2 and the FE 
formulation described earlier. In the “fully saturated” 
analyses the same model parameters were used, but 
with a high air-entry value of suction of 105 kPa to 

ensure saturated conditions, for which the FE govern-
ing equations reduce to those described in Potts & 
Zdravkovic, 1999. The third analysis, named “rigid”, 
assumed the soil to be unsaturated but elastic, with its 
behavior controlled by the moduli 𝐸 = 20,000 kPa 
and 𝐻 = 200,000 kPa, and the Poisson’s ratio 𝜇 =0.45. The permeability in this case was simplified to 
a constant value of 𝑘 = 10−8 m/s, in order to have 
clarity in the interpretation of analyses results.  

During the excavation of the slope, the newly 
formed slope surface above the ground water table 
was simulated as impermeable (i.e. 𝑞𝑛𝑏 = 0). The 
slope surface below the ground water table (i.e. 
deeper than 5 m) was assigned a precipitation bound-
ary condition with 𝑞𝑛𝑏 = 0 or 𝑝𝑓𝑏 = 0. Following 
the completion of excavation, which was performed 
reasonably fast, a precipitation boundary condition 
was applied to the whole new surface of the slope and 
to the ground surface behind the crest of the slope, 
with values 𝑞𝑛𝑏 = 1.5 mm/day  and 𝑝𝑓𝑏 = 0 , in 
order to simulate the light rainfall. This lasted 50 
days.  

The results from the three analyses are presented in 
Figure 8 in terms of the pore water pressure distribu-
tion with depth at (a) the end of excavation; (b) after 
20 days of light rainfall and (c) after 50 days of light 



rainfall. The pore water pressure profiles are taken 
along a vertical line below the toe of the excavation 
and the initial hydrostatic profile is shown for com-
parison. Very different pore water pressure profiles 
were obtained by the three analyses at the end of slope 
excavation, Figure 8(a). The principal difference is 
seen between the unsaturated “original” and “fully 
saturated” analyses, demonstrating that, under partial 
saturation, the conditions of constant volume cannot 
be sustained. This is due to the fact that the mixture 
of water and air in the soil pores is not incompressible 
and the applied loads (i.e. excavation) are divided be-
tween the water phase and the soil skeleton in a dif-
ferent manner. As explained earlier, this is reflected 
by the inclusion of parameter 𝐻  in the governing 
equations and its variation with suction.  

Further comparison can be made between the two 
unsaturated analyses (“original” and “rigid”), the lat-
ter practically creating no suction and the pore pres-
sure profile being different from the former. Again, 
this discrepancy is due to the very different values of 
parameter 𝐻 in the two analyses.  

 

 
 

 
Figure 8. Pore water pressure profiles below the slope toe: (a) 
end of excavation; (b) 20 days of light rainfall; (c) 50 days of 
light rainfall (“original” – gray solid line; “rigid” – black solid; 
“fully saturated” – dashed); suction positive. 
 
 

Comparing the results after 20 and 50 days of light 
rainfall (Figure 8(b) and 8(c)) the differences in pore 
water pressure profiles are still noticeable, although 
all three profiles plot closer together. This, however, 
means that the changes in pore water pressures since 
excavation are very different. Their evolution with 
time is partly due to dissipation of excess pore water 
pressures after excavation, and partly due to rainfall 
infiltration. Figure 9 compares the pore water pres-
sure distribution with depth below the toe of the 
slope, at the end of excavation and after the 50 days 
of rainfall. The “fully saturated” analyses, Figure 
9(c), exhibited the largest difference in the pore water 
pressure profiles between these two instances, be-
cause water can flow more freely under full saturation 
compared to unsaturated conditions. In the unsatu-
rated analyses the differences are smaller, which is re-
flected in the introduction of parameters Ω and 𝜔, 
explained earlier, and their variation with suction.  
 

 
 

 
Figure 9. Pore water pressure profiles below the slope toe at the 

end of excavation (solid line) and after 50 days (dashed line): (a) 

“original”; (b) “rigid”; (c) “fully saturated”. 
 

A further comparison is made in Figure 10, of the 
vectors of incremental displacements in the soil for 
the last day of rainfall and for all three analyses. It can 



be seen that the “original” unsaturated and the “fully 
saturated” analyses are on the verge of failure, with a 
slightly deeper failure mechanism forming in the lat-
ter analysis. “Rigid” analysis, on the other hand, ex-
hibited swelling, but without any sign of imminent 
failure, with the maximum displacement vector being 
two orders of magnitude smaller compared to the 
other two analyses.  

 

 
 
Figure 10. Vectors of ground movements from the three anal-
yses: (a) “original” unsaturated; (b) “rigid” unsaturated; (c) 
“fully saturated”. 
 

This example illustrates how aspects of the finite 
element formulation introduced earlier are reflected 
in the analysis of a boundary value problem in unsatu-
rated soils.  

3.2 Slope stability and SPAI 

In the next example the same slope geometry as that 
shown in Figure 7 was considered (Tsiampousi et al. 

2016), but with an emphasis of investigating the sta-
bility of the slope subjected to realistic annual cycles 
of soil-plant-atmosphere interaction (SPAI).  

Similar modelling tools were applied as in the slope 
case discussed above, employing the constitutive and 
SWR models of Tsiampousi et al. (2013(a), (b)). Ad-
ditionally, a suction-dependent soil permeability was 
adopted, as in Figure 6(b), and the actual transpiration 
variation as in Figure 3(b). The soil is an overconsol-
idated plastic silt, for which experimental data were 
available from Estabragh & Javadi (2008) and cali-
brated constitutive model parameters are summarized 
in Table 3. The adopted SWR and permeability model 
parameters are given in Table 4, while the actual tran-
spiration parameters are shown in Table 5. 

 
Table 3. Constitutive model parameters. 

Parameter Value Parameter Value 

αg, αf 0.7 λ(0) 0.086 

μg, μf 0.9999 κ 0.005 

Mg, Mf 0.9838 ν1 2.12 

αHV 0.6 pc 1.0 

n 0.5 r 0.06 

βHV 0.25 β 0.001 

m 0.5 λs 0.3 

sair (kPa) 0.0 κs 0.08 

s0 (kPa) 1000 patm (kPa) 100 

Kmin (kPa) 300 k  
Sr from the 

SWRC 

G/p0 15 OCR 5.5 

 
Table 4. Hydraulic model parameters. 

SWRC Pa-

rameter 
Value 

Permeab. 

Parameter 
Value 

sair (kPa) 0.0 ksat (m/s) 10-8 

α 0.015 kmin (m/s) 10-10 

m 0.95 S1 (kPa) 0.0 

n 0.70 s\2 (kPa) 1000 

Sr0 0.10   

 
Table 5. Actual transpiration properties (Figure 3(b)). 

Parameter Value Parameter Value 

s1 (kPa) 0.0 s3 (kPa) 50.0 

s2 (kPa) 5.0 s4 (kPa) 1500.0 

 
The initial ground conditions assume the ground 

water table at 1m depth, with the hydrostatic pore wa-
ter pressure distribution above (suction) and below 
the ground water table. The stresses were initialised 
by employing the unit weight of the soil 𝛾 = 19.1 
kN/m3 and the coefficient of earth pressure at rest, 𝐾0, of 2.1 at the surface, reducing to 0.6 at 15 m below 
the ground level, remaining constant thereafter.  

To impose reasonable climatic conditions, the use 
was made of the precipitation and potential evapo-
transpiration data from one of the meteorological sta-
tions in London, Figure 11, which shows average 
long-term monthly data for the period from 1971 to 
2000. 

 



 
 
Figure 11. Precipitation and potential evapotranspiration data. 

 
The subsequent FE analysis has five phases, with 

climatic boundary conditions designed to simulate the 
life cycle of the slope, from its excavation to 30 years 
later. These phases consider different stages of vege-
tation growing on the slope, from low to high water 
demand vegetation, finishing the analysis with vege-
tation clearance on the slope. Consequently, the veg-
etation boundary condition was altered appropriately 
in each phase and in different parts of the slope, with 
regard to both the root depth and the potential evapo-
transpiration rates. Similarly, the precipitation bound-
ary condition varied between the phases, primarily 
during the excavation phase. The precipitation and 
vegetation boundary conditions were employed in 
four different manners (BC1 to BC4 as summarised 
in Table 6), using the climate data in Figure 11 as the 
basis. For example, the vegetation boundary condi-
tion BC2 was reduced to 50% of the rates in Figure 
11 in order to simulate low water demand plants. The 
root depth was also reduced accordingly. 

3.2.1 Vegetation stages 
The applied vegetation and precipitation boundary 
conditions (BCs), as summarised in Table 6, are 
shown in Figure 12 for all five phases of the analysis. 
The gray-shaded area is the excavated soil.  

Figure 12(a) illustrates the assumption that the 
ground surface was initially covered with dense and 
high water demand vegetation, BC1. The precipita-
tion and vegetation conditions from Figure 11 were 
applied monthly and a typical year, starting in April, 
was repeated nine times to reproduce nine years. This 
sequence was found sufficient to reproduce annual 
pore water pressure variations.  

The excavation was then performed at the start of 
year 10, in a short period of time, with precipitation 
BCs illustrated in Figure 12(b). It should be noted that 
the BC2 (along the slope) was altered to 𝑞𝑛𝑏 = 0, 

and that the vegetation BCs were inactive during this 
stage. The reason for this was to ensure that the pore 
water pressure changes during the excavation were 
solely due to unloading and not influenced by the soil-
atmosphere interaction. 
 
Table 6: Vegetation and precipitation boundary conditions (BC). 

Precipitation BC 

 BC1 BC2 BC3 BC4 

qnb 
As in Fig. 

11 
0.0 0.0 

50% of 

rates in Fig. 

11 

pfb  
10 (suc-

tion) 
0.0 10 (suction) 10 (suction) 

Vegetation BC 

 BC1 BC2 BC3 BC4 

Tp 
As in Fig. 

11 

50% of 

rates in Fig. 

11 

As in Fig. 

11 

10% of 

rates in Fig. 

11 

 

Root 

depth 

(m) 

2.0 

 

Increasing 

from 0.1 to 

0.5 m in 3 

years  

 

Increasing 

from 0.5 to 

2 m in 5 

years 

0.1 

 
The subsequent phase, from year 10 to year 19, re-

fers to the first 10 years of slope existence following 
the excavation. The vegetation BCs were reactivated, 
as in Figure 12(c), preserving dense, high water de-
mand vegetation from 10m distance behind the slope 
crest (BC1), while simulating a growing, low water 
demand vegetation on the slope (BC2). The precipi-
tation BCs assume that a drainage system was in place 
following the construction of the slope, which was 
able to remove 50% of rainfall on the slope, while at 
the base of excavation the precipitation rate was set to 
zero. These precipitation BCs then remained the same 
until the end of the analysis. 

In the second decade of slope’s existence, from 
year 20 to year 29, it was assumed that the high water 
demand vegetation had grown on the slope (vegeta-
tion BC3 in Figure 12(d)).  

Finally, at the end of March of year 29 the high wa-
ter demand vegetation on the slope was cleared, leav-
ing low and sparse vegetation (grass and shrubs) with 
a very low water demand, assumed to be 10% of the 
rates in Figure 11 (vegetation BC4 in Figure 12(e)). 
This stage was simulated for the next ten years, from 
year 30 to year 39 of the analysis. 

3.2.2 Analysis results 
One aspect of the analysis results discussed here is the 
stability of the slope, shown through the evolution of 
the overall factor of safety of the slope from the end 
of excavation and into the long term, as summarised 
in Figure 13.  
 



 
Figure 12. Boundary conditions during: (a) initialization; (b) 
slope excavation; (c) low water demand vegetation growth; (d) 
high water demand vegetation; (e) vegetation clearance. 

 
The assessment of the factor of safety at any stage 

of the analysis was performed using the procedure de-
veloped by Potts & Zdravkovic (2012). In the termi-
nology of the Eurocode 7 design code, this involves a 
gradual reduction of the soil’s characteristic strength 

(e.g. the angle of shearing resistance, 𝜙𝑐ℎ′ ) by a par-
tial material factor, 𝛾𝑚, until failure is achieved. The 
remaining strength in the soil is the design strength 
(e.g. 𝜙𝑑′ ) and tan 𝜙𝑑′ = tan 𝜙𝑐ℎ′ /𝛾𝑚. The partial fac-
tor 𝛾𝑚 on the soil strength can be considered as an 
overall factor of safety, 𝐹𝑠, in a slope stability prob-
lem.  

Potts & Zdravkovic (2012) showed that both the 
constitutive model and the governing FE equations 
need to be adjusted to take account of the factor of 
safety on soil strength. The developed theory was im-
plemented in ICFEP’s governing equations and in the 
constitutive model employed in the current analysis, 
Zdravkovic et al. (2014).  

The factor of safety, 𝐹𝑠 , was calculated bi-annu-
ally, at the end of March (end of wet winter period) 
and at the end of August (end of dry summer period), 
for the 30 years following the slope excavation. The 
results are presented in Figure 13, with the first sym-
bol at time zero corresponding to 𝐹𝑠  calculated in 
March of the first year after the excavation. In the first 
decade of slope existence (0 to 120 months) with low 
water demand vegetation, the factor of safety had sta-
bilised at around 1.4, as a consequence of the same 
average annual rainfall and evapotranspiration rates 
applied year after year. While the latter data do not 
vary greatly annually, this is not necessarily the case 
for rainfalls, which may exhibit large annual varia-
tions. It is reasonable to expect that a particularly dry 
year would further enhance the stability of the slope, 
and that a particularly wet year could bring it to fail-
ure. These extremes cannot be captured when average 
rainfall data are applied. However, it is evident from 
the results that the analysis is sufficiently sensitive to 
capture oscillations between slightly higher factors of 
safety at the end of dry seasons (August) and slightly 
lower values at the end of wet seasons (March).  

The simulated growth of high water demand vege-
tation in the second decade (months 121 to 240) 
showed the corresponding gradual increase in the fac-
tor of safety, to about 2.4 at the end of this period. 
This increase is justified by the higher suctions devel-
oped as a result of high water demand vegetation, as 
expected, which contributed to strength increase. The 
results still showed systematically higher 𝐹𝑠 values 
for August assessments of stability.  

When the vegetation was cleared from the slope at 
the start of the third decade (months 240 to 360), a 
steady and rapid decrease of the factor of safety was 
obtained. Rainfall rates were sufficiently high for this 
state of the slope, eliminating very quickly the high 
suctions developed in the previous phase. It is also in-
teresting to note that the factor of safety no longer in-
creased temporarily during summer (August assess-
ments) and within five years the stability of the slope 
became marginal.  
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Figure 13. Factor of safety variation with time.  

 
Plotting the profile of the horizontal displacement 

along a vertical line at mid-slope, in Figure 14, re-
veals the formation of a slip surface about 4.5m deep, 
for the stage corresponding to 4 years after vegetation 
clearance. These displacements were sub-accumu-
lated from the end of the previous phase and therefore 
represent the displacements developed due to vegeta-
tion clearance only. There is little difference between 
magnitudes predicted in March and August of that 
year. 
 

 
Figure 14. Horizontal displacement profile at mid-slope due to 
vegetation clearance. 

 
The second aspect of assessment of analysis results 

are the serviceability conditions of the slope at vari-
ous post-excavation stages. Figure 15 illustrates the 
vertical displacements across the bottom of the exca-

vation for the last year of the low water demand veg-
etation (year 9 after slope excavation, or year 19 since 
the start of analysis) and for the last year of the high 
water demand vegetation (year 19 after slope excava-
tion, or year 29 since the start of analysis). The dis-
placements are sub-accumulated from the end of ex-
cavation and therefore represent only the effect of the 
applied climate conditions. Heave had taken place 
during the low water demand phase of the slope, with 
practically no difference in the results between the 
March and August assessments. During the high wa-
ter demand vegetation phase the ground had settled, 
as expected, although the resulting vertical displace-
ment is still heave. The differential movements at ei-
ther of the two stages are only about 5mm in this case 
and therefore unlikely to cause serviceability prob-
lems. However, this example demonstrates the ability 
of sophisticated numerical modelling to address de-
mands of both the serviceability and the ultimate limit 
state design of unsaturated soil slopes.  
 

 
Figure 15. Vertical displacements across the base of excavation. 

4 CONCLUSIONS 

This paper presents a brief summary of advanced nu-
merical tools that contribute to realistic modelling of 
geotechnical problems in unsaturated soils, subjected 
to atmospheric effects of rainfall and evapotranspira-
tion. Examples of these tools are taken from authors’ 
recent research and developments of the finite ele-
ment software ICFEP that has been employed in all 
presented analyses.  

The paper demonstrates that, as a result of the com-
plexities in the behaviour of unsaturated soils, the nu-
merical tools inevitably need to be equally complex. 
As such they can have strong potential in explaining 
the intricate mechanisms of boundary value problems 
in unsaturated soils. 
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